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Abstract

The understandingf fluid turbulencehasconsiderablyprogressedn recentyears. The
applicationof the methodof statisticalmechanicgo thedescriptionof the motion of fluid

particles,i.e. to the Lagrangiandynamics,hasled to a new quantitatve theory of inter-

mitteng in turbulenttransport.The first analyticaldescriptionof anomalouscalinglaws
in turbulencehasbeenobtained. The underlyingphysicalmechanisnrevealsthe role of

statisticalintegralsof motionin non-equilibriumsystems For turbulenttransportthe sta-
tistical conserationlaws are hiddenin the evolution of groupsof fluid particlesandarise
from thecompetitionbetweerthe expansionof agroupandthe changeof its geometry By
breakingthe scale-ivariancesymmetry the statisticallyconsered quantitieslead to the
obseredanomalouscalingof transportedields. Lagrangiarmethodsalsoshednew light

on somepracticalissuessuchasmixing andturbulentmagneticdynamo.
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"Well,” saidPooh,” we keeplooking for Homeandnotfindingit, sol thought
thatif we lookedfor this Pit, we’'d be surenotto find it, whichwould bea Good

Thing, becaus¢henwe mightfind somethinghatwe weren't looking for, which

might bejustwhatwe were looking for, really”. A. Milne, Tiggeris unbounced.



[. INTRODUCTION

Turbulenceis the lastgreatunsolhed problemof classicalphysicswhich hasevadedphysical
understandin@nd systematiadescriptionfor mary decades.Turbulenceis a stateof a physical
systemwith mary degreesof freedomstrongly deviating from equilibrium. The first obstacle
to its understandingtemsfrom the large numberof degreesof freedomactiely involvedin the
problem. The scaleof injection, whereturbulenceis excited, usually differs dramaticallyfrom
the scaleof damping,wheredissipationtakes place. Nonlinearinteractionsstrongly couplethe
degreesof freedomby transferringexcitationsfrom theinjectionto the dampingscalethroughout
the so-calledinertial rangeof scales.The ensuingcomplicatedandirregular dynamicscalls for a
statisticaldescription.The main physicalproblemis to understando whatextentthe statisticsin
theinertialinterval is universal,i.e. independenof the conditionsof excitationanddissipation.In
suchgeneraformulation,theissuegoesfar beyondfluid mechanicseventhoughthe mainexam-
plesandexperimentatlataareprovidedby turbulencein continuousnedia.Fromthestandpoinbf
theoreticalphysics,turbulenceis a non-equilibriumfield-theoreticaproblemwith mary strongly
interactingdegreesof freedom.The seconddeeplyrootedobstacleo its understandings thatfar
from equilibriumwe do not possesary generalguidingrule, lik e the Gibbsprinciplein equilib-
rium statisticalphysics. Indeed,to describethe single-timestatisticsof equilibrium systemsthe
only thing we needis the knowledgeof dynamicintegralsof motion. Then,our probability distri-
bution in phasespaceis uniform over the surfacesof constantintegralsof motion. Dynamically
conseredquantitiegplay animportantrole in turbulencedescriptionfoo, asthey flow throughout
theinertialrangein acascade-lik processHowever, the conseredquantityalonedoesnot allow
oneto describehewhole statisticsbut only a singlecorrelationfunctionwhich correspondso its
flux. Themajorproblemis to obtaintherestof the statistics.

In every case the startingpoint is to identify the dynamicalintegral of motion that cascades

throughtheinertial interval. Let usconsidertheforced3d Navier-Stokesequation
Oev(r,t) +v(r,t) - Ov(r,t) —vOAv(r,t) = —Op(r,t) + f(r,t), (1)
supplementedby the incompressibilitycondition- v = 0. An exampleof injection mechanism
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is arandomlarge-scalgorcing f(r,t) with correlationlengthL. Therelevantintegral of motion,
conseredin the absencef injectionanddissipation s kinetic enegy [ v2dr /2 andthe quantity
whichcascadethroughoutheinertialinterval is enegy densityin wavenumbespace Theenegy
flux-constang relationwasderivedin Kolmogorors (1941)andit involvesthethird-ordermoment

of thelongitudinalvelocity increments:

<[(v(r,t) —v(O,t))-r/r]3> = <(Arv)3> — —gs_\,r . )

The separatiorr is supposedo lie in the inertial interval, rangingfrom the injection scaleL
down to the viscousdissipationscale. The major physicalassumptiormadeto derive the so-
called4/5 law is thatthe meanenegy dissipationrateg, = v((0v)2) hasa nonzerolimit asthe
viscosity v tendsto zero. This clearly pointsto the non-equilibriumflux natureof turbulence.
Theassumptiorof finite dissipationgivesprobablythe first exampleof whatis called“anomaly”
in modernfield-theoreticallanguage:A symmetryof the inviscid equation(here,time-reversal
invariance)s brokenby the presencef the viscousterm, eventhoughthe latter might have been
expectedo becomenggligible in thelimit of vanishingviscosity Notethatthe4/5 law (2) implies
thatthethird-ordermoments universal thatis, it depend®ntheinjectionandthedissipatioronly
via the meanenepy injection rate, coincidingwith g, in the stationarystate. To obtainthe rest
of the statistics,a naturalfirst stepmadeby Kolmogoros himselfwasto assumehe statisticsin
theinertialrangebe scaleinvariant. The scaleinvarianceamountgo assuminghatthe probability
distribution function(PDF)of therescaledrelocity differences —"A,v canbemader-independent
for an appropriateh. The n-th order momentof the longitudinal velocity increments((Arv)")
(structurefunctions)would then dependon the separatiorasa power law r°" with the “normal
scaling”behaior o, = hn. Therescalingexponentmaybedeterminedy theflux law, e.g.h=1/3
for 3d Navier-Stokesturbulence. In the original Kolmogoror theory the scaleinvariancewasin
factfollowing from the postulateof completeuniversality:thedependencentheinjectionandthe
dissipationis carriedentirely by €, notonly for thethird-ordermomentbut for thewhole statistics
of thevelocityincrementsThevelocity differencePDF couldtheninvolve only thedimensionless

combination(g,r)~Y/3A,v andwould be scaleinvariant. Thereare caseslike weakly nonlinear
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wave turbulence(Zakharw et al., 1992), whereboth scale-ivarianceand completeuniversality
are assuredby the fact that the statisticsin the inertial rangeis closeto Gaussian. That does
not hold for stronglynonlinearsystems.Alreadyin 1942,L. D. Landaupointedout thatall the
velocity structurefunctions(exceptthe third one)areaverageof nonlinearfunctionsof the flux.
They arethereforesensitveto its fluctuationswhich dependnthespecificinjectionmechanisms.
Consequentlythevelocity statistican theinertial rangemay have nonunversalfeatures.
Experimentslonotsupportscaleinvarianceeither Thestructuregfunctionsarein factfoundex-
perimentallyto have a power-law dependencentheseparatiom. However, the PDFof theveloc-
ity differencestvariousseparationsannotbe collapsedneontoanothetby simplerescalingand
thescalingexponento, of thestructurefunctionsis anonlinearconcae functionof theordern. As
theseparatiomlecreasem theinertialrange thePDFbecomesnoreandmorenon-Gaussiarwith
a sharpeningentralpeakanda tail thatbecomedongerandlonger In otherwords,the smaller
the separationgonsideredthe higherthe probability of very weakandstrongfluctuations.This
manifestdtself asa sequencef strongfluctuationsalternatingwith quiescenperiods,which is
indeedobsenedin turbulencesignalsandis known asthe phenomenowof intermitteng. Thevio-
lation of thedimensionapredictionsfor the scalinglaws is referredto as“anomalousscaling”for
it reflects,again,a symmetrybreaking.The Eulerequationis scale-ivariantandthe scalesof in-
jectionanddissipationaresupposedo bevery large andsmall (formally, thelimits to infinity and
zeroshouldbetaken). However, thedynamicsof turbulenceis suchthatthelimits aresingularand
scaleinvariances broken. Thepresencef afinite injectionscaleL, irrespectve of its largevalue,
is felt throughoutheinertial rangepreciselyvia theanomalies|(Arv)") O (g,r)"/3 (L/r)”/3_°“.
The non-Gaussianitpf the statistics the anomalouscalingandthe intermitteng of the field
occurasaruleratherthanexceptionin the context of fluid dynamics.The samephenomenologis
obseredin mary otherphysicalsystemsAn incompletdist includescompressibl&avier-Stokes
turbulence Burgers’turbulence scalarandmagnetidields. Examplesof scalarfieldsareprovided
by the temperatureof a fluid, the humidity in the atmospherethe concentratiorof chemicalor
biological species. The adwection-difusion equationgoverning the transportof a nonreacting

scalarfield by anincompressibleelocity is:



0:0(r,t) 4+ v(r,t) - 06(r,t) —kO28(r,t) = ¢(r,t), (3)

where¢ describeghe sources. For scalardynamics,the spaceintegral of arny function of 8 is
consered in the absencef sourcesanddiffusion. In their presencethe correspondingelation

for theflux of 82 wasderivedin Yaglom(1949):

([t ~v0.0) - 1/¢] [B(r.0) — 6(0.1)] 2> _ —ggr. ()

Themajorphysicalassumptioris againthatthe meanscalardissipatiorrates = K((D9)2> remains
finite evenin the limit wherethe moleculardiffusivity k vanishes.Considerthe particularcase
when the adwecting velocity v satisfiesthe 3d Navier-Stokes equation. Assumingagainscale-
invariancetheflux relations(2) and(4) would imply thatthe scalingexponentof boththevelocity
andthe scalarfield is 1/3. As it was expectedfor the velocity, the scalarstructurefunctions
Sh(r) = ([6(r,t) — 8(0,1)]") wouldthendepencbn the separatioraspower laws rén with Z, = n/3.

Experimentsndicatethat scaleinvarianceis violatedfor a scalarfield aswell, thatis ¢, # n/3.

More importantly the intermitteng of the scalaris much strongerthan that of the velocity, in

particulay n/3—C,, is substantialljargerthann/3— oy, It wasamajorintuition of R.H. Kraichnan
to realizethatthepassve scalarcouldthenbeintermittentevenin theabsencef ary intermitteny

of theadwectingvelocity.

The mainambitionof the moderntheoryof turbulenceis to explain the physicalmechanisms
of intermitteny andanomalousscalingin differentphysicalsystemsandto understandvhatis
really universalin the inertial-intenal statistics. It is quite clear that strongly non-equilibrium
systemsggenerallydo not enjoy the samedegreeof universalityasthosein equilibrium. In the
absencef aunifiedapproacho non-equilibriumsituations pnetriesto solve problemsona case-
by-casebasis,with the hopeto learnif arny universalguiding principle may berecognized.It is
in solvingthe particularproblemsof passve scalarand magneticfields thatanimportantstepin
generalunderstandingf turbulencehasbeenrecentlymade. The languagemostsuitablefor the
descriptiorof thesystemgurnedoutto betheLagrangiarstatisticaformalism,i.e. thedescription
of themotionof fluid particles.Thisline of analysispioneeredy L.F. RichardsorandG.l. Taylor

in thetwentiesandlaterdevelopedby R.H. Kraichnanandothers,hasbeenparticularlyeffective
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here. The resultsdiffer from caseto case. Somefields are non-Gaussiatut scaleinvarianceis
not broken, while othershave turnedout to be amenableo the first ever analyticaldescription
of anomalousscalinglaws. The anomalousexponentshave beenfound to be universal,but not
the constantsappearingn the prefactorsof genericcorrelationfunctions. This hasprovided a
guantitatveclarificationof Landaus previously mentionedemarkandof theaspect®f turbulence
statisticsthat may still be expectedto be universal. More importantly theanomalousscalinghas
beentracedto the existenceof statisticalintegrals of motion. The mechanisms quite robust
andrelevant for transportby genericturbulent flows. The natureof thoseintegrals of motion
stronglydiffersfrom that of the dynamicconseration laws thatdetermineequilibrium statistics.
For ary finite numberof fluid particles,the consered quantitiesarefunctionsof the interparticle
separationghatarestatisticallypreseredasthe particlesaretransportedy therandomflow. For
example,at scaleswherethe velocity field is spatially smooth,the averagedistanceR between
two particlesgenerallygrows exponentially while the ensemblaaverage(R—d) is asymptotically
time-independenn a statisticallyisotropicd-dimensionarandomflow. The integralsof motion
changewith the numberof particlesand generallydependnontrivially on the geometryof their
configurations.In the connectionbetweenthe adwectedfields andthe particles,the orderof the
correlationfunctionsis equalto the numberof particlesandthe anomalousscalingissuemay be
recastasa problemin statisticalgeometry The nonlinearbehaior of the scalingexponentswith
theorderis thendueto thedependencef theintegralsof motionon the numberof particles.The
existenceof statisticalconserationlaws signalsthatthe Lagrangiandynamicskeepstraceof the
particleinitial configuratiorthroughoutheevolution. This memoryis whatmakesthe correlation
functionsatany smallscalesensitveto the presencef afinite injectionlengthL. We believethat,
more generally the notion of statisticalintegralsof motionis a key to understandhe universal
partof the steady-statstatisticsfor systemdar from equilibrium.

The aim of this review is a descriptionof fluid turbulencefrom the Lagrangianviewpoint.
Classicalliteratureon Lagrangiandynamicsmostly concentratean turbulent diffusion and pair
dispersion,.e. the distancetraveled by one particle or the separatiorbetweentwo particlesas

a function of time. By contrast,in that generalpicturethat hasemegedrecently the evolution
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of the multiparticle-configuratiomeometrytakescenterstage.The main body of the review will
presenthesenovel aspect®f Lagrangiardynamicsandtheirconsequencedsr theadwectedfields.
We shall adhereto the following plan. The knowledge accumulatedbn one and two patrticle
dynamicshasbeenextensiely coveredin literature(Pope, 1994; MajdaandKramer 1999). The
objective of the first threeSectionsin Chapterll is to point out a few fundamentaissueswith
particularattentionto the basicdifferencedetweerthe casesf spatiallysmoothandnonsmooth
velocity fields. We thenproceedo the multiparticlestatisticsandthe analysisof hiddenstatistical
conserationlawsthatcausehebreakdaevn of scale-ivariance Most of thisanalysids carriedout
undertheassumptiorof a prescribedstatisticsof thevelocityfield. In Chapteill we shallanalyze
passve scalarandvectorfieldstransportedy turbulentflow andwhatcanbe inferredabouttheir
statisticsfrom the motion of fluid particles. In ChapterlV, we briefly discussthe Lagrangian
dynamicsin the Burgersandthe Navier-Stokesequations.The statisticsof the advectingvelocity
is notprescribedanymore,butit resultsfrom nonlineardynamics.Conclusiongocusontheimpact
of theresultspresentedn this review on major directionsof future researchReadergrom other
fieldsof physicsinterestednainlyin thebreakdevn of scaleinvarianceandstatisticalconseration
laws mayrestrictthemselesto SectsII.C, IL.E, lIl.C, V.

Thepicturepresentedh thisreview is, to alarge extent,an outcomeof joint work andnumer
ousdiscussionsvith our colleaguesk. Balkovsky, D. Bernard A. Celani,M. Chertlov, G. Eyink,
A. Fouxon,U. Frisch,l. Kolokolov, A. Kupiainen,V. Lebede®, A. MazzinoandA. Noullez. We
thankK. Khanin,P. Muratore-GinanneschA. Shaarenlo, B. Shraimarandtherefereefor valu-
able commentsaboutthe manuscript. We are indebtedto R. H. Kraichnanwhoseworks and

personalityhave beena permanensourceof inspiration.

