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7. turbulence and vortices : an introduction
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« dissipation function e(g,t):t :Vu>0

ha

e incompressible and homogeneous newtonian fluid with constant viscosity
e(xt)=2nd:d

€, pseudo-dissipation

- other form (chap. 3,§34)  ¢(X,t)=m +2ndiv(Vu.u)

squared

vorticity
« averaging in a volume (enstrophy)
_1 _1 2
(e)v= \7”th e(xt)dv = va no-dV + 21]”8 (Vu.u).n di
=0
—> turbulence : a « vortex factory » on a conveniently

chosen boundary

7. turbulence and vortices : an introduction (...)
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v a numerical simulation of the 3D
incompressible Navier-Stokes equations in a
periodic box starting from a random
fluctuation velocity field (isotropic turbulence)

iso-vorticity

She et al. 1991
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7. turbulence and vortices : an introduction (...)
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v’ same, but with a larger energy injection

3 \W*
: : \
) thinnervortices m=|—|

iso-vorticité
o

Vincent & Meneguzzi (1991)

7. turbulence and vortices : an introduction (...)
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cajet

+1309.457 ms]

Davoust 2011
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7. turbulence and vortices : an introduction (...)
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cajet(...)

azimuthal vorticity rings
(Crow & Champagne 1971)

Kelvin — Helmholtz
instability mechanism
(Batchelor & Gill 1962)

acoustic source
(Tinney et. al 2008)

Davoust (2011)

7. turbulence and vortices : an introduction (...)
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cajet(...)

« braid region »
unsteady strain field
(we will see soon)

promotes
streamwise vortices
(Lin & Corcos 1984)

crucial for mixing
and growth
(Liepmann & Gharib 1992)

+1309.457 ms|

Davoust (2011)
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7. turbulence and vortices : an introduction (...)
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cajet(...)

a cross section
(x/D=2)

+1309.457 ms]

7. turbulence and vortices : an introduction (...)
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cajet(...)

a cross section
(x/D=2)

Davoust (2011)
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7. turbulence and vortices : an introduction (...)
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cajet(...)

a cross section
(x/D=2)

time resolved PIV :
component of the vorticity
o aligned with the jet axis

7. turbulence and vortices : an introduction (...)
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e observation

v in 3D flows turbulence looks like a cascade of vortices, the smaller ones being those where

dissipation takes place
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7. turbulence and vortices : an introduction (...)
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v numerical simulation of 2D incompressible Navier-Stokes
equations in a periodic box starting from a random fluctuation
velocity field (2D turbulence)

’ n'ct"(} ' .\

Turbulence_in_periodic_box_long_simulation.mp4

7. turbulence and vortices : an introduction (...)
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e observation

=

gl

in 2D flows turbulence looks like an “inverse cascade” of vortices where small scale
vortices form larger ones

W21 I e
- "y N L .
| - e /
- - @
I @ ’l' ) n
= ‘\' § AN v
L] -
® - .- !{/_ A
[iw -G .
: /V . ‘

this is in contradiction with the dynamics of 3D flows where the large scales break
down into smaller ones, in accordance with Richardson-Kolmogorov' cascade model

vorticity thus reveals that 3D and 2D turbulent flows behave differently

for understanding why, we need to consider vortex dynamics
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chapter 8

kinematics of vorticity

8.1 définitions

8.2 Helmholtz's laws

8.1 some definitions
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e vorticity |o=rotu

e vortex line

vequation dxAw(xt)=0

dX]_ dX2 dX3

|:> —

o1(x,t)  ©y(xt) oz(xt)

» vortex sheet Q(Lt)

e vortex tube

o(xt)
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8.1 some definitions (...)
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e circulation

u

di
c(t)

r:Cﬁc(t)!'ﬂ -

u

Stokes
formulae

s n

—> T :”S(t)g'ﬂds

e vortex

L C

r

v localised vortex tube

rotationnal

irrotationnal

n

S
v vortex filament
S—>0 r
—
' = const.
L

8.2 Hemholtz's laws
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e vorticity is solenoidal

VX, Vt
dive =0

Green-Ostrogradski

—) VYV, Vvt ”J'V(t)diVQdV:Oi(ﬁs(t)g.ﬂds

I:> the flux of vorticity across any closed surface is nill

v’ lets consider a volume bounded by a vortex tube + 2 cross sections S; and S,

2 = vortex tube

n

I's

|:> rlzcﬁclg-ﬂ:ﬁs Q.QdS:ﬁS 9,ﬂd3=sﬁczgl_|=r‘2
1 2

E> the circulation of a vortex tube vgm'dt? is an intrinsic quantity attached to the tube

(it is identical in all sections).
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8.2 Hemholtz’'s laws (...)
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« first Helmholtz’ law

first Helmholtz' law - the circulation of a vortex tube is a constant, independent of the tube
section

e consequences

. . I
v bl —
impossible r-o ;\f =0
r
v possible ~\
N/
v possible

8.2 Hemholtz’'s laws (...)
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8.2 Hemholtz’'s laws (...)
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« exemple : vorticity in 3D isotropic turbulence

iso-vorticité || o ||

¥ this does not violate Helmholtz laws : || || is thresholded so we only see the thinner
sections of the tubes
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chapter 9

vorticity dynamics

9.1 vorticity / velocity

9.2 equation of vorticity (Helmholtz's equation)
9.3 baroclinity

9.4 Kelvin's and Lagrange’s theorems

9.5 vortex distorsion

9.6 viscous diffusion of vorticity

9.7 equation of vorticity for a flow of a newtonian incompressible
homogeneous fluid of constant viscosity with conservative forces
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9.1 vorticity / velocity
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vorticity equation (Helmholtz)

convection
distorsion

<
© O

Q72”

création: Uu=r 71 (9)

