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1 Introduction

The stratosphere is an important component of the climate system which
hosts 90% of the ozone protecting life from the ultra-violet radiations and,
through the region called upper troposphere / lower stratosphere (UTLS)
that encompasses the tropopause, has some control on the weather, the chem-
ical composition of the atmosphere and the radiative budget. Because the
temperature grows with altitude in the stratosphere, convection is inhibited
by stratification, and the motion is mainly layerwise on isentropic surfaces,
with time scales of the order of weeks to months. The cross-isentropic dia-
batic circulation is slow with time scales of the order of the season to several
years. Below 30km, many chemical species, among which ozone, do not have
significant sources or sinks and exhibit a chemical life-time of the order of
several months to years. Such species can be treated as passive scalars trans-
ported by the flow. Their distribution is then dependent on the transport
and mixing properties. Two useful quantities are the potential temperature
θ = T (p0/p)R/Cp which is related to entropy by S = Cp ln θ and the Ertel
potential vorticity (or PV) P = (∇×u ·∇θ)/ρ which is a passive tracer under
adiabatic and inviscid approximation. Owing to the separation between fast
horizontal adiabatic motion and slow vertical diabatic motion, the potential
temperature is often used as a vertical coordinate. PV is not practically mea-
surable by in situ or remote instruments unlike many chemical tracers but can
be easily calculated from model’s output. It is most often used as a diagnostic
of transport and dynamical activity.

Observations by in situ instruments and remote sensing show that the
stratosphere exhibits well-mixed regions separated by transport or mixing
barriers. Particularly, in the winter hemisphere, two dominating barriers are
formed at the periphery of the polar vortex and in the subtropics that isolate
the mid-latitudes from both the polar and tropical regions [1]. Since vertical,
diabatically induced, motion is upward in the tropics and downward in the
extra tropics, with the largest descent within the polar vortex, vertical tracer
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gradients are turned into step horizontal gradients on isentropes intersecting
the barriers. In the UTLS, the barrier associated with the subtropical jets
near 30N and 30S in latitude separates the upper troposphere from the low-
ermost stratosphere on isentropic surfaces crossing the tropopause. The layer
of the stratosphere just above the tropopause undergoes exchanges with the
mid-latitude troposphere mainly due to upper level frontogenesis, which is a
consequence of baroclinic instability and/or intense convective events which
are often themselves associated with frontogenesis. At higher levels, that is for
380K > θ > 350K, the exchanges across the tropopause occur between the
lower stratosphere and the Tropical Tropopause Layer (TTL) which is an in-
termediate region between the tropical convective layer and the stratosphere.
Figure 1 summarizes these processes.

Fig. 1. Scheme summarizing the Brewer-Dobson meridional circulation in the
stratosphere end exchange processes.

The scope of theory and modelling is to provide a qualitative and quantita-
tive account of these observed properties. A number of progresses in this mat-
ter over the last ten years have been due to the extensive usage of Lagrangian
calculations of parcel trajectories based on the analysed winds provided by
the operational meteorological centers. It is the goal of this presentation to
review the ongoing work in this direction.

2 Isentropic stirring

The strong stratification of the stratosphere accompanied by weak net di-
abatic contribution constrains parcels to move on isentropic surfaces. La-
grangian isentropic motion differs from fully turbulent motion and is akin
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to two-dimensional turbulence or chaotic motion in a plane, where the flow is
smooth and advection is dominated by the large structures. Such dynamics is
known to produce transport barriers where tracer gradients intensify.

The effective diffusivity [2, 3, 4] has been used with success as a diag-
nostic of such effects in atmospheric flows. The method applies to a tracer,
usually PV, with a mean latitudinal gradient such that the longitude-latitude
coordinates can be replaced by the area of embedded tracer contours and an
azimuthal coordinate along the contours. By a weighted averaging along the
contours, the advection-diffusion equation ∂c/∂t + u∇c = κ∇2c is replaced
by a purely diffusive equation

∂C(A, t)

∂t
=

∂

∂A

(
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∂A
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and r is the radius of the Earth. The device in (1) is to bind the complex
stirring of the passive scalar in the averaging over the contour. It can be shown
[5] that Leq is always larger than the actual length of the tracer contour but
that in practice the two quantities scale similarly. Hence, effective diffusivity is
small where the contours are less deformed, that is where transverse gradients
are less intensified, leading to less mixing.