[I. PARTICLES IN FLUID TURBULENCE

As explainedin the Introduction,understandinghe propertiesof transportedields involves
the analysisof the behaior of fluid particles. We have thereforedecidedto first presentresults

onthetime-dependerdtatisticsof the LagrangiartrajectoriesR,(t) andto devotethe subsequent



Chapteill to thedescriptionof transportedields. In the presenChaptemwe sequentiallyncrease
thenumberof particlesinvolvedin the problem.We startfrom a singletrajectorywhoseeffective
motionis a simplediffusion at timeslongerthanthe velocity correlationtime in the Lagrangian
frame (Sect.ll.A). We thenmove to two particles. The separatiodaw of two closetrajectories
depend=n the scalingpropertiesof the velocity field v(r,t). If the velocity is smooth,thatis
IV(Ry) —V(Rm)| O |Ry — Rm|, thenthe initial separatiorgrows exponentiallyin time (Sect.ll.B).
The smoothcasecanbe analyzedin muchdetail usingthe large deviation agumentspresented
in Sect.ll.B.1. Thereadermainly interestedn applicationsto transportedields might wish to
take the final results(21) and (27) for granted skippingtheir derivation andthe analysisof the
few solvable caseswvherethe large deviationsmay be calculatedexactly. If the velocity is non-
smooth,thatis [V(R,) —Vv(Rm)| O |Ry— Rm|® with a < 1, thenthe separatiordistancebetween
two trajectorieggrows asa power of time (Sect.ll.C), asfirst obsernedby Richardsor(1926).We
discusamportantimplicationsof sucha behaior on the natureof the Lagrangiardynamics.The
differencebetweertheincompressibldlows, wherethe trajectoriesgenerallyseparateandcom-
pressibleones,wherethey may cluster is discussedn Sect.ll.D. Finally, in the consideratiorof
threeor moretrajectoriesthe new issueof geometryappears Statisticalconserationlaws come
to light in two-particleproblemandthenfeatureprominentlyin the consideratiorof multiparti-
cle configurations.Geometryandstatisticalconserationlaws arethe main subjectof Sect.ll.E.
Although we try to keepthe discussiorasgeneralas possible,much of the insightinto the tra-
jectory dynamicsis obtainedby studyingsimplerandomensemblesf syntheticvelocitieswhere
exact calculationsare possible. The latter sene to illustrate the generalfeaturesof the particle

dynamics.

A. Single-par ticle diffusion

The Lagrangiantrajectory R(t) of a fluid particle advectedby a prescribedincompressible
velocity field v(r,t) in d spacedimensionsandundegoing moleculardiffusionwith diffusivity K

is governedby thestochastiequation(Taylor, 1921),customarilywritten for differentials:



dR= V(R t)dt+ v/2k dB(t). (5)

Here,[3(t) is thed-dimensionabtandardrownianmotionwith zeroaverageandcovariancefunc-
tion (B'(t) B(t")) = & min(t,t). Thesolutionof (5) is fixed by prescribingthe particle position
atafixedtime, e.g.theinitial positionR(0).

The simplest instance of (5) is the Brownian motion, where the adwection is ab-
sent. The probability density P(AR;t) of the displacementAR(t) = R(t) — R(0) satisfies
the heat equation (d; — kJ?)? = 0 whose solution is the Gaussiandistribution P(AR;t) =
(4rt)~9/2 exp[—(AR)?/(4kt)]. The otherlimiting caseis pure adwectionwithout noise. The
propertiesof the displacementiependthen on the specifictrajectoryunderconsideration. We
shall always work in the frame of referencewith no meanflow. We assumestatisticalhomo-
geneityof the Eulerianvelocitieswhich implies thatthe Lagrangianvelocity V (t) = v(R(t),t) is
statisticallyindependenof theinitial position.If, additionally the Eulerianvelocity s statistically
stationarythensois theLagrangiarone'. Thesingle-timeexpectation®f the Lagrangiarvelocity
coincidein particularwith thoseof the Eulerianone,e.g. (V(t)) = (v) = 0. Therelationbetween
the multi-time statisticsof the Eulerianandthe Lagrangianvelocitiesis however quiteinvolvedin
thegenerakase.

For k = 0, themeansquaredisplacemensatisfieghe differentialequation:

(;jt(AR 2>_2/ s)ds_z/(\/ (s))ds, (6)

wherethe secondequalityusesthe stationarityof V (t). The behaior of the displacemenis cru-
cially dependenbn the rangeof temporalcorrelationsof the Lagrangianvelocity. Let usdefine

theLagrangiarcorrelationtime as

_ Jo(v(0)-V(s))ds
(V)

(7)

1This follows by averagingthe expectationsinvolving V (t + 1) over the initial positionR(0) (on which
they do notdependprndby the changeof variablesR(0) — R(t) underthevelocity ensembleverage.The

amgumentrequirestheincompressibilityof the velocity, seeSectll.D.
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Thevalueof 1 providesa measuref the Lagrangiarvelocity memory Divergenceof T is symp-
tomaticof persistentorrelations.As we shall discussn the sequelno generalrelationbetween
the Eulerianandthe Lagrangiancorrelationtimes can be establishedut for the caseof short-
correlatedvelocities. For timest < T, the 2-pointfunctionin (6) is approximatelyequalto (v2)
andthe particletransportis ballistic: ((AR)?) ~ (v?)t2. Whenthe Lagrangiancorrelationtime
is finite, a genericsituationin a turbulent flow, an effective diffusive regime arisesfor t > 1
with ((AR)?) = 2(v?)1t (Taylor, 1921). The particle displacementsver time segmentsspaced
by distancesnuchlargerthant areindeedalmostindependentAt long times,the displacement
AR behaesthenasa sum of mary independentariablesand falls into the classof stationary
processegiovernedby the CentralLimit Theorem. In otherwords, the displacementor t > 1

becomes Brownianmotionin d dimensionswith
<ARi(t)ARj (t)> ~ 2Dit, (8)

where

00

D =1 / (Vi(O)VI(s) +VI(0)Vi(9)) ds. )

0

Thesameargumentscarryoverto the caseof anon-vanishingmoleculardiffusivity. Thesymmet-
ric secondordertensorDiej describeghe effective diffusivity (alsocallededdydiffusivity). The
traceof DLj is equalto thelong-timevalue(v?)1 of theintegral in (6), while its tensorialproperties
reflectthe rotationalsymmetriesof the velocity field. If it is isotropic, the tensorreduceso a
diagonalform characterizethy asinglescalarvalue. The mainproblemof turbulentdiffusionis to
obtainthe effective diffusivity tensor giventhe velocity field v andthe valueof the diffusivity k.
Exhaustve reviews of the problemareavailablein the literature(Bensoussaet al., 1978;Pope,
1994; FannjiangandPapanicolaou1996;MajdaandKramer 1999).

The other generalissuein turbulent diffusion is aboutthe conditionson the velocity field
ensuringthe Lagrangiancorrelationtime Tt be finite andan effective diffusion regime take place
for large enoughtimes. A sufficient condition (Kraichnan,1970; Avellanedaand Majda, 1989;

Avellanedaand Vergassola, 1995)is that the vector potentialvariance(A?) is finite, wherethe
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3d incompressiblevelocity v = 0 x A. Similar conditionsare valid for any spacedimension.
The conditionk # 0 is essentiato the validity of the previous result,asshovn by the counter
exampleof Rayleigh-Benardcorvective cells, seee.g. (Normandet al., 1977). In the absence
of molecularnoise,the particle circulatesforever in the samecorvective cell, with no diffusion
taking placeat ary time. This providesan exampleof subdifusion: the integral in (6) goesto
zeroast — o andthe growth of the meansquaredisplacements slower thanlinear Note that
ary finite moleculardiffusivity, however small, createghin diffusive layersat the boundarief
thecells; particlescanthenjump from onecell to anotheranddiffuse. Subdifusionis particularly
relevantfor static2d flows, wheretoolsborrovedfrom percolation/statisticabpographyfind most
fruitful applications(Isichenlo, 1992). Trappingeffectsrequiredfor subdifusion are,generally
speakingfavoredby thecompressibilityof thevelocityfield, e.g.,in randompotentialyBouchaud
and Geoges,1990). Subdifusive effectsare expectedto be overwhelmedby chaoticmixing in
flows leadingto Lagrangianchaos,i.e., to particletrajectoriesthat are chaoticin the absencef
moleculardiffusion (Ottino, 1989; Bohr et al., 1998). This is the genericsituationfor 3d and2d
time-dependenhcompressiblélows.

Physicalsituationshaving aninfinite Lagrangiancorrelationtime t correspondo superdif-
fusive transport divergencesof the integral in (6) ast — o signalthat the particle transportis
fasterthandiffusive. A classicalexampleof suchbehaior is the classof parallelflows presented
by Matheronandde Marsily (1980). If the large-scalecomponent®f the velocity field are suf-
ficiently strongto make the particle move in the samedirectionfor arbitrarily long periodsthe
resultingmeansquaredisplacemengrows more rapidly thant. Other simple examplesof su-
perdifusive motionareL évy-typemodels(Geiseletal., 1985;Shlesingeetal., 1987).A detailed
review of superdifusive processef Hamiltoniansystemsandsymplecticmapscanbe foundin
Shlesingeetal. (1993).

Having listed differentsubdifusive and superdifusive casesfrom now on we shallbe inter-
estedn randomturbulentflows with finite Lagrangiarcorrelationtimes,which areexperimentally
known to occurfor sufficiently high ReynoldsnumbergPope,1994). For the long-timedescrip-

tion of thediffusionin suchflows, it is usefulto considethe extremecaseof randomhomogeneous
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andstationaryEulerianvelocitieswith a shortcorrelationtime. The formal way to getthesepro-
cessess to changethe time scaleby taking the scalinglimit dinm u%v(r, Ht), i.e. consideringthe
processasviewedin a sped-upfilm. We assumehatthe connectedorrelationfunctiong decay
fastenoughwhentime differencesncrease.The elementaryconsequencesf thoseassumptions
arethe existenceof the long-timeasymptotidimit andthe factthatit is governedby the Central
Limit Theorem.Whenu — o, we recover a velocity field which is Gaussiarandwhite in time,

characterizedby the 2-pointfunction
M(r OV ) = 28(t—t") D (r—r). (10)

Theadwectionby suchvelocity fieldswasfirst consideredy Kraichnan(1968)andit is common
to call the Gaussiaensemblef velocitieswith 2-pointfunction(10) theKraichnanensembleFor
the Kraichnanensemblethe LagrangianvelocityV (t) hasthe samewhite noisetemporalstatistics
asthe Eulerianonev(r,t) for fixedr andthe displacemenalonga LagrangiartrajectoryAR(t) is
a Brownianmotionfor all times. The eddydiffusivity tensoris DY = Dil (0), which is a special
caseof relation(9). In thepresencef moleculardiffusion,the overall diffusivity is thesumof the
eddycontribution andthe molecularvaluek &'1.

In realisticturbulentflows, the Lagrangiarcorrelationtime t is comparabléo the characteris-
tic time scaleof large eddies.Progressn numericalsimulations(Yeung,1997)andexperimental
techniqugVoth etal., 1998;La Portaetal., 2001;Mordantetal. 2001)hasprovidedinformation
onthesingleparticlestatistican theregimeintermediatédetweerballisticanddiffusive. Suchbe-
havior is captureddy thethe subtracted.agrangiarautocorrelatioriunction (V(0)(V(0) —V(t)))
or its secondtime deriative thatis the autocorrelatiorfunction of the Lagrangianacceleration.
This informationhasprovided stringenttestson simplestochastianodels(thateliminatevelocity
fields), often usedin the pastto describethe one-particleand two-particlestatisticsin turbulent
flows (Pope,1994). The Kraichnanensemblehat modelsstochasticvelocity fields, certainly

2The connectedcorrelation functions, also called cumulants,are recursvely definedby the relation

(Vio.Vn)= 5 MV Via(ng))) With thesumover the partitionsof {1,...,n}.
{a} @
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missrepresentthe single particle statisticsby suppressinghe regime of timessmallerthant. It
constituteshowever, aswe shallseein thesequelanimportanttheoreticalaboratoryfor studying

the multiparticlestatistican fluid turbulence.

B. Two-particle disper sion in a spatiall y smooth velocity

The separationR;2 = R; — Ry betweentwo fluid particleswith trajectoriesR,(t) = R(t;ry)

passingatt = 0 throughthe pointsr,, satisfiegin theabsencef Brownianmotion)the equation
Ri2 = V(Ry,t) —V(Ry,t). (11)

We considerfirst anincompressibldlow wherethe particlesgenerallyseparateln this Section,
we startfrom the smallestdistancesvherethe velocity field canbe consideredspatially smooth
dueto viscouseffects. In next Section,we treatthe dispersionproblemfor larger distanceqin

the inertial intenval of turbulence)wherethe velocity field hasa nontriial scaling. Finally, we
describeacompressiblélow andshav how the separatiommongthe particlesis replacedoy their

clusteringasthe degreeof compressibilitygrows.

1. General considerations

In smoothvelocities,for separation®;, much smallerthanthe viscousscaleof turbulence,

i.e. in theso-calledBatchelomregime (Batchelor 1959),we mayapproximatev(Ry,t) — v(Ro,t) ~

o(t) Rio(t) with theLagrangiarstrainmatrix oj (t) = OV (Ro(t), t). Inthisregime,theseparation

obeystheordinarydifferentialequation
Ria(t) = o(t) Rea(t) , (12)
leadingto thelinear propagation

Rua(t) = W(t)Ri2(0), (13)
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wherethe evolution matrix is definedasW'l (t) = dR (r;t) /or} with r = r,. We shallalsousethe
notationW(t; r) whenwe wish to keeptrackof theinitial pointor W(t;r,s) if theinitial time sis
differentfrom zero.

Theequation(12), with the straintreatedasgiven, may be explicitly solvedfor arbitraryo(t)

only in the 1d caseby expressingN(t) asthe exponentialof thetime-integratedstrain:
t
In[R(t) /R(0)] = INW/(t) = / o(s)ds= X. (14)
0

We have omittedsubscriptgeplacingRi2 by R. Whent is muchlargerthanthe correlationtime
T of the strain,the variableX behaesasa sumof mary independenequallydistributedrandom
numbersX = 5 y; with N Ot /1. Its mearvalue(X) = N(y) growslinearlyin time. Its fluctuations
X — (X) on the scaleO(t¥/2) are governedby the CentralLimit Theoremthat statesthat (X —
(X)) /N2 becomesor largeN aGaussiamandomvariablewith variance(y?) — (y)2 = A. Finally,
its fluctuationson the larger scaleO(t) aregovernedby the Large Deviation Theoremthat states

thatthe PDF of X hasasymptoticallytheform
P(X) O e NHX/N=O) (15)

This is aneasyconsequencef the exponentialdependencen N of the generatingunction (€?X)
of the momentsof X. Indeed,(e?X) = NS@, wherewe have denoted(e?) = e¥? (assuming
thatthe expectationexistsfor all complec z). ThePDF P(X) is thengivenby theinverselLaplace
transform% Je zX+NS(2) gz with theintegral overary axisparallelto theimaginaryone.For X O
N, theintegralis dominatedy the saddlepoint zy suchthatS(z) = X /N andthelarge deviation
relation (15) follows with H = —S(zp) + 20S(zp). The functionH of the variable X/N — (y) is
calledentropy functionasit appearslsoin the thermodynamidimit in statisticalphysics(Ellis,
1985). A few importantpropertiesof H (alsocalledrateor Craner function) maybe established
independentlyof the distribution P(y). It is a corvex function which takesits minimumat zero,
i.e. for X takingits meanvalue (X) = NS(0). Theminimal valueof H vanishessinceS(0) = 0.
Theentropy is quadraticaroundits minimumwith H”(0) = A~%, whereA = S’(0) is thevariance
of y. The possiblenon-Gaussianityf the y's leadsto a non-quadratidehaior of H for (large)

deviationsof X /N from the meanof theorderof A/S”(0).
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Comingbackto thelogarithmInW(t) of theinterparticledistanceratioin (14), its growth (or
decay)rate A = (X)/t is calledthe Lyapuna exponent. Themoments([R(t)]") behae exponen-
tially asexp[y(n)t] with y(n) a convex functionof n vanishingattheorigin. Evenif A =y (0) <0,
high-ordermomentsof R may grow exponentiallyin time, see,for instance the behaior of the
interparticledistancediscussedn Sectionll.D. In this case theremustbe onemorezeron; of
y(n) anda statisticalintegral of motion, (R™), thatdoesnot dependbn time atlargetimes.