Biot-Savart relation

9.2 equation of vorticity (Helmholtz equation)
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* law of dynamics

d—gza—ngVu.u=f—l
dt ot - T = p
« take the curl of (1)

grad p+ldivl 1)
o =

©

O,

rOt[%z %Zf _grad p ldlvz]
— ~ p =
- =

material derivative sources
(acceleration)

e sources : pressure term

v identities  rotgrad (.)=0 , rot(aA)=arot A+grad (a)a A

a=-1/p 1 1
) rot(-—grad p )=—-grad pagrad p
A = grad p} ( P ) p2_ I

baroclinic production

1 1.
* sources : total rot f +- grad pA grad p+rot( =divt)
— [ p -
production due —
to volumic forces  baroclinic production ~ Viscous diffusion

05/01/2015
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9.2 equation of vorticity (...)
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. A du ou
- material derivative : rot —==rot[ —
dt ot

ou 0

frot—=—

- ot ot
[0)
——
v vectorial identities : Vu.u=r

©

O,

1
tuAu+grad( Egz ) Lamb decomposition

rot(wAu)=Ve.u+odivu-Vu.o-u divg
= ﬂd—%=%—?+vg-u+gdivu—w@
%—/
do/dt
m— ud—f‘=%—i—)+9divu—vu-9
advection distorsion : effect of U on ®

9.2 equation of vorticity (...)
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* total do/dt distorsion

8—2—3+V9.g+ odivu-Vu.o

= rotf
production due

+i2grad pAgrad p+ rot( 1diVT)
grad pAgrad P

Helmholtz's equation

©

O,

to volumic forces

baroclinic production

%,—J
viscous diffusion

e compared to Navier-Stokes :

v no pressure

v two new mechanisms :

» baroclinity

> distorsion

05/01/2015

13



@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

9.3 baroclinity
* static . . } :
do/dt distorsion Helmholtz’s equation
uoo | de/mr o dwoen ©

production due
to volumic forces

/w/u//d,v(/g,«(

rot f grad pAgrad p+ rot( 1d

— p

baroclinic production

%‘,—/
viscous diffusion

O,

e conservative forces :

rot grad ¢ =0 ) conservative forces can not produce a torque

10)

= %"

izg ad pagrad p
p

baroclinic production

i =—grad¢ with,e.g., ¢p=gz (gravity)

9.3 baroclinity (...)
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« static (...)
u=0

oo 1
o p

——=—2grad pagrad p

baroclinic production

©

O,

grad pagrad p=0 = p=p(p)

@w@p:&o = p=p(p)

A
buoyancll
g l ....... / ..... P \ ...... — p= const
IRNR-TV p = const
..... wetg.ht"
barotropy : p=p(p):>Q=0 baroclinity : pip(p):>9¢0

|:> only a barotropic fluid can remain static

05/01/2015
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9.4 Kelvin’s and Lagrange’s theorems
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ecirculation T = Cﬁc(t)! .dl

v hypotheses : | 41 — a surface S (t) based on a closed contour C (t) which crosses no discontinuity
H2 —ideal fluid (non viscous-non conducting)

H3 — conservative volumic forces baroclinic production

v' from Helmholtz equation one gets (see annex) : cjj—f = ”S (t)( %W) .n dSs
p H4

v hypothesis :  H4 — barotropic fluid: p = p (p)

« Kelvin’'s theorem

in in a flow of barotropic ideal fluid subjected to conservative external forces, circulation along a
closed material contour which does not cross any discontinuity is constant :

= cﬁc(t)g.dl = Hs(t)g.gds = const.

« Lagrange’s theorem (corollary)

if a flow of barotropic ideal fluid subjected to conservative external forces is irrotational at instant t,
it remains irrotationnal

annex — Kelvin’s theorem : demonstration
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U
dr d _ du dT_T)
ot ardeq ()~ deql gt T ]
du du
el g aru-0ul =de g2t fepzl

H1 - no
discontinuity

dr du ~ _l
= g Poa @ el L-purade ld

H2 - ideal fluid
Stokes’ formulae

dr 1 v 1
= WﬂSC(t)[ l—;@ P ]-ﬂ:”s(t)@( %_Egrad P)-nds

H3- f =-—grad ¢

v identity rot(a A)=arot A+grad (a)a A
- H4 - barotropy

a=1/p dr 1 y
{A:gradp =) E=ﬂs(t)(p—zgradpAgradp).QdS=O

05/01/2015
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9.4 Kelvin’'s and Lagrange’s theorems (...)
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* note : first Helmholtz' law # Kelvin's theorem

| first Helmholtz’ law | * | Kelvin's theorem
circulation of a vorticity tube is the same in in a flow of barotropic ideal fluid
for the whole tube subjected to conservative external forces,

circulation of a vortex tube is constant

g

if either of these assumptions is not
satisfied, circulation changes...