Another measure of atmospheric stirring is provided by the local Lyapunov
exponent [6, 7] which estimates the Lagrangian stretching as the separation
rate of two close parcels over a given period of time or over a given growth.
Around the Antarctic stratospheric polar vortex a minimum in both the ef-
fective diffusivity and local Lyapunov exponent is observed along the streak
lines at the center of the jet [7, 8]. This minimum is surrounded by a very
active mixing region with large stretching where air is brought from and to
the mid-latitudes within a few days. However, the very stable Antarctic polar
vortex is rather an exception than the rule among atmospheric flows which
usually exhibit much less stable patterns. Over most of the atmosphere, the
Lyapunov exponents and effective diffusivity are rather anti-correlated than
correlated, contrary to the simple expectation.

The main reason of this discrepancy is that atmospheric flow, like most
quasi-2D flows, is dominated by extended shear regions that stretch material
lines but contribute weakly to the growth of tracer gradients. Let us first con-
sider the deformation of a small material circle surrounding a parcel at time
t. As time runs forward or backward, the flow defines a pair linear transfor-
mations T and T−1 which map the circle onto ellipses at future or past time
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t + τ or t − τ . The local forward and backward Lyapunov exponents are
λf = 1/τ lnσf and λb = 1/τ lnσb where σf and σb are the singular values of
T and T−1. The singular vectors of these transformations are the Lyapunov
eigenvectors. The eigenvector pointing to the smallest axis of the ellipse in
the transformation indicates the unstable manifold or stable material line for
backward time and the stable manifold or unstable material line for forward
time [9, 8]. The convergence of the eigenvectors is at least as fast and gen-
erally much faster than the Lyapunov exponent [10]. Consquently, the tracer
gradient tends, at any time, to be perpendicular to the local unstable man-
ifold [11, 12]. This leads to an estimate of the future growth of the tracer
gradient as the product of the forward Lyapunov exponent with the sine of
the angle between the local stable and unstable manifolds that we denote as
λ⊥, the transverse Lyapunov exponent. Since stable and unstable manifolds
are parallel in the direction of the wind for a pure shear, the transverse Lya-
punov exponent vanishes in this case. As a matter of fact, when the gradient
is perpendicular to the shear, it does not intensify at all.

Fig. 2. Forward Lyapunov exponent (top), measuring stretching intensity, and
transverse Lyapunov exponent (bottom) averaged over five January months on the
surface θ = 350K which intersects the tropopause within the subtropical jet.
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Fig. 2 shows, strikingly, that that the maximum in stretching over the sub-
tropical jet in the northern hemisphere (near 30N) is turned into a minimum
of the transverse Lyapunov exponent, in agreement with the fact revealed
from effective diffusivity that the jet acts as a barrier to mixing.

Fig. 3 shows that the transverse Lyapunov exponent correlates linearly
with lnκeff while no correlation emerges with the Lyapunov exponent.

A quantitative relation between effective diffusivity and the transverse
Lyapunov exponent can be found by assuming that, owing to the chaotic
stirring by the atmospheric flow, Leq ∼ exp(λ⊥Tκ) where Tk is a characteristic
time after which diffusion becomes dominant and balances the exponential
growth. Using this expression in (1), we define the Lyapunov diffusion κλ as

ln
κλ

κ0
= A + 2λ⊥Tκ (2)

where A is a constant. Both A and Tk can be obtained by a fit of κλ to κeff .
Fig.4 shows that indeed κλ reproduces very well the variations of κeff .

Fig. 3. Scatter plots of monthly-means of longitudinally averaged forward (a) and
transverse (b) Lyapunov exponent against effective diffusivity over the period 1980-
2000 on the θ =350K isentropic surface.

Hence transverse Lyapunov provides a diagnostic of atmospheric stirring
that matches very well the effective diffusivity but with a number of ad-
vantages with respect to this latter, in particular in resolving structures in
longitude. This is visible in Fig. 2 where the belt of low values along the jet is
interrupted in the eastern Pacific opening a gate to mixing across this region
between high and low latitudes. During the strong El Niño event of 1998,
Fig. 5 shows a much more continuous belt over the Pacific, suggesting that
El Niño is associated with a closing of the mixing gate. This result is also
supported by analysis of meridional fluxes [13] and the climatology of intru-
sions of stratospheric air in the tropical upper troposphere [14]. For further
discussion, see [15].
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Fig. 4. Zonally averaged Lyapunov diffusivity (continuous line) and effective dif-
fusivity (dashed line) for the El Niño winter 1997-1998 (red) and La Niña winter
1998-1999 (blue).

Fig. 5. Transverse Lyapunov exponent averaged over January 1998 on the surface
θ =350K.