In the multidimensionakase the solution(13) for R(t) is determinedy productsof random

matricesratherthanjustrandomnumbers The evolution matrix W(t) maybewrittenas

W(t) = 7 exp [/to(s) ds} = i/to(sn) dsn.../sgo(sQ) d82/520(81) ds; . (16)
0 =20 0 0

This time-orderedexponentialform is, of course,not very usefulfor direct calculationsexcept
for the particularcaseof a short-correlatedtrain, seebelon. The main statisticalpropertiesof
the separatiorvectorR neededor mostphysicalapplicationsmight still be establishedor quite
arbitrary strainswith finite temporalcorrelations.The basicideagoesbackto Lyapunw (1907)
andFurstenbeg andKesten(1960)andit foundfurtherdevelopmenin the Multiplicative Ergodic
Theoremof Oseleded1968). The modulusR of the separatiorvectormay be expressediia the
positive symmetricmatrix WTW. The main resultstatesthatin almostevery realizationof the
strain, the matrix %InWTW stabilizesast — . In particular its eigervectorstendto d fixed
orthonormaleigervectorsf;. To understandhat intuitively, considersomefluid volume, saya
spherewhich evolvesinto anelongateckllipsoid at latertimes. As time increasesthe ellipsoidis
moreandmoreelongatedandit is lessandlesslik ely thatthe hierarchyof the ellipsoid axeswill

change.Thelimiting eigervalues
Ai = limttin Wi (17)
t—o0

definethe so-calledLyapunw exponents.The major propertyof the Lyapunw exponentds that
they arerealization-independerit the strainis ergodic. The usualcorventionis to arrangethe

exponentsn non-increasing@rder
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Therelation(17)tellsthattwo fluid particlesseparatethitially by R(0) pointinginto thedirec-
tion f; will separatgor corverge) asymptoticallyasexp(Ait). The incompressibilityconstraints
detW) = 1andy A; = 0 imply thatapositive Lyapunw exponentwill exist whenever atleastone

of theexponentss nonzero.Considelindeed
E(n) = fim t=1In([R)/RO)]") , (18)

whoseslope at the origin gives the largestLyapunw exponentA;. The function E(n) obvi-

ously vanishesat the origin. Furthermorefg(—d) = 0, i.e. incompressibilityandisotropy make

that (R-9) is time-independenast — o (Furstenbeg, 1963; Zeldovich et al., 1984). Nega-
tive momentsof ordersn < —1 areindeeddominatedby the contribution of directionsR(0) al-

mostalignedto the eigendirections ,,... f4. At n < 1—d the main contribution comesfrom a
small subsetof directionsin a solid angle 0 exp(dAgt) aroundfy. It follows immediatelythat
(R") O exp[Aq(d + n)t] andthat (R-9) is a statisticalintegral of motion. SinceE(n) is a corvex

function, it cannothave otherzeroesexcept—d andO if it doesnot vanishidentically between
thosevalues. It follows thatthe slopeat the origin, andthus A, is positve. The simplestway
to appreciatantuitively the existenceof a positve Lyapunw exponentis to considey following

Zel'dovich et al. (1984),the saddle-poin®d flow vy = Ax,vy = —Ay. A vectorinitially forming

an angle@ with the x-axis will be stretchedaftertime T if cosp > [1+ exp(2AT)]~Y?, i.e. the
fractionof stretchedlirectionsis largerthanl/2.

A major consequencef the existenceof a positive Lyapunw exponentfor any randomin-
compressiblélow is anexponentialgrowth of theinterparticledistanceR(t). In a smoothflow, it
is alsopossibleto analyzethe statisticsof the setof vectorsR(t) andto establisha multidimen-
sionalanalogof (15) for the generalcaseof a nondgeneratd.yapunw exponentspectrum.The
final resultswill bethe Large Deviation expressiong21) and(27) belon. Theideais to reduce
the d-dimensionalproblemto a setof d scalarproblemsexcluding the angulardegreesof free-
dom. We describethis procedurdollowing Balkovsky and Fouxon(1999). Considerthe matrix
| (t) =W(t)WT (1), representinghetensorof inertiaof afluid elementik etheabore mentioneckl-

lipsoid. The matrix is obtainedby averagingR'(t)R! (t) /¢2d overtheinitial vectorsof length. In
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contrasto WT W thatstabilizesatlargetimes,thematrix| rotatesin everyrealization.To account
for thatrotation,we representhe matrix asO' AO with the orthogonalO composef the eigen-
vectorsof | andthe diagonalA having the eigervaluese?®,...e??d arrangedn non-increasing

order Theevolution equationd;! = ol + 10" takesthentheform

opi = Giji, 6=000", (19)
PG + eI 5]

en e’ (20)

00=0Q0, Q=

with no summationover repeatedndices. We assumesotropy so that at large timesthe SO(d)

rotation matrix O is distributed uniformly over the sphere.Our taskis to describethe statistics
of the stretchingandthe contraction,governedby the eigervaluesp;. We seefrom (19,20)that
the evolution of the eigervaluesis generallyentangledo thatof the angulardegreesof freedom.
As time increaseshowever, the eigervalueswill becomewidely separatedp; > ... > pg) for

a majority of the realizationsand Q;; — &j; for i < j (the uppertriangularpart of the matrix
follows from antisymmetry). The dynamicsof the angulardegreesof freedombecomeshen
independentf theeigervaluesandthe setof equationg19) reducego a scalarform. Thesolution

pi = [5Gii (s) ds allowsthe applicationof thelarge deviation theory giving the asymptoticPDF:

P(P1,---,Pa;t) O exp[—tH(p1/t—A1,...,Pd-1/t —Ad-1)]
x 8(p1—p2).--8(Pd-1—Pd) 8(P1+--.+Pd) - (21)

The Lyapunw exponentsh; arerelatedto the strainstatisticsas Aj = (Gji) wherethe averageis
temporal. Theexpression(21)is notvalid neartheboundarie; = pj+1 in aregionof orderunity,
negligible with respecto At attimest > (Aj — Ajz1) ™.

Theentropy functionH depend®n the detailsof the strainstatisticsandhasthe samegeneral
propertiesasabove: it is non-n@ative,corvex andit vanishestzero.Neartheminimum, H (x) =
%(C*l)ijxi Xj with the coeficientsof the quadraticform given by the integrals of the connected
correlationfunctionsof 6 definedin (19):

Cij:/<<5ii(t),6jj(t')>> dt’, i,j=1,..,d-1 (22)
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In the d-correlatedcase the entrofy is everywherequadratic. For a genericinitial vectorr, the
long-timeasymptoticf In(R/r) coincideswith P(p1) = [ P(p1,.-..,Pd)dp2...dpy Which also
takesthelarge-deviation form atlargetimes,asfollowsfrom (21). The quadraticexpansionof the
entrofy nearits minimumcorrespondso thelognormaldistribution for the distancebetweenwo

particles

P(r;Rt) O exp{ [In(R/r) — ] /(2At)} (23)

with r = R(0), A = A1 andA = Cy1.

It is interestingto notethatunderthe sameassumptiorof nondegyeneratd.yapunw spectrum
onecananalyzethe eigervectorsg of the evolution matrix W (Goldhirschetal., 1987). Notethe
distinction betweenthe eigervectorsg of W and f; of WTW. Let us orderthe eigervectorse;
accordingo their eigervalues.Thosearerealdueto theassumechondeenerayg andthey behae
asymptoticallyasexp(Ait),...,exp(Aqt). The eq eigervectorcornvergesexponentiallyto a fixed
vectorandary subspacespannedy {e4_y,...,eq4} for 0 < k < d tendsasymptoticallyto a fixed
subspacdor every realization. Remarkthat the subspaces fixed in time but changeswith the
realization.

Moleculardiffusionisincorporatednto theabove pictureby replacingthedifferentialequation

(12) by its noisyversion
dR(t) = o(t)R(t) dt + 2\/k dB(t). (24)

Theseparatiorvectoris subjectto theindependennhoisesof two particles hencethefactor2 with
respecto (5). Thesolutionto theinhomogeneouknearstochastie@quation(24) is easyto express
via the matrix W(t) in (16). Thetensorof inertiaof afluid elementl'(t) = K%d R(t)RI(t) is now
averagedboth over the initial vectorsof length/ andthe noise,thus obtaining (Balkovsky and

Fouxon,1999):

() = WOW)T + % /w ) W(S)TW(s)] W (1) ds. (25)
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Thematrix | (t) evolvesaccordingo 0| = ol +1 o—l-g‘z—'a andtheeliminationof theangulardegrees
of freedomproceedsspreviously. An additionaldiffusive term2k exp(—2p;) appearsn (19) and

theasymptoticsolutionbecomes
t~ 1 4K t S

pi(t) = /Ocii(s)ds+éln{1+m/o exp[—Z/O Gii(s’)ds’] ds}. (26)
Thelasttermin (26) is essentiafor the directionscorrespondindo negative A;. The molecular
noisewill indeedstartto affectthe motionof the markedfluid volumewhentherespectre dimen-
siongetssufficiently small. If £ is theinitial size,therequiredconditionp; S —pf = —In(£2(Ai|/K)
is typically metfor timest ~ pf/|Ai|. For longertimes,therespectre p; is preventedby diffusion
to decreasenuchbelov —pi', while the negative A; preventsit from increasing.As aresult,the
corresponding; becomesa stationaryrandomprocesswith a meanof the order —p;. There-
laxationtimesto the stationarydistribution aredeterminedoy &, which is diffusionindependent,
andthey arethusmuchsmallerthant. On the otherhand,the componentg; correspondindo
non-ngative Lyapunw exponentsarethe integralsover thewhole evolutiontimet. Their values
attimet arenot sensitve to the latestperiodof evolution lastingover the relaxationtime for the
contractingp;. Fixing the valuesof p; attimest > pf/|A;| will not affect the distribution of
the contractingp; andthewhole PDF is factorized(ShraimanandSiggia, 1994; Chertlov et al.,
1997; Balkovsky and Fouxon,1999). For Lagrangiandynamicsin 3d developedNavier-Stokes
turbulencethereare, for instance two positve and one negative Lyapunw exponents(Girimaji

andPope,1990).For timest >> p%/|A3| we have then

P O exp[—tH (p1/t — A1, p2/t —A2)] Pst(p3), (27)

with the samefunctionH asin (21) sinceps is independenbf p; andp,. Notethatthe account
of the molecularnoiseviolatesthe condition y p; = 0 asfluid elementsat scalessmallerthan
\/W cannotbe distinguished.To avoid misunderstandingjotethat (27) doesnot meanthat
the fluid is getting compressiblethe simple statemenis thatif onetriesto follow any marked
volume,the moleculardiffusion makesthis volumestatisticallygrowing.

Notethatwe have implicitly assumed to be smallerthantheviscouslengthn = \/\W but

largerthanthe diffusionscale/k /|A3|. Eventhoughv andk arebothdueto molecularmotion,
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theirratiowidely variesdependingn thetype of material. Thetheoryof this sectionis applicable
for materialshaving large Schmidt(or Prandtl)numbersy/k.

The universalforms (21) and(27) for the two-particledispersionare basicallyeverythingwe
needfor physicalapplications We will shav in the next Chapterthatthe highestLyapunw expo-
nentdetermineshesmall-scalestatisticof apassvely advectedscalanin asmoothincompressible
flow. For otherproblemsthewhole spectrunof exponentsaandeventheform of theentrogy func-

tion arerelevant.

2. Solvable cases

TheLyapunw spectrumandthe entropy functioncanbe dervedexactly from the givenstatis-
ticsof o for few limiting case®nly. Thecaseof ashort-correlatedtrainallowsfor acompleteso-
lution. For afinite-correlatedstrain,onecanexpressanalytically)_\ andA for a2d long-correlated
strainandat large spacedimensionality
i) Short-correlatedstrain. Considertthe casewherethestrain a(t) is a stationarywhite-in-time

Gaussiarprocesswith zeromeanandthe 2-pointfunction

(6ij (1) Owe(t)) = 28(t —t') Cijie. (28)

Thiscasemaybeconsidere@sthelong-timescalinglimit ngnm u% o(Ht) of ageneraktrainalonga
Lagrangiartrajectory providedits temporalcorrelationglecayfastenough It maybealsoviewed
asdescribingthe strainin the Kraichnanensembleof velocitiesdecorrelatedn time andsmooth
in space.In the latter case the matrix Cij, = —0;0,D%(0), whereD'i(r) is the spatialpartin
the 2-point velocity correlation(10). We assumeD'I(r) to be smoothin r (or at leasttwice dif-
ferentiable) a propertyassuredy afastdecayof its FouriertransformD'} (k). Incompressibility

isotropy andparity invarianceimposetheform D' (r) = D8l — 2d')(r) with
di(r) = Dy[(d+1)8!r2—2r'r]] + o(r?). (29)

Thecorrespondingxpressiorfor the 2-pointfunctionof o reads
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Cijke = D1[(d+1)8idjs — &ijOke — 8i¢dji] » (30)

with the constanD; having the dimensionof theinverseof time.

The solutionof the stochastidifferentialequation(12) is givenby (16) with the matrix W(t)
involving stochastiantegralsover time. For a white-correlatedstrain, suchintegralsare not de-
fined unambiguouslybut requirea regularizationthat reflectsfiner detailsof the strain correla-
tionswiped out in the scalinglimit. An elementarydiscussiorof this issuemay be foundin the
Appendix. For anincompressiblestrain, however, the ambiguityin the integrals definingW(t)
disappearso that we do not needto careaboutsuchsubtleties. The randomevolution matri-
cesW(t) form a diffusion processon the group SL(d) of real matriceswith unit determinant.
Its generatolis a second-ordedifferentialoperatoridentified by Shraimanand Siggia(1995)as
M = D4[dH? — (d + 1)J?], whereH? and J? arethe quadraticCasimirof SL(d) andits SO(d)
subgroup.In otherwords,the PDF of W(t) satisfieshe evolution equation(d; — M)P(W;t) = 0.
The matrix W(t) may be viewed asa continuousproductof independentandommatrices.Such
productsn continuousor discreteversionshave beenextensiely studied(Furstenbeg andKesten,
1960; Furstenbeay, 1963;Le Page,1982)andoccurin mary physicalproblemsge.g.in 1d local-
ization (Lifshitz etal., 1988;Crisantietal., 1993).