% ... but it remains the same for a given tube

9.5 vorticity distorsion
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* Helmholtz's equation do/dt distorsion
——— A
%—%+Vg.g+gdivg—Vg.9 © O,
1 1.
= Lot 5 grad pgradpr rot( Skt
: p P
production by

volumic forces  baroclinic production ~ Viscous diffusion

o q distorsion of ®
.floyv oflabarotroplc_ldeal do odivu — Vu.e =0/ (1)
fluid with conservative forces d

%/—.‘
compressibility ~ stretching

= if Q(t) =0, Q(t "> t) = (0 Lagrange's theroem

« compressibility : divu:_ld_p = gdivu:_gd_p:@i(l)
- podt p p2dt Tdtip
1
O o 1de ey, lde,  d 1, [d ey o0
p p dt p p dt dt* p dt* p p
\*f_/
distorsion

05/01/2015
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9.5 vorticity distorsion (...)

e consequence : the material nature of vorticity
d o ®
v vorticity distorsion 1) —( = )=Vu.=
dt* p p
v kinematics : distorsion of ) igM =Vu.dM
material elements dt -
(0]
1)-() |:> ==const.x M material line
p = vortex line

=) in a flow of barotropic ideal fluid with conservative forces, vorticity weighted by fluid
density behaves as fluid elements

v incompressible and homogeneous fluid flows

in a flow of incompressible homogeneous fluid (p = const.) this is vorticity that has this
property

v' note : an incompressible homogeneous fluid (p = const.) is a particular barotropic fluid
no baroclinity : grad p A grad p=0)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

9.5 vorticity distorsion (...)

e interpretation : conservation of angular momentum

g:const.xm =) o=const.xpx3dM
p

v let consider an elementary vortex tube

®.Nn3dS =const.x pxdM .n3dS
" circulation dm masse = const.

|:> ‘1‘ =®.n oS = const_| Kelvin's theorem

v'conservation of angular momentum

| = const.

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

¥
oS ®.n r
moment rotation angular
of inertia rate momentum the spinning movement of a skater

05/01/2015
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9.6 viscous diffusion of vorticity
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« Helmoltz’'s equation : general

1.
—divrt
i ]

(L—Ct—o+ odivu—-Vu.o =rot f +izgrad p A grad p@[
=75 grad

* newtonian fluids

v' newtonian :

A

. 1
=xdivu1+2n [d-_div(u)l]

: 1. 2 .
v viscous term (see tl =d — e A dd
annex... awful) &[ p Vi ] p & n/\( H grac avd )+
+gradf= )A[ n( Au+grad divu )+2d.grad n+grad (Adivu) |
7% > Jrad 2-grad e+ gtad

incompressibilty : divu =0

homogeneity : p = const. 1 .
constant viscosity : 1 = const. E> rot[ Eleg |=v Ao

conservative forces : f =—grad ¢

 simplifications

annex —viscous term : demonstration
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- general rot ( ldiv; )
o VI
eidentity :  rot(a A)=arot A+grad an A
1., 1 . 1 .
) rot( —divz )==rotdivz+grad ( = )adivt
P p I -

. . . 1,
« newtonian fluid ldelVH 1+2n [g—gdw(g):l_]
« other form Z:kdivg1_+2ng with sz—gn
cidentity:  div(aT)=adivI+T.grad a

div ( kdivg;):kdivg%@.grad( Ldivu )=grad( Adivu )
div(2nd )=2ndivd +2d.grad n

= divt=2ndivd +2d.grad n+grad (1divu)

-identity :  rot(aA)=arotA+gradanA

> rot] 1div; ]:lr_otdivyr grad (
p - P T

o |~

)/\diVE

05/01/2015
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annex —viscous term : demonstration (...)
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rot[ Zdive ]= rot dive+ grad (= ) adive

« total P =
divt=2ndivd +2d.grad n+grad (Adivu)
1. 1 . .
—)  rot[ =divt |==rot[ 2ndivd +2d.grad n+grad (Adivu) |
P P - T
+grad(l)/\[2ndivg+2g.gradn+grad(kdivg)]
it O STl gladmr gtad
S rotgrad a=0
« identities : r_(Jt_(aA):ar_()'[A+grada/\A

= rot[ldivI]:2—”rotdivg+ggradmdivg+
P p I -
+grad(E)/\[2ndivg+2g.gradn+grad(7»divg)]
= g+cL.gradm+grad
divVu=Au

« identities : .t , .
div"Vu = grad divu

=) 2divg:div(Vg+th )=Au+grad divu

annex —viscous term : demonstration (...)
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rot[idiv;]:Z—Hrotdivg+ggradn/\divg+
p p N -

« total +grad(1)/\[anivg+2g.gradn+grad(kdivg)]
== £+

2divg:div(Vg+th )=Au+grad divu

rot 1div; =vr0tAg+ggradn/\ Au+grad divu )+
=)
P P -

+grad ( % JA[ n( Au+grad divu )+2d.grad n+grad (Adivu) |

-identity :  rot (AA)=A(rot A)