3 Vertical mixing

In the previous section, we diagnosed the stirring of tracers by layerwise mo-
tion that elongates tracer contours and generates a large number of filamen-
tary structures within an isentropic surface. It has been shown [16, 17] that
filaments are merely the horizontal section of sloping sheets with large hori-
zontal to vertical aspect ratio of the order of 200. This value is essentially the
ratio of the vertical shear to the horizontal strain. Owing to this high aspect
ratio, the dissipation of a tracer sheet is mainly a product of vertical mixing by
small-scale turbulence. Present meteorological analysis provided by weather
centers basically resolve the motion that induces stirring and generation of
tracer sheets, but small-scale turbulence due to shear instability or gravity
wave breaking is unresolved by any large-scale numerical atmospheric model.
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Local diffusion coefficient that may vary in space and time are often used
to characterize the mixing produced by turbulence. Radar estimates of this
quantity in active turbulent regions provide values of the order of 1-5 m2s−1

but models [18, 17, 19] suggest that active regions are sparse in the atmo-
sphere and that, on the average, much smaller turbulent diffusion is required
to explain the observation of tracers.

Lagrangian reconstruction methods are often used to explain the spatial
and temporal variations of atmospheric tracers. Such methods, sketched in
Fig. 6, are based on the possibility to reconstruct small scales of the tracer
distribution from the time series of the advecting wind and have been very
successful in the lower stratosphere and the upper troposphere [20, 18, 21]
showing that a large number of tracer structures seen in satellite images, air-
craft transects and balloon profiles can be explained by advection. In most
early studies, the reconstructed tracer was PV but recent works focuse on
reconstructed chemical tracers that can be compared more directly with ob-
servations. Diffusion can be introduced in such methods by dividing each
parcel into a large number of particles which are advected backward adding a
random velocity component in the vertical direction, such that over one time
step

δz = wδt + ηδt ,

where the random component η fits a chosen vertical turbulent diffusivity by
[19]

D =
1

2
< η2 > δt .

The rationale of this approach is to integrate the adjoint equation for the
Green function of the advection-diffusion equation which is well-posed for
backward times [19]. It has been applied, using a different formulation, to
identify pollution sources from a network of sensors [22].

Comparing high resolution airborne tracer measurements with such re-
constructions done with several values of D provides an estimate of the La-
grangian averaged diffusivity which matches best the observed fluctuations.
Fig. 7 provides an example of such comparison done during a campaign in
the Arctic, showing that turbulent diffusivity is, on the average, much smaller
inside the polar vortex than outside, the largest of these estimates being one
order of magnitude less than the radar estimate. When sharp transitions are
identified in both the observed and the reconstructed data, it is possible to
provide a local estimate of Lagrangian turbulent diffusivity. Fig .8 shows that
D varies by at least one order of magnitude across a 80km wide filament.

As diffusivity can be estimated independently from the strain, a relation
between both quantity, which is usually assumed in most parametrization of
turbulence, can be tested. It has been shown [19] that on the average the two
quantities are correlated but that this cannot explain the type of variability
shown in fig. 8 which is perhaps due to burst of gravity wave breaking.
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Fig. 6. In the standard reverse domain filling method [23] parcel trajectories starting
at time t are integrated backward in time for a duration τ using available wind
fields over the time interval. Provided a coarse resolution distribution of the tracer
is known at time t − τ , the value attributed to the parcel at time t is that of the
coarse field at its location at time t − τ . This procedure is able to reconstruct the
small-scales at time t if transport is dominated by the resolved scales of motion.
In the diffusive version [19], each parcel is a mixture of a cloud of particles that
originate from a distribution of locations at time t − τ under backward advection
plus diffusion. Then the value of the tracer at time t is an average of the values at t−τ

for all the particles of the cloud. Unlike the standard procedure, the reconstruction is
to a large extend independent of τ and the applied diffusion controls its smoothness.
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Fig. 7. (a): Sample of aircraft tracer measurement at 56 hPa in the surf zone outside
the polar vortex during SOLVE campaign (winter 2000). In red the corresponding
transect in the chemical transport model used to provide the coarse distribution
of the tracer. (b-d): Advective-diffusive reconstructions for three values of the dif-
fusivity D = 1, 0.1 and 0.01 m

2
s
−1. The comparison is based on the roughness

of the curves with some details identified near 11UT and 11:30UT. Clearly, the re-
construction is too smooth for D = 1 m

2
s
−1and too rough for D = 0.1 m

2
s
−1,

while D = 0.1 m
2

s
−1seems of the right order. For a more quantitative assessment,

see [19]. (e): Same as (a) inside the polar vortex. (f-h) Advective reconstructions
inside the polar vortex where the comparison suggests that 0.01 m

2
s
−1

> D >

0.001 m
2

s
−1.
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Fig. 8. (a) Tracer transect across a filament just outside the polar vortex during
SOLVE campaign. The right edge of the filament fits very well an error function
(solution of the advective diffusive equation with constant strain) with a width
of 36km while the left edge is much steeper with a width of about 2.5km. (b-d)
The reconstructions show that the two slopes cannot be reproduced with a single
uniform diffusion indicating a large variation, by more than one order of magnitude,
of turbulent diffusion across the width of the filament.