If we areinterestedn the statisticsof stretching-contractiorariablesonly, thenW(t) may
be projectedonto the diagonalmatrix A with positive non-increasingntriese?®?, ..., e by the
decompositionV = OAZO , wherethematricesO andQ’ belongto thegroupSO(d). As obsened
in (Bernardetal., 1998;Balkovsky andFouxon,1999),the generatoof theresultingdiffusion of
pi is the d-dimensionalntegrableCalogero-Sutherlanblamiltonian. The p; obey the stochastic

Langevin equation
0rpi = Dad ;coth(pi —Pj) +Ni, (31)
JF#I

wheren is a white noisewith 2-pointfunction (ni(t)n;j(t')) = 2D1(d&;; — 1) 5(t —t’). At long
timesthe separatiorbetweerthe p;’s becomedarge andwe may approximatecoth(p;j) by +£1. It

is theneasyto solve (31) andfind the explicit expressiorof the PDF(21):
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d
H(x) = ﬁzxﬁ, Ai = Did(d—2i+1). (32)
1=

Notethe quadratidorm of the entrogy, implying thatthe distribution of R(t) takesthelognormal
form (23) with A = A1 andA = 2D1(d —1). The calculationof the long-timedistribution of the
leadingstretchingrateps goesbackto Kraichnan(1974). Thewholesetof d Lyapunw exponents
wasfirst computedn (Le Jan,1985),seealso(Baxendale, 1986). GambaandKolokolov (1996)
obtainedhelong-timeasymptotic®f p; by apathintegralcalculation.Thespectradecomposition
of theCalogero-Sutherlandamiltonian,see(Olshanetsk etal., 1983),permitsto write explicitly
the PDFof p; for all times.

i) 2d slow strain. In 2d, onecanreducethe vectorequation(12) to a second-ordescalarform.
Let usindeedconsiderthe caseof a slow strainsatisfyingd < o2 anddifferentiatethe equation
R = oR with respecto time. Thetermwith & is negligible with respecto o2 andallittle miracle
happensere:becaus®f incompressibilitythe matrix o is tracelessndo? is proportionalto the

unit matrixin 2d. We thuscometo a scalarequatiorfor thewave function ¥ = R+ iRy
atsz = (0'%1—}— 012021)W. (33)

This is the stationarySchibdingerequationfor a particlein the randompotentiall = S — Q2?,
whereS = 02, + (012 + 021)?/4 andQ? = (012 — 021)?/4 is the vorticity. Time playsherethe
role of the coordinate.Our problemis thusequialentto localizationin the quasi-classicaimit
(Lifshitz etal., 1988)andfinding the behaior of (33) with giveninitial conditionsis similarto the
computatiorof a 1d sampleresistvity, seee.g. (Abrikosor andRyzhkin,1978;Kolokolov, 1993).
Basedon theseresultswe canasserthatthe modulus|W| = R in randompotentialsgrows expo-
nentiallyin time, with the sameexponentthatcontrolsthe decayof thelocalizedwave function.
The problemcanbe solved using semi-classicamethods. The flow is partitionedin elliptic
(Q > 9 andhyperbolic(S> Q) regions(Weiss,1991),correspondingo classicabllowed(U < 0)
andforbidden(U > 0) regions. Thewave function ¥ is given by two oscillatingexponentialsor
onedecreasingand oneincreasing respectrely. Furthermorethe typical length of the regions

is the correlationtime T, much larger thanthe inverseof the meanstrainandvorticity S and

23



QrLs It follows thatthe increasingexponentialsin the forbiddenregionsarelarge anddominate
the growth of R(t). With exponentialaccurag we have:

A = In (%) 1 Re/ot VU ds, (34)

Tt

wherethereal partrestrictsthe integrationto the hyperbolicregions. The parameterg andA in

thelognormalexpression(23) areimmediatelyreadfrom (34):

A= (RevU), A:/<<Re\/tm, ReyU(0)))at'. (35)

Notethatthe vorticity gave no contribution in the d-correlatedcase.For a finite correlationtime,
it suppressethe stretchingby rotatingfluid elementswith respecto the axesof expansion.The
real partin (35) is indeedfiltering out the elliptic regions. Note thatthe Lyapunw exponentis
givenby asingle-timeaverage while in thed-correlatedcaset wasexpressedy thetime-integral
of a correlationfunction. It follows that A doesnot dependon the correlationtime t andit can
be estimatedas Sms for Qrms S Sms  The correspondingestimateof the varianceis A ~ (SZ)T.
As thevorticity increasestherotationtakesover, the stretchings suppressednd)_\ reducesOne
may shawv thatthe correlationtime ts of the stretchingrateis the minimumbetweenl/Q;msand
T (Chertlov etal., 1995a).For Q;mst > 1 we arebackto ad-correlateccaseand\ ~ (82)/Qrms,
All thoseestimatesanbe madesystematidor a Gaussiarstrain(Chertlov etal., 1995a).

iii) Large spacedimensionality. The key remarkfor this caseis that scalarproductslike
R (t1)R (t2) are sumsof a large numberof randomterms. The fluctuationsof suchsumsare
vanishingin the large-d limit andthey obey closedequationghat canbe effectively studiedfor
arbitrary strain statistics. This approachdevelopedin (Falkovich et al., 1998), is inspired by
the large-N methodsn quantumfield theory ('t Hooft, 1974)and statisticalmechanic{Stanlsy,
1968).Here,we shallrelatethebehaior of theinterparticledistanceo thestrainstatisticsandfind
explicitly A andA in (23). Thesstrainis taken Gaussiarwith zeromeanand correlationfunction
(0ij(t)oke(0)) = (2D/td) dikdj, 9(¢) wherehigherordertermsin 1/d areneglected.Theintegral
of g is normalizedto unity andZ = t/1. At large d, the correlationfunction F = (R (t1)R (t2))

satisfieghe equation
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02

GZTF (€1,82) = (01 (t2) o (L) R (1) R¥(t2)) = Ba(la — L2) F (€1, L2) (36)
100,

with theinitial conditiond;F(¢,0) = 0. Thelimit of larged is crucialfor the factorizationof the
averageleadingto the secondequalityin (36). The dimensionlesparametef3 = 2DT measures
whetherthe strainis long or short-correlatedSince(36) is linearandthe coeficient on theright-
handsidedepend®nly onthetime differencethe solutionmaybewritten asa sumof harmonics
F(C1,82) = exp[AT(L1+ C2)] W(L1 — C2). Insertingit into (36), we getthe Schibdingerequation

for theevenfunctionW(t):

02W(0) +[-(AT)2+Bg(Q)]W(Q) =0. (37)

At largetimes,the dominantcontribution comesfrom thelargestexponent)_\ correspondingo the
groundstatein the potential—Bg(Z). Notethatthe “enemgy” is proportionalto —A2 andA is the
Lyapunw exponentsince(R?) = F (Z,). Fromquantummechanicsextbooksit is known thatthe
groundstateenegy in deepandshallov potentialsis proportionalto their depthandits square,
respectrely. We concludethatA O D for afaststrain(small 3) and\ O \/Di/r in the slow case
(large B). At largetime differencesthe potentialtermin (37) is negligible and\ determinesoth
the growth of (R?) andthe decayof different-timecorrelationfunctionat {; + ¢, fixed. Thatalso
shaws thatthe correlationfunctionbecomesndependenof the largerof thetimest; andt, when
their differenceexceeds.

For thefaststraincase ponecanputg({) = &({) andthe solutionof (37) is amazinglysimple:
F(21,22) = R?(0) exp[Bmin(Z1,{2)]. TheLyapunw exponent)\_: D, in agreementvith theresult
A1 = D1d? + O(d) obtainedfor the Kraichnanensemble.For the slow case the stretchingrate
is independendf 1 at a given value of D/t (determiningthe simultaneousorrelationfunction
of the strain). The analysisof the Schibdingerequation(37) with a deeppotentialalso gives
the correlationtime T of the stretchingrate, which doesnot generallycoincidewith the strain

correlationtime 1 (Falkovich etal., 1998).
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C. Two-particle disper sion in a nonsmooth incompressib le flow

In this Sectionwe studythe separatiorbetweenwo trajectoriesn theinertial rangeof scales
N < r < L. Thescales) andL standin a 3d turbulentflow for theviscousandtheinjectionscales
(the latter is also calledintegral scalein that case). For a 2d inverseenegy cascaddlow, they
would standfor the scalesof injection andfriction dampingrespectiely. We shall seethatthe

behaior of thetrajectorieds quitedifferentfrom thatin smoothflows analyzedoreviously.

1. Richardson law

As discussedn the Introduction, velocity differencesin the inertial interval exhibit an ap-
proximatescalingexpressedy the power law behaior of the structurefunctions((A,v)") O ron.
Low-orderexponentsare closeto the Kolmogoror prediction o, = an with a = 1/3. A linear
dependencef o, on n would signalthe scalingA,v O r® with a sharpvalueof a. A nonlinear
dependencef o, indicatesthe presencenf a whole spectrumof exponents,dependingon the
space-timgoositionin the flow (the so-calledphenomenomf multiscaling). The 2d inverseand
the 3d direct enegy cascadesn Navier-Stokes equationprovide concreteexamplesof the two
possiblesituations.Rewriting (11) for thefluid particleseparatioras R = Av(Rt), weinfer that
dR?/dt = 2R-Av O R, If thevalueof a is fixedandsmallerthanunity, thisis solved (ignoring

the space-timalependence the proportionalityconstantpy
RI%(t) - RY%(0) O t, (38)

implying thatthe dependencen the initial separations quickly wiped out andthatR grows as
t1/(1-9)_ For the randomprocessR(t), therelation(38)is, of course of the meanfield type and

shouldpertainto thelong-timebehaior of theaverages
(RO(t)) O t¢/(-) (39)

Thatimpliestheir superdifusive growth, fasterthanthe diffusive one 0 t%/2. Thescalinglaw (39)

might be amplifiedto therescalingoroperty

26



P(Rt) = AP(ARA) (40)

of the interparticledistancePDF. Possibledeviationsfrom a linear behaior in the order( of the
exponentsin (39) shouldbe interpretedas a signal of multiscalingof the Lagrangianvelocity
Av(R(t),t) = AV ().

The power-law growth (39) for { = 2 anda = 1/3, i.e. (R(t)?) Ot3, is adirectconsequence
of thecelebratedRichardsordispersiorlaw (Richardson1926),thefirst quantitatve phenomeno-

logical obsenationin developedturbulence.lt stateghat

%(F@) O (R?)?/3, (41)

The law (41) seemgo be confirmedalso by later experimentaldata, seeChapter24 of Monin
and Yaglom (1979) and (Jullien et al., 1999), and by the numericalsimulations(Zovari et al.,
1994; Elliott Jr. andMajda, 1996; Fungand Vassilicos,1998; Boffettaet al., 1998). The more
generapropertyof self-similarity (40) (with a = 1/3) hasbeenobsenredin theinversecascadef
two-dimensionaturbulence(Jullienetal., 1999;BoffettaandSokolov, 2000;BoffettaandCelani,
2000).It islikely that(41) is exactin thatsituation,while it maybeonly approximatelycorrectin
3d, althoughthe experimentaldatado not allow yetto testit with sufficient confidence.

It is importantto remarkthat, even assumingthe validity of the Richardsonlaw (41), it is
impossibleto establishgeneralpropertiesof the PDF P(R;t) suchasthosein Sectll.B.1 for the
singleparticlePDF. The physicalreasons easyto understandf onewrites

W 2 (av)?), (42

similarly to (6) and (7). Here 1, = [3(AV (t) AV (s))ds/{(AV)?) is the correlationtime of the
Lagrangianvelocity differences. If d(R2)/dt is proportionalto (R?)2/3 and ((AV)?) behaes
like (R?)1/3 thent; grows as(R?)Y/3 [Ot, i.e. therandomprocessAV (t) is correlatedacrossits
whole span.Theabsenc®f decorrelatiorexplainswhy the CentralLimit Theoremandthe Large
Deviation Theory cannotbe applied. In generalthereis no a priori reasonto expect?(R;t) to
be Gaussiarwith respecto a power of R either although,aswe shallsee thisis whatessentially

happensn theKraichnanensemble.
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2. Breakdown of the Lagrangian flow

It is instructive to contrastthe exponentialgrowth (18) of the distancebetweerthetrajectories
within theviscousrangewith thepowerlaw growth (39)in theinertialrange.In theviscousregime
the closertwo trajectoriesareinitially, the longertime is neededo reacha givenseparation As
a result, infinitesimally closetrajectoriesnever separatendtrajectoriesin a fixed realizationof
the velocity field are continuouslylabeledby the initial conditions. Small deviationsof the ini-
tial point are magnifiedexponentially though. This sensitve dependencés usually considered
asthe definingfeatureof the chaoticbehaior. Corversely in theinertial interval the trajectories
separatén afinite time independentlyof their initial distanceR(0), providedthe latterwasalso
in the inertial interval. The speedof this separatiormay dependon the detailedstructureof the
turbulentvelocities,includingtheir fine geometry(FungandVassilicos,1998),but the very factof
the explosive separations relatedto the scalingbehavior A, v O r® with a < 1. For high Reynolds
numbersthe viscousscalen is negligibly small, a fraction of a millimeter in the turbulent at-
mosphere.Settingit to zero (or equivalently the Reynolds numberto infinity) is an appropriate
abstractionf we wantto concentraten the behaior of the trajectoriesin the inertial range. In
sucha limit, the power law separatiorbetweerthe trajectoriesextendsdown to arbitrarily small
distances:infinitesimally closetrajectoriesstill separaten a finite time. This makesa marked
differencen comparisorio the smoothchaoticregime, clearly shaving thatdevelopedturbulence
andchaosarefundamentallydifferentphenomenaAs stressedh (Bernardetal., 1998),theexplo-
sive separatiorof the trajectoriesresultsin a breakdevn of the deterministicLagrangiarflow in
thelimit Re— o, seealso(Frischetal., 1998;Gavedzki, 1998and1999). The effectis dramatic
sincethetrajectorieccannotbelabeledarnymoreby theinitial conditions.Notethatthe sheerexis-
tenceof the LagrangiartrajectoriesR(t;r) dependingontinuouslyon theinitial positionr would
imply that r1i_>rnr2(\R(t; ri) —R(t;r2)|¢) = 0. Thatwould contradictthe persistencef a power
law separatiorof the Richardsortype for infinitesimally closetrajectories.Remarkalsothatthe
breakdaevn of thedeterministid_.agrangiarflow doesnotviolatethetheoremabouttheuniqueness

of solutionsof the ordinarydifferentialequationR = v(R t). Indeed thetheorenrequiresthe ve-
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locity to beLipschitzinr, i.e. thatA,v < O(r). As first noticedby Onsage1949),the velocities
for Re= o areactuallyonly Holder continuous:A;v ~ O(r?) with the exponenta < 1 (in Kol-
mogoro/’s phenomenology = 1/3). Thesimpleequationx = |x|* providesa classicalexample
with two solutionsx = [(1— a)t]¥(1-% andx = 0, bothstartingfrom zero,for thenon-Lipschitz
casea < 1. It is thennaturalto expecttheexistenceof multiple Lagrangiartrajectoriesstartingor
endingatthesamepoint. Suchapossibilitywasfirst noticedandexploitedin asomevhatdifferent
context in the studyof weaksolutionsof the Euler equationgBrenier 1989; Shnirelman,1999).
Doesthenthe Lagrangiardescriptionof the fluid breakdown completelyat Re= oo?
Eventhoughthedeterministid.agrangiardescriptioris inapplicablethestatisticaldescription
of thetrajectorieds still possible As we have seemabove, probabilisticquestiondik e thoseabout
the averagedpowersof the distancebetweeninitially closetrajectoriesstill have well definedan-
swers.We expectthatfor atypical velocity realization onemaymaintainatRe= co aprobabilistic
descriptionof the Lagrangiartrajectories.In particular objectssuchasthe PDF p(r,s; R, t|v) of
thetimet particle positionR, givenits time s positionr, shouldcontinueto make sense.For a

regularvelocity with deterministidrajectories,
p(r,sRtlv) = 3(R-R(t;r,s)), (43)

whereR(t; r,s) denoteshe uniqueLagrangiartrajectorypassingattime sthroughr. In the pres-
enceof a small moleculardiffusion, equation(5) for the Lagrangiantrajectorieshasalways a
Markov processolutionin eachfixedvelocityrealizationjrrespectve of whetherthelatterbeLip-
schitzor HoldercontinuougStroockandVaradhan1979). TheresultingMarkov processs char

acterizedoy thetransitionprobabilitiesp(r, s; Rt | v) satisfyingthe advection-difusionequatiord
(0 — k- V(R t) —KIE) p(r, SR t|V) = 0, (44)

for t > s. The mathematicatlifferencebetweensmoothandroughvelocitiesis thatin the latter

casethe transitionprobabilitiesare weak ratherthan strongsolutions. What happensf we turn

3For k > 0 andsmoothvelocities, the equationresultsfrom the Itd formulageneralizing(A5) appliedto

(43)andaveragedover thenoise.
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off the moleculardiffusion? If the velocity is Lipschitzin r, thenthe Markov processdescribing
the noisy trajectoriesconcentratesn the deterministicLagrangiarntrajectoriesandthe transition
probabilitiescorverge to (43). It hasbeenconjecturedn (Gawvedzki, 1999)that, for a generic
Re= oo turbulentflow, the Markov processlescribingthe noisy trajectoriesstill tendsto a limit

when kK — 0, but the limit staysdiffused,seeFig. 1. In otherwords, the transitionprobability

convergesto a weaksolutionof the advectionequation

(@ —Ck-v(RY)) p(r,sRt[v) = 0, (45)

which doesnot concentraten a singletrajectory asit wasthe casein (43). We shallthensay

that the limiting Markov processdefinesa stochastid_agrangianflow. This way the roughness
of the velocity would resultin the stochasticityof the particle trajectoriespersistingevenin the

limit kK — 0. To avoid misunderstandinget us stressagainthat, accordingto this claim, the

Lagrangiartrajectoriesbehae stochasticallyalreadyin afixedrealizationof thevelocityfield and

for nggligible moleculardiffusivities, i.e. the effectis not dueto the moleculamoiseor to random

fluctuationsof the velocities. This spontaneoustochasticityof fluid particlesseemgo constitute
animportantaspecof developedturbulence.lt is anunescapableonsequencef the Richardson
dispersiodaw andof the Kolmogoror-lik e scalingof velocity differencesn thelimit Re— o« and

it providesfor a naturalmechanismassuringthe persistencef dissipationin the inviscid limit:

lim v{|0v|?) # 0.
v—0

3. The example of the Kraichnan ensemble

Thegenerakonjectureaboutthe existenceof stochastid.agrangiarflows for genericturbulent
velocities,e.g. for weaksolutionsof theincompressibl&ulerequationsocally dissipatingenengy,
asdiscussedy DuchonandRobert(2000),hasnot beenmathematicallyproven. The conjecture
is known, however, to betruefor the Kraichnanensemblg10), aswe aregoingto discussn this
Section.