= r_ot[ldivﬂzv Ac_o+ggrad nA( Au+grad divu )+
p - p— -

—p

+grad ( 1 )A[ n( Au+grad divu )+2d.grad n+grad (Adivu) |

05/01/2015
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9.7 the equation of vorticity for a flow of a newtonian
incompressible homogeneous fluid of constant viscosity
with conservative forces
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* Helmoltz’'s equation : general

—t—+9divg—Vg.9=r_t f +ngrad p A grad p+@[ldiv§]
=75 PR

« simplifications | incompressibilty div(u)=0
homogeneity p = const.
constant viscosity M = CONSst.
conservative forces  f =—grad ¢

do Jw
= —=—4+ Vo.u = Vu.o + Vv Ao
dt ot —— — ==
convection distorsion diffusion

= from now we will only consider this type of flows
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chapter 10

Biot-Savart’'s induction law

10.1 vorticity / velocity

10.2 Biot-Savart relation

05/01/2015
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10.1 vorticity / velocity
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vorticity equation (Helmholtz)

convection
distorsion

<
© O

Q72

création

. . -1
Biot-Savart relation U = rot (9)

10.2 Biot-Savart relation
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« solution (see annex) particular solution of {

=0
=0

iv
0

= o
= 1=

u (

X

):__

3 Ao(x')dQ +grade

e exemple

. Y
solution of the homogeneous problem

% = Ap=0

this is zero in an unbounded fluid

divu =
rotu =

©

O,

u(x)

self propelled vortex ring

05/01/2015
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annex — Biot-Savart : demonstration
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* hypotheses

v rotationnel flow in a bounded domain Q

@ O
QU72~

v incompressibility : divu =0
* method

v identity : div (rotA)=0 ) introducing a potential vector A: 1)

v unicity : divA=0

v équation : ® = rotu = rot(rotA)

v identity: AA = grad (M)—r_ot(r_otﬁ):—r_tg:—g

= [bA=-0] @

Poisson equation

—) given o : solve (2) and use (1) to get U

annex — Biot-Savart : demonstration
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. i AG(x)=38(x) fondamental equation
e, A= o ] e e
ﬂ — G(l):—4 x| Green'’s kernel
TE =
1 o(x')
A(l):_— _ﬂmﬁ ||X X”dQ

I _o(x)
= u(x)=rotyA= 4nf”Q roty ”X_x_'”dQ

«identity : rot,(a A)=arot, A+grad anA

{a=1/||l—x_'|| —) roty 9(1'). = grad 1 —Aro(x")

A=o0(x") Ix = x| xx-x'" 7\
1 graleX_X—H X-X
*one has : gradl ~ = _ -
B L B PO [x-x|
« solution Q(Z):_:n”g-” X-X ”3/\9 x")dQ
_X'

this is a particular solution of (divg =0, rotu= 9) to which one must had the solution
u(x)=grad ¢ of the homogeneous problem (divu =0, rotu =0)

05/01/2015
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chapter 11

vorticity in 2D flows

11.1 2D flows
11.2 2D Biot-Savart relation

11.3 vortex patches

11.4 cascade of enstrophy — conservation of energy
11.5 an inverse cascade of energy

11.6 3D — 2D dynamics : a first inventory

11.7 chaos

10.8 2D dynamics : conclusion

10.9 2D-3D dynamics
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11.1 2D flows
Y
* the case of 2D flows X
3 X2
v" in a 2D flow, velocity gradients are limited to a plane L X
and vorticity has only one component, normal to the plane u

gz(ul,uz,O)(Xl,Xz) 2 components

U /Oxg  Oup/dxy O
Vu = 6u2/6x1 6u2/6X2 0 4 components

0 0 0 I:> no vorticity distorsion

ou, ou
0_)=(0,0,(D=8—Xi'—£) 1 component
«Helmholtz  |4@ A = [92-%,v5u=v a0
- TG v Ao dt ot - T

convection - diffusion equation

remember : valid for a flow of newtonian, incompressible, homogeneous fluid with constant
viscosity and conservative forces

05/01/2015
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11.2 2D Biot-Savart relation

U

0
2D flows : Fv =0, u=|up
X3 0

v’ one can show that the 3D Biot-Savart relation

reads (see annex) : g(g)z——ﬂs;/\m(g') e,dS

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

annex — Biot-Savart 2D : demonstration

U
0

v 2D flow : 6_20' u=ju
) X3 O
: i _ oy oy
S streamfunction u=Vyne, = W=—"U=—"" (1)
2 X X
; v’ vorticity o=rotu=oe;=-Ay —> Ay=-0 o)
§ « solution of (2) :
g L
= Green AG=3(x) = G(g):w
2 i
3
a 1 . .
8 S0 : W(l)=—m;G :—ﬁﬂm(g ) Lan—x H ds ©)
ig convolution
E
3 ¥ substituing (3) in (1), with : VKL”HX‘XH:%W[( o (X V]2
O
w
=
= Ve o
g gives the Biot-Savart formulae  u(x) =iﬂ'w ds
z g [x=x]
®

05/01/2015
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11.3 vortex patches

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

e vortex patch = 2D bounded vorticity regions

v bounded vorticity = exponential decay of ® away from the patch j

v" an elliptic patch

v/ two co-rotating
vortices

* how explain these 2D flow vorticity dynamics ?