4 Meridional Brewer-Dobson circulation

Over time scales of several years the stratospheric circulation is character-
ized by an overturning from the tropics to the mid and polar latitudes (see
Fig.1) known, since the pioneering work of Brewer [24], as the Brewer-Dobson
circulation. It is an important requirement, for the distribution of long-lived
chemical species that numerical models reproduce quantitatively this circula-
tion. A large class of models of atmospheric chemistry, denoted as chemical-
transport models, rely on the analysed winds provided by the operational
weather centers to advect the chemical compounds horizontally and verti-
cally. Among those wind datasets, the ERA-40 reanalysis of the European
Center for Medium Range Weather Forecast (ECMWF), already used in sec-
tion 1, is particularly useful since it covers a 45-year period from 1957 to 2002
[25].

Most global weather forecast models, including that of ECMWF, use the
hydrostatic approximation. This means that vertical velocities are calculated
from the the continuity equation, that is basically from the vertical integration
of the horizontal divergence. Such estimate is known to be noisy by nature
as the divergent circulation is weak and badly constrained by observations.
Moreover, the practice of weather centers is to archive instantaneous velocity
fields at times separated by interval of several hours, hence strongly under-
sampling fluctuations, such as gravity waves, with time scales much shorter
than the archiving interval. Most studies indeed rely, by tradition, on 6-hourly
winds. Fig .9 shows that these winds induce a too strong meridional circula-
tion (hence the age is too young in the extra-tropics). However, a 3-hourly
dataset, also available from ECMWF reduces considerably the discrepancy
with observations. A chemical-transport model using this dataset is able to
reproduce with good accuracy the ozone column at mid-latitude (F. Lefèvre,
2005, personal communication). Since the 3-hourly dataset still contains a sig-
nificant amount of spurious noise, an alternative is to move horizontally parcel
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Fig. 9. Comparison of the age of air between observations and model calculations.
The age of an air parcel is the time spent by this parcel in the stratosphere since it
entered it at tropical latitudes [26]. Since an air parcel is a mixture, the mean age of
air is the average over all particles within the parcel. The age of air can be measured
using gases like SF6, CH4 and N2O which are well mixed in the troposphere and
are slowly destroyed in the stratosphere or CO2 which is also well mixed in the
troposphere and increases with time. The observation curve [27] is based an aircraft
measurements at about 20km. Model calculations are performed using Lagrangian
trajectories initialised almost uniformly at 20km integrated backward until they
cross the tropopause. The age is averaged over latitude circles. The four curves are
built using wind datasets over the cycle 1999-2000 and calculations are done over
15 years repeating this cycle. For parcels which have not left the stratosphere after
15 years, the age is extrapolated as in [28]. Blue: reconstruction using the ERA-40
winds at 6-hour interval. Red: reconstruction using the ERA-40 winds at 3-hour
intervals (with forecasts interleaved with analysis as in [19]. Green: reconstruction
using the ERA-40 winds in the horizontal and heating rates for vertical motion.
Magenta: same as previous with a correction on the horizontal isentropic divergence
to balance the hearting rate.

on isentropic surfaces and to use diabatic heating rates, calculated from the
local radiative budget and averaged over 3-hour intervals, as vertical veloc-
ities. Fig 9 shows that the meridional circulation calculated from such data
provides a good agreement with observations. Doing so, we have, however, in-
troduced an inconsistency since mass conservation is no longer satisfied. This
conservation is reestablished by forcing the horizontal divergence on isentropic
surfaces to satisfy the equation

∂σ/∂t + ∇θ(σu) + ∂(σθ̇)/∂θ = 0
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where σ = −g∂p/∂θ. Fig. 9 shows that a further improvement in the agree-
ment with observations is obtained in this way except near the equator. Hence,
it is now clear that available analyses fulfill the constrain that the Brewer-
Dobson circulation is fairly well reproduced, at least over the recent years
where high quality satellite observations are available, but it is also clear
that special care should be taken when using analysed data for transport
calculations over durations of months to years in order to avoid spurious dif-
fusive transport due to noise and undersampling. Another important factor
impacting the quality of the analysis is the the model itself and the type of
assimilation scheme [28, 29].
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