We shouldmodelthe spatialpartD'! of the 2-pointfunction (10) sothatit hasproperscalings

in the viscousand inertial intervals. This can be corveniently achieved by taking its Fourier
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transform

Bigy 0 (51— K e 0 46
(K ( B k2> (K24 L—2)(d+8)/2 (46)
with 0 < & < 2. In physicalspace,

D'i(r) = D3 — 2di(r), (47)

whered'/(r) scalesasr? in theinertialinterval n < r < L, asr? in the viscousranger < n
andtendsto 2Dd' at very large scalesr > L. As we discussedn Sectll.A, Do givesthe
single-particleeffective diffusivity. Notice that Do = O(L?) indicating that turbulent diffusion
is controlledby the velocity fluctuationsat large scalesof orderL. On the otherhand, d;j(r)
describeghe statisticsof thevelocity differencesandit picksup contributionsof all scaleslin the
limits n — 0 andL — oo, it takesthe scalingform:

im o (1) = Dyr¥(d-1+8)8 - £-5 ], (48)

wherethe normalizationconstanD; hasthedimensionalityof lengh?—¢time™1.

For 0 < &€ < 2andn > 0, thetypical velocitiesaresmoothin spacewith thescalingbehaior ré
visible only for scalesmuchlargerthantheviscouscutoff n. Whenthe cutoff is setto zero,how-
ever, the velocity becomesionsmooth.The Kraichnanensemblas thensupportedon velocities
thatareHoldercontinuouswith theexponent, /2 — 0. Thatmimicsthemajorpropertyof turbulent
velocitiesat theinfinite Reynoldsnumber Thelimiting caset = 2 describeshe Batchelomregime
of theKraichnanmodel: the velocity gradientsareconstantandthe velocity differencesarelinear
in space.This is the regime that the analysisof Sect.lI.B.2(i) pertainsto. In the otherlimiting
caset = 0, thetypical velocitiesarevery roughin spacgdistributional). For ary &, theKraichnan
velocitieshave evenrougherbehaior in time. We may expectthatthe temporalroughnessloes
not modify largely the qualitative pictureof thetrajectorybehaior asit is theregularity of veloc-
ities in spaceandnotin time, thatis crucial for the uniquenessf the trajectorieqsee,however,
below).

For time-decorrelategelocities,bothtermson theright handsideof the Lagrangiarequation

(5) shouldbe treatedaccordingto the rulesof stochastidifferentialcalculus. The choiceof the
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regularizationis irrelevanthereevenfor compressibleelocities,seeAppendix. Theexistenceand
the propertiesof solutionsof suchstochastidifferentialequationsvereextensvely studiedin the
mathematicaliteraturefor velocitiessmoothin spaceseee.g. (Kunita,1990). Thoseresultsapply
to our caseaslong asn > 0 both for positive or vanishingdiffusivity. The adwection-difusion
equation(44) for the transitionprobabilitiesalsobecomes stochastiequationfor white-in-time
velocities. The choice of the corvention, however, is importanthere even for incompressible
velocities: the equationshouldbe interpretedwith the Stratoneich convention, seeAppendix.
The equivalent Itd form containsan extra second-ordeterm that amountsto the replacement
of the moleculardiffusivity by the effective diffusivity (Do+ K) in (44). The Itd form of the
equationexplicitly exhibits the contribution of the eddy diffusivity, hiddenin the conventionfor
the Stratoneich form. As pointedout by Le JanandRaimond(1998and1999),the regularizing
effect of Do permitsto solve the equationby iterationalsofor the nonsmoothcasegiving rise to
transitionprobabilitiesp(r, s;R,t | v) definedfor almostall velocitiesof the Kraichnanensemble.
Moreover, the vanishingdiffusivity limit of thetransitionprobabilitiesexist, defininga stochastic
Lagrangiarflow.
Thevelocity average®overtheKraichnanensemblef thetransitionprobabilitiesp(r, s; R, t | v)

are exactly calculable. We shall use a formal functional integral approach(Chertlov, 1997;

Bernardetal., 1998).In the phasespacepathintegral representationf the solutionof (44),

t
RPN ’ q
o(r SRE|V) = / e?![lD(T) (HO)-V(r(1),1)) + K p(T)] Tﬂ)p@r, (49)

r(s)=r
r(t)=R

for sst, the Gaussiaraverageover the velocitiesis easyto perform. It replaceghe exponentin

(49) by :Fft[i p(1) - (1) + (Do+K) p?(T)] dt andresultsin thepathintegral representiowf theheat
kernelof t;e Laplacianfor which we shallusethe operatomotation e/t—SI(Po+<)5(r; R) . In other
words,the averageof (49) is the solutionof the heatequation(with diffusivity Dg + k) equalto
O(R—r) attimes. Theabove calculationconfirmsthentheresultdiscussedttheendof Sectll.A

abouttheall-time diffusive behaior of asinglefluid particlein the Kraichnanensemble.

In orderto studythe two-particledispersiononeshouldexaminethe joint PDF of the equal-
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time valuesof two fluid particlesaveragedoverthevelocities
(P, SRLUY) P2, SRo,t V) ) = (1,725 R Rost = 9). (50)

The latteris givenfor the Kraichnanensembleby the heatkernel elt=81%2(ry, r,: Ry, Ry) of the
elliptic second-ordedifferentialoperator
2 2
M= 5 Di(ra—ry)0a 0, +x S 07 (51)
n,n=1 "o n=1
In otherwords,the PDF 2, satisfieshe equation(d; — M) P> = &(t —S)d(Ry —r1)8(R2 —r2), a
resultwhich goesbackto theoriginalwork of Kraichnan(1968).Indeed the Gaussiamexpectation

(50) is againeasilycomputablen view of thefactthatthevelocity entersghroughthe exponential

functionin (49). Theresultis the pathintegral expression

£ (3P0 KR 3 D01 (1) Pr(0) Ay (D))
/e s \n=1 n=1 |_| @pn@rn (52)
= n
o=

for the heatkernelof A5.

Let usconcentrat®ntherelative separatiorR= R; — Ry of two fluid particlesattimet, given
their separatiorr at time zero. The relevant PDF ff’(r; R;t) is obtainedby averagingover the
simultaneoudranslationsof the final (or initial) positionsof the particles. Explicitly, it is given
by the heatkernelof the operatorfﬂv[ = (d'i(r)+ 2« &1)0,i0,; equalto therestrictionof M5 to
the translationallyinvariantsector Note thatthe eddydiffusivity Do, dominatedby the integral
scale,dropsout from . Theabove resultshavs that the relative motion of two fluid particles
is an effective diffusionwith a distance-dependediffusivity tensorscalinglike ré in theinertial
range. This is a preciserealizationof the scenariofor turbulent diffusion put up by Richardson
(1926).

Similarly, the PDF of the distance R betweentwo patrticlesis given by the heatkernel

e|‘|'V'(r; R), where M is therestrictionof A, to thehomogeneouandisotropicsector Explicitly,

1

M= —
pd—1

0 |(d—1)Drd=18 4 2¢rd-1 g, (53)
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in thescalingregimeandits heatkernelmaybereadilyanalyzedIn theBatcheloregime& = 2 and
for k — 0, the heatkernelof M reproduceshelognormaldistribution (23) with A = 2D;(d — 1)
and\ = D1d(d — 1), seeSect.l1.B.2(i).

The simplecriterionallowing to decidewhetherthe Markov processstaysdiffusedask — 0
is to controlthelimit r — O of thePDF ?(r; R;t) (Bernardetal., 1998).For smoothvelocities, it

followsfrom (23) that

iim P(r;Rt) = 3(R). (54)

In simplewords,whentheinitial pointscorverge,sodo the endpointsof the processCorversely

for0< & < 2wehave

iR R R? ¢
Irlgg) P(r;Rt) O mexp [—constwi , (55)

K—0

in thescalinglimit n = 0, L = «. Thatconfirmsthediffusedcharactef thelimiting processle-
scribingthe Lagrangiartrajectoriesn fixednon-Lipschitzvelocities:the endpointsof the process
stayat finite distanceevenif theinitial pointscorverge. If we setthe viscouscutoff to zerokeep-
ing L finite, the behaior (55) crosseverfor R>> L to a simplediffusionwith diffusivity 2Dg:
at suchlarge distanceghe particle velocitiesare essentiallyindependenaind the single particle
behaior is recovered.

The stretched-gponentialPDF (55) hasthe scalingform (40) for a = £ — 1 andimpliesthe
power law growth (39) of the averagedpowers of the distancebetweentrajectories. The PDF
is Gaussiarin the roughcase& = 0. Note that the Richardsorlaw (R2(t)) O t2 is reproduced
for £ = 4/3 andnotfor § = 2/3 (wherethe velocity hasthe spatialHolder exponentl/3). The
reasonis that the velocity temporaldecorrelationcannotbe ignoredand the mean-fieldrelation
(38) shouldbe replacedby RY¢/2(t) — R1-4/2(0) 0 B(t) with the Brownian motion B(t). Since
B(t) behaes ast!/2, the replacementhangeshe power and indeedreproduceghe large-time
PDF (55) upto ageometriqpower-law prefactor In generalthetime dependencef thevelocities
playsa role in determiningwhetherthe breakdevn of deterministicLagrangianflow occursor

not. Indeed,therelation(42) impliesthatthe scale-dependenad the correlationtime 1; of the
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Lagrangiarvelocity differencesnay changethe time behavior of (R?). In particular (R?) ceases
to grow in timeif T, 0 (R2)P and ((AV)?) O (RA)® with B > 1— a. It hasbeenrecentlyshavn in
(Fannjiangetal., 2000)thatthe Lagrangiartrajectoriesaredeterministidn a Gaussiarensemble
of velocitieswith Holdercontinuityin spaceandsuchfasttime decorrelatioron shortscales.The
Kolmogoror valuesof theexponentsn = 3 = 1/3 satisfy however, B < 1—a.

Note the specialcaseof the average(R%—¢-9) in the Kraichnanvelocities.Since M r2—¢-9 is
acontactterm [0 3(r) for k = 0, onehasd;(R? ¢ 9) 0 2(r;0;t). Thelatteris zeroin the smooth
casesothat (R9) is atrueintegral of motion. In the nonsmootttase (RZ¢-9) 0t1-9/(2-8) and
is not consereddueto anonzeroprobability densityto find two particlesat the sameplaceeven
whenthey startedapart.

As stated,the result (55) holds when the moleculardiffusivity is turnedoff in the velocity
ensemblewith no viscouscutoff, i.e. for vanishingSchmidtnumber Sc = v/k, wherev is the
viscositydefinedin the KraichnanmodelasD1n¢. The sameresultholdsalsowhenv andk are
turnedoff at the sametime with Sc = O(1), providedtheinitial distancer is takento zeroonly
afterwards(E and VandenEijnden,2000b). This confirmsthat the explosive separatiorof close
trajectoriegersistdor finite Reynoldsnumbersaslong astheirinitial distances nottoo small,as

anticipatedoy Bernardetal. (1998).

D. Two-particle disper sion in a compressib le flow

Discussinghe particledispersionn incompressibldluids andexposingthe differentmecha-
nismsof particleseparationye paidlittle attentionto thedetailedgeometryof theflows, severely
restrictedoy theincompressibility The presencef compressibilityallows for moreflexible flow
geometriesvith regionsof ongoingcompressioreffectively trappingparticlesfor long timesand
counteractingheir tendeng to separate.To exposethis effect andgaugeits relative importance
for smoothandnonsmoottflows, we startfrom the simplestcaseof a time-independentd flow
x=V(x). In 1d, ary velocity is potential: v(x) = —dx@(x), andthe flow is the steepestlescent

in the landscapealefinedby the potentialg. The particlesaretrappedin the intervals wherethe
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velocity hasa constantsign andthey corveme to the fixed pointswith lower value of @ at the
endsof thoseintervals. In the regionswheredyv is negative, nearbytrajectoriesare compressed
togetherlf theflow is smooththetrajectoriedake aninfinite timeto arrive atthefixedpoints(the
particlesmight alsoescapdo infinity in afinite time). Let us considemow a nonsmoothversion
of thevelocity, e.g. aBrownianpathwith Holderexponentl/2. At variancewith thesmoothcase,
the solutionswill take a finite time to reachthe fixed pointsat the endsof the trappingintervals
andwill stick to themat subsequenimes,asin the exampleof the equationx = |x— xo|1/2. The
nonsmoothnessf thevelocity clearlyamplifiesthetrappingeffectsleadingto the convergenceof
thetrajectories.A time-dependencef the velocity changesomeavhatthe picture. The trapping
regions,asdefinedfor the staticcase startwanderingandthey do not enslave the solutionswhich
may crosstheir boundaries.Still, the regions of ongoingcompressioreffectively trap the fluid
particlesfor long time intervals. Whetherthe tendeng of the particlesto separater thetrapping
effectswin is a matterof detailedcharacteristicef the flow.

In higherdimensionsthe behaior of potentialflows is very similar to the 1d case with trap-
ping totally dominatingin the time-independentase,its effects being magnifiedby the nons-
moothnes®f the velocity andblurredby thetime-dependencel he trapsmight of coursehave a
morecomplicatedyeometry Moreover, we might have both solenoidalandpotentialcomponents
in the velocity. The dominanttendeng for the incompressibl&eomponenis to separatehe tra-
jectories,aswe discussedn the previous Sections.On the otherhand,the potentialcomponent
enhancedrappingin the compressedegions. The netresultof the interplay betweenthe two
componentslepend®ntheir relative strength spatialsmoothnesandtemporalrateof change.