* 2 key notions v movement invariants
v enstrophy cascade
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11.3 vortex patches (...) S .
« vortex patch o X ;’¢ 0
v’ circulation I = ” o dS iqA) u.dl Y 4
S cC— — X1
Kelvin theorem : dl'/dt=0 (see also annex)
e invariants of the movement y 0 0 >
S ! 2 I = [ %0 dS
linear momentum l:.Us XA®AS| xr@=|X, [A] 0 |=| —xo| =) s
%) Lo 0 I, = _.”s X0 dS

|:> this is the flow momentum per unit mass

one can show that : dl /dt =(0| momentum conservation  (see annex)

v’ angular momentum M:H XA(XA0)dS| =)

A

|

MZ—M§3
M = [[ (x4 )ods

one can show that : dM/dt =—-2vT| (see annex : hard)

so [limg, .. dM /dt =0

* Reynolds number Re:%g.ﬂ v=I/v

05/01/2015
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11.3 vortex patches (...)

L3
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s summary X2 0#0
¥ /
given vortex patches of circulation T = const. , invariants of X 1

the movement are :

I, =||. X,» dS =const.
v’ linear momentum : { ! HS 2

v angular momentum: M = [[ ( x+X} JodS

lim dM /dt =0

Re=I/v>>1

v to which one must add energy, as defined later

1, =—=[f, % dS = const.

4

11.3 vortex patches (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

=) so, one may characterize the spatial evolution of any 2D vortex distribution by considering

the two following quantities

 centroid

I, = [[ %, ® dS = const.
v linear moment S
I, ==[f % ® dS = const.

= Xc(xlc’XZC):XC(_FIZ’IFlJ

centroid

» dispersion radius

X = [ % ©dS /[ ©dS =-1,/T =const.
X =[] X, ©dS /[ ©dS =1,/T" =const.

the centroid of the vorticity field is conserved

) take itas the origin

v angular momentum M :IIS<X12+X§)(°dS :.USHX‘XC HZ‘DdS

Jlxx[Fois

VT el T

a = dispersion radius

the dispersion of vorticity around the
centroid is characterized by radius a
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annex — 2D invariants : demonstrations

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

e circulation T = ﬂ o dS ) o
S H1 - incompressibility

o6 H2 - homogeneity (barotropy)
vovorticity —=-V o.Uu+VvA® H3 - constant viscosity
ot H4 - conservative forces

H5 - 2D
H1 H5
rot(oAu)=Vo.u+u dvG -0 gwli-vuo =Vou
-
identities { Lmng):gradM—A@
0w
= E=@(9A@—v&t@) (€]
L %F:IIS%—%)dS:jstm(gA@—vLm@)dS:aﬁc(gA@—vLMQ)Agdlzo

Note - The flow being that of a Newtonian, incompressible, homogenous (barotropic) fluid of constant viscosity
with conservative forces + ideal fluid on the contour C. All conditions for application of Kelvin's theorem (valid also
for 3D flows) are thus fulfilled. The above demonstration is thus an alternative to that of Kelvin's theorem for the
case of 2D flows

annex - 2D invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

« linear momentum I= ”S XA®dS

oTre e, = 1= [Loline )= ox(e,ne,)is s ] 0y, e )i

X=XE+YEy
=—e, [[ oxdS+e, [[ 0 yds
s 777 ¢S
« angular momentum M= ﬂs

w=08, = M=[[joxa(xng,)dS = [[[ ~o(xre,)+o(xne,)]dS
{><=><ex+yey Jlo(x+y?)ds =M,

= M =_Usm(x2 +y2)dS
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annex — 2D invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

« linear moment lzﬂs XA®dS
vvorticity (1) =) EI:I 29945 - jj XATOt(UA@—v rotm)ds
dt ™ XA ot

v identity B= .”s XArot AdS = HSAdS —Cﬁcl/\(n/\é)dl see demo below

vonC: =0 =) A=ure-vroto=0 = %1=IIS(QA@—v@@)dS
uA®=grad( u2/2 )-Vu.u (see Lamb decomposition)
v identity T .
Vu.u=div(u®u)-u divl
= %=Ifs[diV(§921—u®u)—vu@]ds %[%g n-u(u.n)-venn]d

v u-~1/r(Biot-Savart) and ®=0onCc =) lim.,, % =0

annex - invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

- identity (2D) |B= [[; xArot Ads = [[. AdS —¢_xA(nA A)dl

ip®ja ~ ®iajp j i
o 0 OX; OXj

where & &yq =8ip8 g —8ig0jp

15/ 0 OA;
v XATOtA=g;X, i €pn 5 (6 8, — 8,0 )x-aﬁ:x ! A

B, _J'_[ aAy 6& )dxdy = ﬂ ayAy ayA‘ dxdy+_[_|' A, dxdy

B, = J[, x( an aAy )axdy = [, ( aXAy GXA* )dxdy + [[ A, dxcy

P
v Green's theorem  [[(( @—% )dxdy = ¢, (Pdx+Qdy)

= B, = §,(yAdx+ yAydy)+ﬂAxdxdy
B, =, (xAdx+ xA,dy )+ [[ A dxdy

v check that the line integrals correspond to —xA(nA A)dl with ndl =(-dy,dx,0)
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annex - invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

« angular momentum (2D) (M =-Me,, M _7” (x +y )u) dxdy

v nota : vectorial form : M = H XA (XA )dxdy

- _ om
v/ vorticity : use the 2D scalar equation o =-u.grad ®+vAo
videntity u.grad o= d|v mu o)gWG d|v mu = %:_div(wg)JrvAm
aM 2
T:EHS(X +y? —dxdy_—fﬂ ( x*+y?)[ div(ou)-v Aw Jdxdy
dm .
= F:_%.Us [ (x*+y? )div(ou) ]dxdy—%ﬂsv[ (x> +y? )Ao | dxdy
_%HS div[ ( x*+y? )ou ]dxdy+%fjs[ o u.grad ( x*+y? )]dxdy—%ﬂsv[ (%% +y? )Aw dxdy
v .[J.S div[ ( ¥* +y* Jou ]dxdy:gsc( x*+y? Jou.ndl
v' u~1r (Biot-Savart) so as( X% +y? Jou.ndl~ rzm(r) .This vanishes if o is exponentially decaying

v ou.grad( x®+y? )=(ue, +use, ).( 2xe +2ye, )=2xu, +2yu, = 2X.u

annex - invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

= ﬂ (xu+yv)dxdy + ” v[ ( x*+y® )Aw ]dxdy
v Biot-Savard (2D) g(x)zzi# L’de

T xx]

(y=y)o(x'y) o
u(x,y>=—2iﬂsﬁdx dy
™ +(y-y)
- J’J’ —Xy)dx'dy'
) -y )
= ” 20 (Xu+yv) dxdy == ” ” xy E(yyy) o(x y)o(x',y")dx'dy dxdy =0
Rl KES >Awdxdy-—fvﬂ ) S
=-1v J.-[Sax —]dxdy+7vjsgmai(x +y? ) dxdy
==V J'.[S (X% +y? —]dxdy+v” 9D x; dxdy

:—;VWVM—V”;(D@X: dxdy = —2v ”Smdxdy:—ZvF
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annex - invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

«angular momentum (3D)  |M _*m XA (XA )

v vorticity ) EM—J‘” xA( X/\ = dV—st XA( xArot(uso-vrot o) dV” ds
v identity XA(XALNA)I(X-LNA)X—X rotA=( x®x-x’1).rotA A
P

2, . . . 2
E: X®X—X Z:l is the projector in the plane normal to x .Its components are P,J =XX; =X Sij

v for the it componant one gets : [X/\(l/\ rot A)] =P, €5 OA /6Xp

1 0 ij 0 ij
=3t Jpq.m P'J af“ dv = 381pq fﬂv i Aq dv _.mv Aq asp av )

v the first integral gives a surface integral which vanishes, because  ,s0 A= (!/\Q—V rot 0)),
are nil on the bounding surface.

dMm,

at ~sepalll, Az ax X = X8y ) AV =g o [[[, Ay (85 %) +8 55 % 2%, 8 )dV
where we used gx; =2x, 27' =2x8), = 2x,

p

annex - invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

_%Squm\/% Bip Xj +8jp X —2X, 85 )V
ingdjp =0

O X: =€,:.0: X, =—€ . &:X

v identities {
€ipaQipXj = EpjgQij Xp ira®ijp

dM 1

= =500 JIf, 3AXp8y AV =g [[[, Axp aV = [, (x2 A),

v A:(u A®—V rot ©)
M
ot

0
v unw=grad( QZ/Z )—VU.U (see Lamb decomposition) [—) (QAQ)i :67( %stij —uu; )
i

o

_[m xA(une)dv -vff, xarotedv |

d

M;
= dt _Slquﬂv Pax %u 8gj —UgU; )dV—v[mVX/\LOt@dV ]i
Ipqu ax 2, Bgy —UgUj )X, JAV _Sipqmv ( %Qzéqj —UgU; )8, v
-v[ jﬂv l/\LOtg)dV 1

:‘C’ipq‘ﬂ)s(%gzésqj_uqu )Xpn; dS - Slpq.m % /(_uqup )dV—VUﬂV xArotodV |
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annex - invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

M.
dtl = &35 {P ( SU8 g —ugu; )x,n; S+ 50 [[f, Ugup AV v [[f, (xAr0t @), AV

v in a 3D flow H u H ~ r~3 (3D Biot-Savart), the two first integral vanish.

- =—v[[[, (xarote) dv
6(0 0w, o Ow:
v (5/\@@) =ik X} Ekpg (SIszq 8Iqé"jp)xjiq:in]_xj I
OX, OX OX; OX;
where we uses the identity :  Eijk€kpq = 6|p61q 8|q81p
(Dj 00; d
=—v \Y
:> J..“. J ax J ax ]
8X o] 6X-0)-
- i
= —v [l 0% 130, ] av
j
v for exponentially decaylng vorticity : L=-3v ﬂ O dv

dM
= TT =-3v mv @dv

annex - invariants : demonstrations (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

dM
d—T:—SVHIV wdV :—3\/”\/ LOtng:—Svcj‘:ﬁSg/\ndS

vinaspfiow: [ul~r®c

) ina 3D flow angular momentum is conserved (in the absence of external forces)
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11.3 vortex patches

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

« so, how explain the following figure ?