Let us considerfirst a smoothcompressibleflow with a homogeneousnd stationaryer-
godic statistics. Similarly to the incompressiblecasediscussedn Sectll.B.1, the stretching-
contractionvariablesp;, i = 1,...,d, behae asymptoticallyastA; with the PDF of large devi-
ationsx; = pj/t — A; determinedby an entropy function H(x,...,Xq). The asymptoticgrowth
rate of the fluid volumeis given by the sumof the Lyapunw exponentss = El)\i . Note that
densityfluctuationsdo not grow in a statisticallysteadycompressibldlow becI;usehe pressure

providesfeedbackirom the densityto the velocity field. Thatmeanghats vanishessventhough
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the p; variablesfluctuate.However, to modelthe growth of densityfluctuationsin the intermedi-
ateregime, onecanconsideranidealizedmodelwith a steadyvelocity statisticshaving nonzero
s. This quantity hasthe interpretationof the oppositeof the entrory productionrate, seeSec-
tion 11l.A.4 below, andit is necessarily< 0 (Ruelle,1997). Let us give herethe agumentdueto
Balkovsky et al. (1999a)which goesasfollows. In ary statisticallyhomogeneoufiow, incom-
pressibleor compressiblethe distribution of particledisplacementss independentf their initial
positionandsois the distribution of the evolution matrix W (t;r) = dR (t;r) /arl. Sincethetotal
volumeV (assumedinite in this agument)is consered,theaverage(detW) is equalto unity for
all timesandinitial positionsalthoughthe determinanfluctuatesin the compressiblease. The
averageof detwW = e2f is dominatedat long timesby the saddle-poink* giving the maximum
of S (Ai+x)—H(x), which hasto vanishto conformwith the total volume conseration. Since
S xi —H(X) is concae and vanishesat x = 0, its maximumvalue hasto be non-ngative. We
concludethatthe sumof the Lyapunw exponentds non-positve. The physicsbehindthis result
is transparenttherearemorelLagrangiarparticlesin the contractingregions,leadingto negative
averagegradientdn the Lagrangiarframe. Indeed the volumegrowth ratetendsat large timesto

the Lagrangiaraverageof thetraceof thestraino = [Ov:

1 r
=(Indetw(r;1))) —>/tr0(R(t;r),t) dr /tro(Rt)W. (56)

The Lagrangianaveragegenerallycoincideswith the Eulerianone [dr tro(t,r)/V, only in the
incompressiblease(whereit is zero). For compressibldlow, the integralsin (56) vanishat the
initial time (whenwe settheinitial conditionsfor the Lagrangiartrajectoriessothatthe measure
wasuniform backthen). The regions of ongoingcompressiorwith negative tra acquirehigher
weightin theaveragein (56) thanthe expandingones.Negative valuesof tra suppresstretching
and enhancerappingandthatis the simple reasonfor the volume growth rateto be generally
negative. Note that, werethe trajectoryR(r;t) definedby its final (ratherthaninitial) position,
the sign of the averagestraintracewould be positive. Let us stressagainthe essentiatlifference
betweerthe Eulerianandthe Lagrangiaraveragesn the compressiblease:an Eulerianaverage

is uniform over spacewhile in a Lagrangiaraverageevery trajectorycomeswith its own weight
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determinedy thelocalrateof volumechange For thecorrespondingffectsonthesingle-particle
transporttheinterestedeadelis referredto (VergassolandAvellaneda1997).

In the particularcaseof a short-correlatedtrain one cantake t in (56) larger thanthe cor
relation time T of the strain, yet small enoughto allow for the expansion det(W(r;t)) * ~
1— fStro(r,t')dt’ sothat (56) becomesequalto —ft(tro(r,t)tro(r,t’))dt’. More formally, let
us introducethe compressiblegeneralizatiorof theOKraichnanensembIe‘or smoothvelocities.

Their (non-constanpartof the) pair correlationfunctionis definedas
di(r) = D1 [(d+1-20)8"r? + 2@0d - 1)r'r'] + o(r?), (57)

compareto (29). The degreeof compressibilityT = ((;V')2) /((0;v})?) is betweerD and1 for
theisotropiccaseat hand,with the the two extremacorrespondingo the incompressibleandthe
potentialcases.The correspondingtrainmatrix o = [v hasthe Eulerianmeanequalto zeroand

2-pointfunction
(Gij(t) oke(t’) ) = 28(t —t') D1 [(d+ 1 — 20) 3y dj¢ + (Od — 1) (& Ok + BieOji) | - (58)

Thevolumegrowth rate — ft<0'ii (t)ojj(t"))dt’ is thusstrictly negative,in agreementvith thegen-
eraldiscussionand equaltoo —0D1d(d—1)(d+2) if we set f: o(t)dt = 1/2. Thesameresult
is obtainedmore systematicallyby consideringthe Itd stochasticequationdW = odtW for the
evolution matrix andapplyingthe Itd formulato IndetW), seeAppendix. Onemay identify the
generatorof the processW(t) and proceedas for the incompressiblecasecalculatingthe PDF
P(p1,...,pPq;t). It takesagainthe large deviation form (21), with the entrogy function andthe
Lyapunw exponentsyivenby

d
H() = W[Zm dlfgﬂ(zlx.)z} (59)

Ai = D1[d(d— 2i +1) — 20 (d+ (d — 2)i)], (60)

to be comparedo (32). Note how the form (59) of the entroy imposesthe condition Y x; = 0
in the incompressibldimit. The interparticledistanceR(t) hasthe lognormaldistribution (23)

with A = Ay = Di(d—1)(d—40) and A = 2D;(d — 1)(1+ 20). Explicitly, t=1In(R") O n[n+
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d+20(n—2)] (Chertlov etal., 1998). ThequantityR(“? —9)/(1+2]) js thusstatisticallyconsered.
ThehighestLyapunw exponentx becomesegative whenthe degreeof compressibilityis larger
thand/4 (Le Jan,1985;Chertlov etal., 1998).Low-ordermomentf R, includingits logarithm,
would thendecreasevhile high-ordermomentswvould grow with time.

It is instructve to decomposdhe strain into its “incompressibleand compressibleparts”
oij — 38 tro and &; tro. FromtheequalityA; = (i), see(21), it followsthatthe Lyapunw ex-
ponentof theincompressiblgart (having A> 0) getuniformly shifteddown by the Lagrangian
averageof tra/d. In 1d, wherethe compressibilityis maximaf, A < 0. The lowering of the
Lyapunw exponentswhenl[] grows clearly signalsthe increaseof trapping. The regime with
0 > d/4, with all the Lyapuna exponentsbecomingnegative, is the onewheretrappingeffects
dominate.Thedramaticconsequencdsr thescalarfieldsadwectedby suchflow will bediscussed
in Sectlll.B.1.

As it wasclearfrom the 1d example we shouldexpectevenstrongereffectsof compressibility
in nonsmoottvelocityfields,with anincreasedendenyg for thefluid particlesto aggreatein finite
time. This has,indeed,beenshovn to occurwhenthe velocity hasa shortcorrelationtime, i.e.
for the nonsmoothversionof the compressiblekraichnanensemblgGavedzki and Vergassola,
2000). The expression(46) for the Fouriertransformof the 2-pointcorrelationfunctionis easily
modified. The functionaldependencen k? remainsthe same the solenoidalprojectoris simply
multiplied by 1—0 andoneaddsto it the compressibldongitudinalcomponentl (d — 1)k'k! /Kk?.

This givesfor the non-constanpartof the 2-pointfunction
di(r) = Dif(d—14+&—08)8Iré + E@d—1)r'riré7). (61)

For & = 2, (61) reproduceg57) without the o(r?) corrections. Most of the resultsdiscussedn

Sect.ll.Cfor theincompressiblezersionof the modelstill go through,includingthe construction
of the Markov procesglescribingthe noisytrajectoriesandthe heat-lernelform of the joint PDF
of two particlepositions.TherestrictionM of A, to thehomogeneouandisotropicsectorwhose

40ne-dimensionalesultsarerecaveredfrom our formulaeby takingd = 1 andD; 0 1/(d — 1).
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heatkernelgivesthe PDF P(r; R;t) of thedistancebetweertwo particles takesnow theform

D1(d—1)(14+0¢)

d-1+8-y 2K
T g Or + g

M: rd——

ar® 2o, (62)

wherey=0&(d+&)/(1+0¢&). Asfoundin (Gavedzki andVergassola2000),seealso(Le Jan
andRaimond,1999;E andVanderkEijnden,2000b),dependingpnthesmoothnessxponent, and
thedegreeof compressibility], two differentregimesarisein thelimit k — 0.

For weakcompressibilityl] <[ = Ed_z’ the situationis very muchthe sameasfor theincom-

pressiblecaseand
lim P(r;Rt) O [t @9/9

K—0

exp | — const ——

Rd-vy-1 R2¢
. ] . (63)

We still have an explosive separatiornof trajectoriesbut, in comparisonto the incompressible
situation,the power prefactor R~ with y 0 [0 suppressefarge separationgand enhancesmall
ones.When[J crosses]. = d+252—2

Markov procesglescribingthe distancebetweenthe two particles(Le Janand Raimond,1999).

, theparticle-touchingeventR = 0 becomesecurrentfor the

In otherwords,for [0 <O < 0. apairof Lagrangiartrajectoriegeturnsinfinitely oftento anear
touch,aclearsignof increasedrapping.
When O crossed], the singularityat R = 0 of the right handside of (63) becomeson-

integrableanda differentlimit is realized.Indeed,in thisregime,
Iim0 P(r;Rt) = P9(r;Rt) + p(r;t)d(R), (64)
K—

with theregularpart 2'® tendingto zeroand p approachinginity whenr — 0. Thisreproduces
for n = 0 the result(54), always holding whenthe viscouscutoff n > 0 smootheghe velocity
realizationsln otherwords,eventhoughthevelocity is nonsmooththe Lagrangiartrajectoriesn
afixedvelocity field aredeterminedy their initial positions.Moreover, the contacttermin (64)
signalsthat trajectoriesstartingat a finite distancer collapseto zerodistanceand staytogether
with a positive probability growing with time (to unity if the integral scaleL = «). The strongly
compressibleegime] > [ is clearly dominatedby trappingeffectsleadingto the aggreation

of fluid particles seeFig. 2. Thesameresultsholdif we turn off the diffusivity k andtheviscosity
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v at the sametime, with the notableexceptionof the intermediateregime]c <0 < O¢. In this
interval, if the SchmidtnumberSc divergesfastenoughduringthelimiting processtheresulting
PDF of the distancetakesthe form (64) ratherthanthat of (55) arisingfor boundedSc (E and
VandenEijnden,2000b). Sufficiently high Schmidthumberghusleadto the particleaggreation
in this case.Notethatin thelimit of smoothvelocitiesé — 2, theintermediatanterval shrinksto
the point[0 = d/4 wherethehighestLyapunw exponentcrosseszero.

As wasmentionedtheaggreationof fluid particlescantake placeonly asatransienfprocess.
The backreactionof the densityon the flow eventually stopsthe growth of the densityfluctua-
tions. Thetransientrappingshould,however, play arole in the creationof the shockletstructures
obseredin high Mach numbercompressibldlows (Zeman,1990). Thereis anotherimportant
physicalsituationthat may be modeledby a smoothcompressibleandomflow with a nonzero
sumof the Lyapunw exponents.Let us considera smallinertial particle of densityp andradius
a in afluid of densitypg. Its movementmay be approximateddy that of a Lagrangianparticle
in an effective velocity field provided thata?/v is much smallerthanthe velocity time scalein
the Lagrangianframe. Theinertial differencebetweerthe effective velocity v of the particleand
the fluid velocity u(r,t) is proportionalto thelocal acceleration:v = u+ (3 — 1) 1sdu/dt, where
B =3p/(p+2po) andts = a?/3vp is the Stokestime. Consideringsuchparticlesdistributedin the
volume,onemay definethevelocity field v(r,t) , whosedivergenced [[(u- 0)u] doesnot vanish
evenif thefluid flow isincompressibleAs discusse@dbore, thisleadsto anegative volumegrowth

rateandthe clusteringof the particles(Balkovsky etal., 2001).

E. Multipar ticle dynamics, statistical conser vation laws and breakdo wn of scale invariance

This subsectioris a highlight of the review. We describeherethe time-dependenstatistics
of multiparticleconfigurationswith the emphasisn conserationlaws of turbulenttransport.As
we have seenin the previous subsectionsthe two-particlestatisticsis characterizedby a simple
behaior of the singleseparatiorvector In nonsmoothvelocities,the lengthof the vectorgrows

by apowerlaw, while theinitial separatiorns forgottenandthereareno statisticalintegralsof mo-
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tion. In contrastthe mary-particleevolution exhibits non-trivial statisticalconserationlaws that
involve geometryandare proportionalto positive powersof the distances.The distancegrowth
is balancedby the decreas®f the shapefluctuationsin thoseintegrals. The existenceof multi-
particleconserationlaws indicatesthe presencef along-timememoryandis areflectionof the
couplingamongthe particlesdueto the simple fact that they all arein the samevelocity field.
The consered quantitiesmay be easilybuilt for thelimiting cases.For very irregularvelocities,
thefluid particlesundego independenBrownian motionsandthe interparticledistancegrow as
(Ram(t)) = Ran(0) + Dt. Here, examplesof statisticalintegrals of motion are (Ra,,— R2,) and
(2(d+ 2)R,21mR%r —d(R}+ Rﬁ',r)), andaninfinity of similarly built harmonicpolynomialswhere
all the powersof t cancelout. Anotherexampleis the infinite-dimensionatase wherethe inter-
particledistanceslo not fluctuate. Thetwo-particlelaw (38), R:-%(t) — R1-%(0) O t, impliesthen
that the expectationof ary function of R~ — R%,r“ doesnot changewith time. A final exam-
pleis providedby smoothvelocities,wherethe particleseparationatlong timesbecomealigned
with the eigendirection®f the largestLyapunw exponentof the evolution matrix W(t) defined
in (16). All theinterparticledistancesR,m will thengrow exponentiallyandtheir ratios Rym,/ Ry
do not change. Away from the degeneratdimiting casesthe consered quantitiescontinueto
exist, yet they cannotbe constructedso easily andthey dependon the numberof particlesand
their configurationgeometry Thevery existenceof conseredquantitiess natural;whatis gener
ally nontrivial is their preciseform andtheir scaling. Theintricatestatisticalconserationlaws of
multiparticledynamicswerefirst discoseredfor the Kraichnanvelocities. Thatcameasa surprise
sincethe Kraichnanvelocity ensemblas Gaussiarandtime-decorrelatedyith no structurebuilt
in, exceptfor the spatialscalingin the inertial range. The discovery hasled to a new qualitatve
andquantitatve understandingf intermitteng, aswe shalldiscusdn detailin Sectlll.C.1. Even
moreimportantly it haspointedto aspectf the multiparticle evolution that seemboth present
andrelevantin genericturbulent flows. Note thatthoseaspectsare missedby simple stochastic
processesommonlyusedin numericalLagrangiarmodels.Thereis, for example,alongtradition
to take for eachtrajectorythetime integral of a d-dimensionaBrownian motion (whosevariance

is 0 t3 asin theRichardsonaw) or anOrnstein-UhlenbeckrocessSuchmodels however, cannot
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capturecorrectlythe subtlefeaturesof the N-particledynamicssuchasthestatisticalconseration

laws.

1. Absolute and relative evolution of particles

As for mary-body problemsin otherbranchef physics,e.g.in kinetic theoryor in quan-
tum mechanicsmultiparticle dynamicsbrings aboutnew aspectdueto cooperatie effects. In
turbulence,sucheffects are mediatedby the velocity fluctuationswith long space-correlations.

Considetthejoint PDF’s of the equal-timepositionsR= (R, ..., R,) of N fluid trajectories

N
< [Lp(rnvsi Rn, t \V)> = B, (rRt—s), (65)

with the averageover the velocity ensemble seeFig. 3. More generally one may study the
different-timeversionsof (65). SuchPDF’s, called multiparticle Greenfunctions, accountfor
the overall statisticsof the mary-particlesystems.

For statisticallynomogeneousgelocities,it is corvenientto separatéheabsolutenotionof the
particlesfrom therelative one,asin othermary-body problemswith spatialhomogeneity For a
singlepatrticle,thereis nothingbut the absolutemotionwhich is diffusive at timeslongerthatthe
Lagrangiancorrelationtime (Sect.ll.A). For N particles,we may definethe absolutemotion as
thatof themeanpositionR = % Rn/N. Whenthe particlesseparat&eyondthevelocity correlation
length,they areessentiallyndependentThe absolutanotionis thendiffusive with the diffusivity
N timessmallerthanthatof a singleparticle. Therelative motionof N particlesmaybedescribed

by theversionsof thejoint PDF’s (65) averagedverrigid translations:

P(GRY) = / P, (r; R+p;t) dp, (66)

wherep = (p,...,p). ThePDFin (66) describeghedistribution of the particleseparation&nm =
Rn — R or of therelative positionsR = (R,-R...,.R,—R.