v circulation

r=¢,u.di=[f ods |:>r(r)=f02“ue(r,e)rde:joz"jorm(r',e)r'dr-de )

v if ® were cylindrical : T'(r)=2nug(r)=2n J.(:o)(r')r'dr‘

=) ue(r):joru)(r')dr'

o(r)

» case 1 : constant vorticity (Rankine vortex)

ug (r)
= \A_,

o(r)=o0g,r<n
o(r)=0,r>r

r
solid body rotation

» case 2 : gaussian vorticity (Lamb-Oseen vortex)

o(r)=wg e (/0)

v then explain figure on the top (non cylindrical)

¥ training : calculate I'y = lim,_,, T'(r) for the 2 cases above

(*) note that dF(r)/dt # 0 if r lies in the patch (see annex on circulation)

11.2 vortex patches

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

* how explain this one ?

v’ conservation of angular momentum

M = jjs | x—x, HZ © dS = const.

induced rotation of the  convection of this vorticity
vortices (Biot-Savart) outside leads to inner vorticity
producing filaments concentration, so as to maintain
angular momentum

the two vortex
cores merge
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11.3 vortex patches

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

e vortex pairing process

v differential rotation : filamentation

v’ conservation of angular momentum :
the vortex cores go closer

v viscous diffusion (on the long term)
leads to the merger

Leweke (IRPHE)

11.3 vortex patches

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

Turbulence_in_periodic_box_long_simulation.mp4
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11.4 cascade of enstrophy — conservation of energy

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

* observations

Re — w0

» enstrophy @2 ) variance = measure of vorticity amplitude dispersion

dt

do? 2
« equation wx{%—?:vAm} =) i=dlv[ grad(%co2 )]—2\/" grad co" see annex

flux destruction <0

grad ®

Dritschel 1989

e equation %”s mzdxdy =-2v ”s " grad o ||2 dxdy <0| —) enstrophy decreases

see anhex

annex —equation of enstrophy : demonstration

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

do
* equation of w2: wX[E:vAw}

do d
vV o=2_2 (1.2
_ dt( 2 )

o’ 0 o 0w 2 0 0,1 2 2
Aw = S A T s A o A O _v(9®
v Vo Ao vwa)(iz Vaxi(waxi )—v( ox ) vai axi( SO ) ]-v( i )

= vdiv grad ( %mz )-v( 270) )2 =vA( %mz )—V‘V(z)‘z
i

do’ 0w 2 . 1 9 2
= T=?+g.grad o .=vdiv[ grad( S0 )]—2v|| grad co"
diffusion destruction <0
« equation of ” cozdxdy div( w2u )—(nzdiv u
S d u

v %J‘J‘smdedy:IjsngdXdy:_Ijs [ L_J-@mz —v div[ @( %0)2 )]+2V"@m"2 ]dxdy

—~§ [Py svarasta? Tl + [, o gl cty-2v [ arad o oy

= %HS wldxdy = —2v ﬂs | grad m||2 dxdy
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11.4 cascade of enstrophy — conservation of energy (...)

2
e enstrophy in 2D flows dd_";:\,div[ grad ( %mz )]—2v|| grad m"2 W

diffusion destruction <0
. 2
v" one observed that lim,_,q2v Jj " grad (»” ~const [—y filamentation : a cascade of
Si—— enstrophy in 2D flows

=) following (1) lime_ -US ®? dS =0 ) enstrophy vanishes in unforced 2D

flows
1 . .
« analogy : the 3D cascade of energy € :Egz in 3D flows (remainder)
dek . 2
—=div[ ( p/p+¢ Ju—-voau -vVa® 2
g ~Wv[(pere)u-vonu]] -vo &)
diffusion destruction <0

v" one observes that lim, oV HJ. ®2dV ~ const ) cascade of energy in 3D flows (see
v v paradox of turbulence and model of

Richardson-Kolmogorov)
«energy in 2D flows ? . Iimt—>ooVJ.J. ®2dS =0
S

@ D energy J.J.S ey dS  is conserved in 2D flows !

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

11.5 an inverse cascade of energy

* observation

Meunier
et al. 2005

filament = P = e merger
-® (@ ) (@)
. ) | \T::_/// ’ &\\\\\Eg}f///

L
O = (O

=) inverse cascade : energy containing scales become larger

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique
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11.5 an inverse cascade of energy (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

v numerical simulation of a 2D isotropic turbulence decay

Tor Oy

LRI

K1

o

7]

@ &

o

Mc Williams 1982

11.5 an inverse cascade of energy (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

numerical simulation
of a 2D isotropic turbulence

? MATLAB Simulation of 2D Turbulence in a Periodic Box (1024 x 1024) - YouTube [720p].mp4
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11.5 an inverse cascade of energy (...)

e another example : the mixing layer

()

=]

z

£

§ —»]

= —>|

o

o y u

) —

2 —>

g T X

£ > I

El | —]

g —

. -u [7

] 0 | vortex sheet
=1

5 o * o(x,y)=-2ud(y)
' A
8 |
§ Dirac function
E]

<

@

O

w

=

&

3

=

®

11.5 an inverse cascade of energy (...)

* mixing layer : an unstable flow

o(x,y)=-2u(x)8(x) y
- L S

perturbation

@<‘ vortex

=) vorticity sheets are unstable and produce vortices

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique
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11.5 an inverse cascade of energy (...)

e mixing layer : the Kelvin-Helmholtz instability

roll-up convection %

—8 —& Y

~ vortex sheet

perturbation

unstable VA

(Kelvin — Helmholtz
instability)

vortices

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

11.5 an inverse cascade of energy (...)

e vortex sheet : the Kelvin-Helmholtz instability

v replace the vorticity sheet by a periodic vortex alley

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique
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11.5 an inverse cascade of energy (...)

* observations

R T
Bl R

e - _

tribute

numerical simulation )
of a temporal plane harmonic

pairing <

merger 3
Pierre Comte (2010)

Pierre Comte (1999)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

11.5 an inverse cascade of energy (...)

* observations

spatial development of a mixing layer separating H2 et He

pairing

merger

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

Van Dyke : An album of fluid nﬁotion, 1983
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11.6 3D — 2D dynamics : afirst inventory

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

do

WZM-‘:-VAQ

= |——=VvAo

v 3D — 2D : the fundamental change is elimimination of the distorsion term

convection — diffusion equation

v/ minimization of enstrophy : vorticity concentration

v inversion of the energy cascade : from small scales to large scales

v at equilibrium :

* a minimum enstrophy state

* a maximum free energy state (not easy to define)

11.7 chaos

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

—> we look now to the collective interaction of point vortices

* Biot-Savart

v/ vortex patch

v/ point vortex

v’ n point vortices

each vortex moves as a material particle under the
combined effects of other vortices. It has no effect on

itself

1 o(x)a(x=x") .
u(x)=7-1ls (X_i,z ax

r x-x'
Q(X)_ZHX—K 2

I X=X
= T
I X=X

dx; Llj X
7(&) dt _j;tl 27 HX—XI 2
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11.7 chaos (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

. dx
* movement equation

!(Xi)z L=y

dt - j#i 27 HZ_K

Fj Xi—X

2

* one can set this equation under an hamiltonian form (homework)

O _ OB
Ydt oy
2n équations )
L B
dt 6Xi

Hamiltonian form Nota : X; =(Xi ,yi)

with

1
E:_H%F‘F" Iongj —Xi

vortex interaction energy

« energy conservation OB _CEdx  OEdy -0
ot ox dt oy dt
= invariant

11.7 chaos (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

v let be a collection of point vortices of circulation

F:HSwdS =Y T'j=const.
i

. . dXi oE
e momentum equations : —=—
dt oy
e movement invariants :
v’ linear momentum = -US yods
I, ==[f xo ds
v | M:_Mgz
t
angular momentum M = J.IS(X2+y2)0) ds

v interaction energy

sinventory v 2n équations
v’ 4 invariants (Ix,ly,M,E)

Lot

dy; oE .
) il=——.|=1,n Hamiltonian form
dt 8Xi
I, =2yl =const.
i
= I, =—> xT;=const.
= |M =3 (x+y)*T;=const.
i
1
= |E=--—XTT,log|x; - x]=const.
4r ij

si2n-4<2
si2n-4>2

«in the 2D space :

regular solutions
chaotic solutions

(n>4)

05/01/2015

41



05/01/2015

11.7 chaos (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

*in the 2D space : si2n-4<2 regular solutions
si2n-4>2 chaotic solutions (n>4)

Jimenez 2000

Boatto & Pierrehumbert 1999

quasi - periodic chaotic
11.7 chaos (...)
*in the 2D space : si2n-4<2 regular solutions
o si2n-4>2 chaotic solutions (n>4)
g
>
8 . .
< periodic
g
g
= quasi -
[ . .
E periodic
®
: .
- chaotic
Q3
]
=
g
3
=
®
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11.7 chaos (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

one may characterize the spatial evolution of the system by e -3 34
considering the centroid and the dispersion radius €

* centroid

v’ linear moment {I

Xe
Ye

=2, Vil; = const.
=—> . %I, = const.

=% /2T =—1, /T = const.
=2yl /2T =1,/T = const.

v’ centroid

XC(X(;: yc):Xc (l_,yll_,

=1 Iy j the centroid of the vortex system is conserved

) take it as the origin

e dispersion radius

v/ angular momentum

M =3 [x; —XCHZ I'; =const.

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

. . . 2 _ Z HX H the dispersion of the vortices from the centroid
v dispersion radius |a = const. is characterized by radius a
11.7 chaos (...)
» chaos index
®
v finite time Lyapunov exponent
5(t)
3(t) %
A(t)= I|m50_>0 Iog—

o t=0 ®

v/ Lyapunov exponent

A=lim_, A(t)

A >0 C=> exponentially divergent trajectories
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11.7 chaos (...)

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

. - 8(t)
v finite time Lyapunov exponent A(t) = limg, o t log N
0
1, ot
v finite size Lyapunov exponent 7b(Z, 50,'[) = T log Q
0

Hernandez-Garcia, 2004.

« Mixing in the mediterranean
sea from finite size Lyapunov
exponents ». Trends in Ecology

Film : trajmovie.gif

11.8 2D dynamics : conclusion

@ Master MEC654 - Turbulence - Laurent Jacquin - 2014 - Polytechnique

* notions

v vortices

v’ chaos

v filamentation of vorticity
v/ vortex merger

v inverse cascade of energy

r—> the start of complexity
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