As for two particles,we expectthatwhenk — 0 the multiparticle Greenfunctions?, tendto
(possiblydistributional) limits thatwe shall denoteby the samesymbol. Thelimiting PDF's are

againexpectedto shav a differentshort-distancédehaior for smoothandnonsmoothvelocities.
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For smoothvelocities,the existenceof deterministictrajectoriesleadsfor k = 0 to the collapse

property

lim 7 (r;B; t) = TNfl(Ll;Bl;t) 6(RN71_RN)’ (67)

I’—)I’Nl

whereR = (R,,...,R,_,) andsimilarly for the relative PDF’s. If all the distancesamongthe
particlesare muchsmallerthanthe viscouscutoff, the velocity differencesare approximatedy

linearexpressionand

By = [( []3Re+p-Ww) dp. (68

The evolution matrix W(t) wasdefinedin (16) andthe abore PDF's clearly dependonly on its

statisticswhich hasbeendiscussedn Sectll.B.

2. Multiparticle motion in Kraichnan velocities

The greatadvantageof the Kraichnanmodelis thatthe statisticalLagrangiarnintegralsof mo-
tion canbefoundaszeromodesof explicit evolution operatorsindeed the crucial simplification
lies in the Markov characterof the Lagrangiantrajectoriesdue to the velocity time decorrela-
tion. In otherwords, the processeR(t) and R(t) are Markovian and the multiparticle Green
functions®, and®, give, for fixed N, their transitionprobabilities. The processR(t) is charac-
terizedby its second-ordedifferentialgeneratorM,,, whoseexplicit form may be deducedoy a
straightforvard generalizatiorof the pathintegral representatiorf52) to N particles. The PDF
B (;Rt) = el (r; R) with

M, Z D')(ram) 0, 0, + K z 02 . (69)

n,m=1

For therelative processE(t), the operatord,, shouldbereplacedy its translation-ivariantver-

sion

(d" (rnm) +2x 3Y) O B, (70)

n<m
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with d'! relatedto D' by (47). Notethemultibody structureof the operatorsn (69) and(70). The
limiting PDF’'s obtainedor k — 0 definetheheatkernelsof thek = 0 versionof the operatorghat
aresingularelliptic andrequiresomecarein handling(Hakulinen,2000).

As we have seenpreviously, the Kraichnanensemblenay be usedto modelboth smoothand
Holder continuousvelocities. In the first case,one keepsthe viscouscutoff n in the two-point
correlation(46) with the resultthat d'i(r) = O(r?) for r < n asin (29), or onesets& = 2 in
(48). Thelatteris equivalentto the approximation(68) with W(t) becominga diffusion process
on the groupSL(d) of unimodularmatrices,with an explicitly known generatgrasdiscussedn
Sect.1l.B.2(i). Theright handsideof (68) maythenbe studiedby usingtherepresentatiotheory
(ShraimarandSiggia,1995and1996;Bernardetal., 1998),seealsoSect.1l.E.5 below. It exhibits
the collapseproperty(67).

Fromtheform (70) of the generatoof the processE(t) in the Kraichnanmodel,we infer that
N fluid particlesundego an effective diffusionwith the diffusivity dependingon theinterparticle
distancesIn theinertial interval andfor a small moleculardiffusivity k, the effective diffusivity
scalesasthe power ¢ of the interparticledistances. Comparingto the standarddiffusion with
constantiffusivity, it is intuitively clearthatthe particlesspendiongertime togetherwhenthey
arecloseandseparatéastewhenthey becomelistant.Bothtendenciesnaycoexistanddominate
themotionof differentclustersof particles.It remaingo find a moreanalyticandquantitatve way
to capturethosebehaiors. The effective short-distancattractionthat slows down the separation
of closeparticlesis arobustcollectve phenomenomxpectedo be presentlsoin time-correlated
andnon-Gaussianelocity fields. We believe thatit is responsibldor the intermitteny of scalar
fieldstransportedy high Reynoldsnumberflows, asit will bediscussedn the secondoartof the
review.

As for asinglepatrticle ,theabsolutenotionof N particlesis dominatedy velocityfluctuations
on scalesof orderL. In contrastthe relatve motion within the inertial rangeis approximately
independentf thevelocity cutoffs andit is corvenientto take directly the scalinglimit n = 0 and

L = . We shallalsosetthe moleculardiffusivity to zero. In theselimits, fﬂvv[N hasthe dimension
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lenghé—2, implying thattimescalesaslengh?—% and

P, R t) = A(N=Dd p (1 AR A2, (71)

The relatve motion of N fluid particlesmay be testedby tracingthe time evolution of the La-

grangianaverages

(tRD)) = [ 1R B(:R 1) R 72)

of translation-ivariantfunctionsf of the simultaneougparticlepositions.Think aboutthe evolu-
tion of N fluid particlesasthat of a discretecloud of marked pointsin physicalspace.Thereare
two elementsn the evolution of the cloud: the growth of its sizeandthe changeof its shape We
shall definethe overall size of the cloudasR = (% 5 R2,)Y2 andits “shape”asR= R/R. For
example,threeparticlesform a trianglein space(vCﬁE labeledvertices)andthe notion of shape
that we are usingincludesthe rotationaldegreesof freedomof the triangle. The growth of the
sizeof thecloudmight be studiedby looking atthe Lagrangiaraverageof the positive powersRZ.
More generally let f be a scalingfunction of dimensionZ, i.e. suchthat f(AR) = A% f(R). The
changeof variablesR +— tZTlEB, therelation(71) andthe scalingpropertyof f allow to tradethe
LagrangiarPDFi’N in (72) for thatat unit timetéﬁ ff’N (t_ﬁg; R 1). Asfor two points,thelimit
of i’N whentheinitial pointsapproacheachotheris nonsingulafor nonsmoothvelocitiesandwe

infer that

(1R1)) = ¢ [1(R) BORD IR + ot? 7). (73)

In particular we obtain the N-particle generalizationof the Richardson-typebehaior (39):
¢
(R(t)%) O t=¥. Hence,n theKraichnanmodelthe sizeof the cloudof Lagrangiarpointsgrows

1
superdifusively 0 t2-¢. Whataboutits shape?

3. Zero modes and slow modes

In orderto testthe evolution of the shapeof the cloud one might comparethe Lagrangian

averageof differentscalingfunctions.Therelation(73) suggestshatatlargetimesthey all scale
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4

dimensionallyast2-¢. Actually, all do but thosefor which the integral in (73) vanishes. The
latter scalingfunctions,whoseevolution violatesthe dimensionalprediction,may thusbe better
suitedfor testingthe evolution of the shapeof the cloud. Do suchfunctionsexist? Supposedhat
f is a scalingfunction of non-ngative dimension{ annihilatedby ﬂN, i.e. suchthat ﬂNf =
0. Its Lagrangianaverage,ratherthan obeying the dimensionallaw, doesnot changein time:
< f (B(t))> = f(r). Indeed,ati’N Rt = /9V[N§’N (r; R t). Therefore,the time-dervative of
the right handside of (72) vanishessinceit brings down the (Hermitian) operator?ﬂv/[N acting
on f. Thus,the zero modesof ’9\7[,\, are consered in meanby the Lagrangianevolution. The
importanceof suchconsered modesfor the transportpropertiesby &-correlatedvelocitieshas
beenrecognizedindependentlyoy Shraimanand Siggia (1995), Chertlov et al. (1995b),and
Gawedzki andKupiainen(1995and1996).

The abore mechanismmay be easily generalizedBernardet al., 1998). Supposethat fy
is a zeromodeof the (k+ 1)St pawer of fﬂlfv[,\, (but not of a lower one), with scalingdimension
{+ (2—&)k. Then,its Lagrangianaverageis a polynomialof degreek in time sinceits (k-+ 1)St

2z
time derivative vanishes.lts temporalgrowth is slower thanthe dimensionalpredictiont 2-¢

+k i
( > 0 sothattheintegral coeficientin (73) mustvanish.We shallcall suchscalingfunctionsslow
modes.Theslow modesmaybe organizednto “towers” with the zeromodesat the botton®. One
descendslown the tower by applyingthe operatorﬁN which lowersthe scalingdimensionby
(2—¢&). Thezeroandthe slow modesarenaturalcandidategor probesof the shapeavolution of
the Lagrangiarcloud. Thereis animportantgeneralfeatureof thosemodesdueto the multibody
structureof the operators:the zeromodesof ﬁN_l arealsozeromodesof %N andthe samefor
the slow modes.Only thosemodesthat dependnon-trivially on all the positionsof the N points
may of coursegive new informationon the N-particle evolution which cannotbe readfrom the

evolution of a smallernumberof particles.We shallcall suchzeroandslow modesrreducible.

To get corvinced that zero and slow modesdo exist, let us first considerthe limiting case

SNotethat (9, )" fy is azeromodeof scalingdimensionZ.
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& — 0 of very roughvelocity fields. In this limit d'i(r) reducesto D1(d — 1)8'}, see(48), and
the operatorﬁN becomesproportionalto 02, the (Nd)-dimensionalLaplacianrestrictedto the
translation-iwariantsector The relatve motion of the particlesbecomesa purediffusion. If R

denoteghesize-of-the-cloudrariablethen
~2
0% = R4 Ha RN 1o, + R20, (74)

whered, = (N — 1)d and@2 is the angularLaplacianon the (d,, — 1)-dimensionalunit sphere
of shapesE. The spectrumof the latter may be analyzedusing the propertiesof the rotation
group. Its eigervaluesare —j(j+dy —2), wherej =0,1,... is the angularmomentum. The
functions fj o = RI (0] (E{), where@; is an angularmomentumj eigenfunction,are zero modes
of the Laplacianwith scalingdimensionj. The contributions coming from the radial and the
angularpartsin (74) indeedcancelout. The polynomialsf; y = R fj o form the corresponding
(infinite) tower of slow modes.All the scalingzeroandslow modesof the Laplacianareof that
form. Themechanisnbehindthe specialbehaior of their Lagrangiaraveragess thatmentioned
at the beginning of the section. Besidethe constant,the simplestzero mode hasthe form of
the differenceR2, — RZ,. Both termsare slow modesin the tower of the constantzero mode
and their Lagrangianaveragesgrow linearly in time with the sameleadingcoeficient. Their
differenceis thusconstant.A similar mechanisnstandsbehindthe next example,the difference
2(d+2)R2,R2, — d(R},+ RS,), whoseLagrangiaraverageis consereddueto the cancellatiorof
linearandquadratidermsin time,andsoon.

It wasarguedby Bernardet al. (1998)thatthe slow modesexist alsofor generak andshow
upin theasymptotidbehaior of the multiparticlePDF's whentheinitial pointsgetclose:

a)N (A Rt) = ;kio Alat(2-0k fa,k([) ga,k(th)a (75)
for smallA. Thefirst sumis over the zeromodesf, o = fa with scalingdimensions(,, while
higherk give the correspondingowersof slow modes.The functionsin (75) may be normalized
sothat fax_1 = %N fak andQa ki1 = ﬂ\, Jak = O0t0ak. Theleadingtermin the expansioncomes

fromtheconstanzeromodefq o = 1. Thecorrespondingy o coincideswith thePDFof N initially
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overlappingparticles. The asymptoticexpansion(75) is easyto establishfor vanishingg andfor
N = 2 with arbitrary . In the generalcase,it hasbeenobtainedundersomeplausible,but yet
unproven, regularity assumptions Note that, dueto (71), the expansion(75) describesalsothe
asymptoticof the multiparticle PDF’'s whenthe final pointsget far apartandthe timesbecome
large. The useof (75) allows to extract the completelong-time asymptoticsof the Lagrangian

averages.

—a

(1R0)) = 3 5 ¥ i) [ 1R R D R (76)

which is a detailedrefinementof (73), correspondingust to the first term. Note that the pure
polynomial-in-timebehaior of the Lagrangiaraverageof theslow modesmpliespartialorthog-

onality relationsbetweerthe slow modesandtheg modes.

4. Shape evolution

The qualitatve mechanismbehindthe preseration of the Lagrangianaverageof the zero
modesis the compensatiorbetweenits increasedueto the size growth andits depletiondueto
the shapeevolution. The sizeandthe shapedynamicsare mixed in the expansion(75) that, to-
gethemwith (71), describeshelong-timelong-distanceelative evolution of the Lagrangiarcloud.
To getmoreinsightinto the cooperatre behaior of the particlesandthe geometryof their con-
figurations,it is usefulto separateéhe shapeevolution following GatandZeitak (1998),seealso
(Arad andProcaccia2000). The generaideais to tradetime in therelative N-particleevolution
R(t) for thesizevariable R(t). This maybe doneasfollows. Let us startwith N particlesin a
configurationof sizer andshaper. Denoteby E{(R) the shapeof the particle configurationthe
firsttimeits sizereacheR > r. VaryingR, oneobtainsa descriptionof the evolution of the shape
of the particle cloud with its size (which may be discontinuousf the size doesnot grow at all
momentsof time). For scaleinvariantvelocity fields, the PDF of the shapesE&(R), i.e. of thefirst
passagesf E(t) throughthe sphereof sizeR, dependnly on theratio R/r. We shalldenoteit
by P, (f;R r/R). Theshapeevolution R(R) is still a Markov process:in orderto computethe

probability of thefirst passagéhroughthesphereof size R, onemayconditionwith respecto the
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first passagéhrougha sphereof anintermediatesize. As aresult,the PDF's B, obey asemigroup
Chapman-KImogoror relation. As obsenedby GatandZeitak (1998),the eigenmodexpansion

of the (generallynon-Hermitian)Markov semigroupP, (A) involvesthe zeromodesfs,:
PuBRA) = 5 A% fa(f) ha(R). (77)
a

Theformalreasoris asfollows. The statisticsof thefirst passagéhrougha givensurfacemaybe
obtainedby imposingthe Dirichlet boundaryconditionon the surfacein thedifferentialgenerator
of the process.For the caseat hand,if G (r,R) denoteshe kernelof the inverseof —?ﬁN and
GE" refersto its versionwith the Dirichlet conditionsat R= 1, then

N

N =3 5 [oR [dRmOGOER), (78)

n,m=1

IJJ)

A (&

with thederivativestakenon thesphereof unit radius. The potentialtheoryrelation(78) expresses
thesimplefactthatthe probability of afirst passagéhrougha givensurfaceis the normalcompo-
nentof the probability current(the expressionin secondparenthesi®n the right handside). On
the otherhand,by integratingthe asymptoticexpansion(75), oneobtainsthe expansion

J(A\LR) /Artht_ZAZafa()ga() (79)
0

a

where§, = }oga,o dt. Notethattheslow modesdonotappeasinceg, k.1 is thetime derivative of
Oa ks thatvar?isheattheboundarwf theintegrationinterval for nonzeroR. TheDirichletboundary
conditionat R = 1 shouldnot affect the dependencen the asymptoticallyclosepositionsAr. An
expansionanalogoudo (79) shouldthenhold for GE" with the samezeromodesand modified
functions §. The potentialtheoryformula (78) togetherwith the Dirichlet versionof (79) give
(77).

Let usnow considerthe “shapeonly” versionof the Lagrangiaraverage(72). Substitutingthe

expansion(77),we obtain
(f(RR)) = T (RN fal®) [ 1R ha(R) GR. (80)
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Theinterpretatiorof (80) is simple: whenthe sizeincreasesthe averageof a genericfunction of
the shaperelaxesasa combinationof negative powersof R to a constantwith the zeromodes
fa(f) giving the modesof relaxation(Gatand Zeitak, 1998). On the otherhand,dueto the or-
thogonalityof the left andright eigenfunctionf the semigroupPy(A), the shapeaveragesof
the zeromodesdecay: < fa (@(R))> = (R/r)~%fy(F). Sincethesizegrows astfli, this quan-
titatively illustratesthe decreas®f the shapeaverageresponsibldor the conserationin time of
the Lagrangianaverageof the zeromodes.A vivid andexplicit exampleof the compensatioris
provided by the caseof threeparticles.The contourlines of therelevantzeromodeasa function
of the shapeof thetriangleareshavn in Fig. 4. The functiontendsto decreaséor configurations
whereall the interparticledistancesarecomparablelt is thenclearthatthe decreasén the shape
averages simply dueto particleevolving towardsymmetricakconfigurationsith aspectatiosof
orderunity (Pumir, 1998;CelaniandVergassola2001).

Therelative motionof theparticlesin thelimit § — 0 becomes purediffusion. It is theneasy
to seethatthe zeromodesof the Laplacianplay indeedtherole of relaxationmodesof the = 0
shapeevolution. Purediffusionis the classicalcaseof potentialtheory: G (r,R) O |r —B|‘O'N+ 2
is the potentialinducedat r by a unit chage placedat R (the absolutevalueis takenin thesense
of the size variable). The Dirichlet version GE" correspondgo the potentialof a unit chage
insidea groundedconductingsphereandit is obtainedoy theimagechage method:GE"(L,B) =
G,(,R) — R*O'N”GN (r,R/R?). The potentialtheoryformula (78) givesthenfor the shape-to-
shapetransitionprobability P, (F;R;A) O (1—A2)|R—AF| "%, with the proportionalityconstant
equalto the inversevolume of the sphere.On the otherhand, calculating GE" in eachangular
momentumsectorby (74), one easily describeghe generatorof the Markov semigroupP, ().
It is the pseudo-diferential Hermitian operatorwith the sameeigenfunctionsyp; asthe angular
Laplacian@2 but with eigervalues—j. The expansion(77) with hy = f5 follows (recall that
the functions R} @; form the zeromodesof the Laplacian). The Markov processE{(R) liveson
distributionalrealizationgandnot on continuousones).

It is instructive to comparethe shapedynamicsof the Lagrangiancloud to the imaginary-

time evolution of aquantummechanicaimary-particlesystemgovernedby theHamiltonianH,, =
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% ;’—ri +nsz(rnm). The (Hermitian)imaginary-timeevolution operatorse™''n decomposén the
translati<on-il\yariantsectoras%e_t EN:a|ljJNva)(ljJN,a\ . Thegroundstateenepgy is E , andthesumis
replacedy anintegralfor thecontinuougartof thespectrumAn attractve potentialbetweerthe
particlesmay leadto the creationof boundstatesat the bottomof the spectrumof H,.. Breaking
the systeminto subsystem®f N; particlesby removing the potential coupling betweenthem
wouldthenraisethegroundstateenegy: E, , < Eyo A very similar phenomenonccursin the
stochasticshapedynamics.Considerindeedan elven numberof particlesanddenoteby ( , the
lowestscalingdimensionof the irreduciblezeromodeinvariantundertranslationsyotationsand
reflections.Fortwo particlesthereis noinvariantirreduciblezeromodeandits roleis playedby the
first slow mode r2-¢ and (0 = 2—&. Supposeow thatwe breakthe systeminto subsystems
with an even numberN; of particlesby removing in ﬂN the appropriateterms d(rnm) Oy [Fr
couplingthe subsystemssee(70). For N; > 4, theirreduciblezeromodefor the broken system
factorizesnto theproductof suchmodedor thesubsystemdf N; = 2 for somel, thefactorization
still holdsmodulotermsdependenon lessvariables.In any case the scalingdimensionssimply
add up. The crucial obsenation, confirmedby perturbatve and numericalanalysesdiscussed
belaw, is thatthe minimal dimensionof the irreduciblezeromodesis raised: {, < 5 {y ,- In
particular ¢y, is smallerthan% (2—-&). Oneevenexpectsthat { , isaconcae functiorllof (even)
N andthatfor N > d its dependencen N saturatesseeSects.lll.C.2,111.D.2, lll.F. By analogy
with the multibody quantummechanicsywe may saythatthe irreduciblezeromodesare bound
statesf the shapeevolution of the Lagrangiarcloud. Theeffectis attheroot of theintermittengy
of apassve scalaradwectedby nonsmoottKraichnanvelocities,aswe shallseein Sectlll.C.1. It
is acooperatre phenomenorxhibiting ashort-distancattractionof closeLagrangiartrajectories
superposedn the overall repulsionof the trajectories. Thereare indicationsthat similar bound
statesof the shapeevolution persistin morerealisticflows andthatthey arestill responsiblgor

thescalarintermitteng, seeSectlll.D.2 and(CelaniandVergassola2001).
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5. Perturbative schemes

Theincompressibl&raichnanmodelhastwo parametersl € [2,) and§ € [0,2]. It is then
naturalto askif theproblemis simplifiedattheirlimiting valuesandif perturbatve methodsnight
be usedto getthe zeromodesnearthe limits. No significantsimplificationhasbeenrecognized
for d = 2 atarbitrary§. The otherlimits do allow for a perturbatve treatmentsincethe particle
interactionis weak and the anomalousscalingdisappearshere. The perturbationtheoryis es-
sentiallyregularfor & — 0 andd — . Corversely the perturbatiortheoryfor & — 2 is singular
for two reasonsFirst, the advectionby a smoothvelocity field preseresthe configurationswith
the particlesalignedon a straightline. A smallroughnes®f the velocity haslittle effect on the
particle motion almosteverywherebut for quasi-collineargeometries. A separatdreatmentof
thoseregions and a matchingwith the regular perturbationexpansionfor a generalgeometryis
thusneeded.Secondfor almostsmoothvelocities,closeparticlesseparatevery slowly andtheir
collective behaior is masled by this effect which leadsto an accumulatiorof zeromodeswith
very closescalingdimensions.We shall startby the moreregular casesof small § andlarge d.
Thescalingof theirreduciblefour-pointzeromodewith the lowestdimensionwasfirst calculated
to thelinearorderin & by Gavedzki andKupiainen(1995)by aversionof degenerateRayleigh-
Schibdingerperturbationtheory In parallel,a similar calculationin the linear orderin 1/d was
performedby Chertlov etal. (1995b).Bernardetal. (1996)streamlinedhesmall ¢ analysisand
generalizedt to ary even order following a similar generalizatiorby Chertlov and Falkovich
(1996)for the 1/d expansion We sketchherethe mainlinesof thosecalculations.

As we discussedn Sectionll.E.3, theoperatorfﬂ\j[N is reducedo the Laplacian(74) for & = 0.
The zeromodesof the Laplaciandependon the sizeof the particleconfigurationasR! andonits
shapeasthe eigenfunctionsof @2 with angularmomentumj. The zero modesinvariantunder
d-dimensionaltranslationsyotationsand reflectionscan be reexpressedas polynomialsin R2...

For even N, theirreduciblezeromodeswith the lowestscalingdimensionhave theform

fuo(® = RERE...RY |+ [ (81)
where [...] denotesacombinationof termsthatdependnthepositionsof (N —1) or lessparti-
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cles. For four particles,the zeromodeis 2(d + 2)R%,R2, — d(R, + R3,), ourrecurrentexample.

Theterms|...] arenotuniquelydeterminedsinceary degreeN zeromodefor a smallernumber
of pointsmightbeadded.Furthermorepermutationf thepointsin f , give otherzeromodesso

thatwe may symmetrizehe above expressionsandlook only atthe permutation-imariantmodes.
The scalingdimension, , of f, ; is clearlyequalto N. This linear growth signalsthe absence
of attractve effectsbetweerthe particlesdiffusingwith a constandiffusivity (no particlebinding

in the shapeevolution). As we shall seein Sectlll.C.1, this leadsto the disappearancef the

intermitteny in the adwectedscalarfield, thatbecomegsaussiarin thelimit & — 0.

To the linear orderin &, the operator I/[N will differ from the Laplacianby a secondorder
differentialoperator—¢V, involving logarithmictermsO In(r,m). The zeromodeandits scaling
dimensionareexpandedas fo + & f; andN + & (4, respectrely. Thelowestorderterm fg is given
by the symmetrizatiorof (81). As usualin suchproblemsthe degenerag hiddenin [...] maybe
lifted by the perturbatiorthatfixes fo for eachzeromode,seebelov. At thefirst orderin &, the

equationghatdefinethe zeromodesandtheir scalingdimensiorreduceto therelations
0%f, = Vo, (Ra;— N) fy = Ty fo. (82)

Givenanarbitraryzeromode fo, oneshows thatthe first equationadmitsa solutionof the form

fi=h+ S hamIn(ram) with O(d)-invariant,degreeN polynomialshym and h, the latter be-
n<m

ing determinedup to zeromodesof QZ. Note that the function (Rd; — N) f = 5 hnm is also

n<m
annihilatedby the Laplacian:

0%(R3,— N) f; = (RIy— N+2)02f; = (RI;— N+2)V fo
= ([Rdg, V]+2V) fo + V (RI,—N) fo = 0. (83)

Thelastequalityfollowsfrom thescalingof fo andthefactthatthecommutator®f Ro, with fﬂlfv[,\,
andV are(§ —2) ﬁN and—[0° — 2V, respectrely. Oneobtainsthisway alinearmap ™ onthe
spaceof thedegreeN zeromodesof the Laplacian:I" fo = (Rd; — N) f1. Thesecondequationin
(82) stateghat fo mustbechoserasaneigenstat®f themapl'. Furthermorethefunctionshould

not belongto the subspacef unit codimensiorof the zeromodesthat do not dependon all the
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points.It is easyto seethatsuchsubspaces preseredby themapl'. Astheresult,theeigervalue

{1 is equalto theratio betweerthe coeficientsof R122R54"'R(2n1_1)m in I fo andin fo. Thelatter
is easyto extract,see(Bernardetal., 1996)for thedetails,andyieldstheresult {1 = — Nzgg'jg)) or,
equialently,
N N(N-—2) 2
= -2-8) — ———== 4

giving the leadingcorrectionto the scalingdimensionof the lowestirreduciblezeromode. Note
thatto thatorder{,, is a concae functionof N. Higherordertermsin & have beenanalyzed
in (Adzhemyanet al., 1998) (the secondorder) andin (Adzhemyanet al., 2001) (the third or-
der). The latter papersuseda renormalizationgroup resummatiorof the small & perturbatve
seriesfor the correlationfunctionsof the scalargradientan conjunctionwith anoperatorproduct
expansion,seeSec.lll.C.1. The expression(84) may be easilygeneralizedo the compressible
Kraichnanensemblef compressibilitydegreel]. Thecorrection{; for thetracerexponentpicks
up anadditionalfactor (14 2J) (Gavedzki andVergassola2000).Higherordercorrectionamay
be foundin (Antonov and Honkonen,2000). The behaior of the densitycorrelationfunctions
wasanalyzedn (Adzhemyarand Antonov, 1998; Gavedzki andVergassola2000; Antonov and
Honkonen,2000).

For largedimensionalityd, it is corvenientto usethevariablesx = Rﬁr_nE astheindependent
coordinate® to make the d-dependence fﬂj[N explicit. Up to higherordersin 1/d, the operator
ﬁN OL-— %U, where L =d=! 5 [(d- 1)9, +(2— E)xnmaxznm] and U is a secondorder d-
independendifferentialoperato:r;?;(ing dervativesover differentx .. We shalltreat L asthe
unperturbeaperatorand —%U asaperturbationTheinclusioninto £ of thediagonaltermsl] %
makesthe unperturbeperatorof the same(second)rderin derivativesasthe perturbatiorand
renderghe perturbatve expansionesssingular Theirreduciblezeromodesof £ with thelowest

dimensionaregivenby anexpressiorsimilarto (81):

fN,o(B) = Xpp X4 - Xn_yyn + [---], (85)

Their valuesarerestrictedonly by thetriangleinequalitiesbetweerthe interparticledistances.
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and the permutationghereof. Their scalingdimensionis %(2— ). For N =4, onemay for

exampletake f40=X,%,, — % (fo+ x§4). Asin the&-expansionjn orderto takeinto account

the perturbationU, onehasto solve theequations

L = Uf. (3 Kb 3) f1 = ;_—1& fo. (86)

n<m
Onechecksagainthatl fo=( $ xnmaXnm— %) f1 isannihilatedby L. In orderto calculate(q, it
n<m

remainsto find the coeficient of x,,...x

~n_yn N [ fo. Inits dependencen the x's, thefunction

U fo scaleswith power (% —1). Onefinds f1 by applyingtheinverseof theoperatorL toit. T fp
is thenobtainedoby gatheringthe coeficientsof thelogarithmictermsin f1, see(Chertlov etal.,
1995b)for thedetails.Whend — o, theoperator £ reducego thefirstorderone L'= y a

n<m
This signalsthat the particle evolution becomesdeterministicat d = oo, with all x . growing

Xnm*

linearlyin time. If oneis interestednly in the% correctionto the scalingexponentandnotin the
zeromode,thenit is possibleto usedirectly the more natural(but moresingular)decomposition
ffi;[N 0L - %U’. The leadingzero modesof £’ alsohave the form (85). Noting that £/ is a
translationoperatorthe zeromode '’ fo maybe obtainedasthe coeficient of thelogarithmically
divergenttermin /OOOU’fo(xnm—t) dt, see(Chertlov andFalkovich, 1996). In bothapproaches,

thefinal resultis

zZ

N(N—2)
Y

L

ZN,O = E(Z_E) & + O(dz)v (87)

whichis consistentvith thesmall& expression84).

The non-isotropiczero modes,as well asthosefor odd N, may be studiedsimilarly. The
zeromodesof fixed scalingdimensionform a representationf the rotationgroup SO(d) which
maybedecomposeato irreduciblecomponentsln particular onemayconsidetthecomponents
correspondindo the symmetrictensorproductsof the definingrepresentationf SO(d), labeled
by the angularmomentum| (the multiplicity of the tensorproduct). For two particles,no other
representationsf SO(d) appearThe2-pointoperatorﬁ2 becomesn eachangularmomentum
sectoranexplicit second-ordedifferentialoperatoiin theradialvariable.lt is thenstraightforward

to extractthe scalingdimensionf its zeromodes:
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= 42, 2\/(d 2 gy 40 12BiG+d-2) )

NotethatZzlO = 1lin ary d correspondingo linearzeromodes.For the 3-pointoperatorthelowest

scalingdimensionsare ZO =4 Z(d__z) &+ 0(?) (Gatetal., 1997a,b)and Zl =3— %‘ &+

O(£2) (Pumit 1996and1997)or {1, = 3—&— % + 0(%) (GutmanandBalkovsky, 1996). For
even N and j, Arad, L'vov etal. (2000)have obtainecthe generalizatiorof (84) in theform

N N(N=2) j(j+d—2)(d+1)
Gio = 5(2=8) - (2(d+2) T 2d+2(d=1)

The effective expansionparametein the small ¢ or large d approachurnsoutto be = é)

so that neitherof them s applicableto the region of the almostsmoothvelocity fields. This

)& + o). (89)

region requiresa differentperturbatve techniqueexploiting the numeroussymmetriesexhibited
by the multiparticleevolutionin thelimiting casef = 2. Thosesymmetriesverefirst noticedand
employed to derive an exact solution for the zero modesby Shraimanand Siggia (1996). The

expressiorof the multiparticleoperatorsat& = 2 reads

—_~

M, = Dy (dH? - (d+1)J?), (90)

with H? = 5 HjjHji and J? = — 3 J% denotingthe Casimiroperatorsf thegroup SL(d) andof
its SO(d) sll;bgroupactingonthtla?nde( i =1,...,d of theparticlepositionsr!,. Thecorrespond-
ing generatoraregivenby H;j = %( r'nD i+ 16.,( k)) and Jj = Hij — Hji. Therelation
(90),thatmaybeeasilychecleddirectly, is consistentvith the expression68) for the heatkernel
of ﬁN. As mentionedn Sect.ll.B(i), theright handside of (90) is indeedthe generatonof the
diffusion processW(t) onthegroup SL(d). In their analysis,Shraimanand Siggia(1995)em-
ployed analternatve expressiorfor the multiparticle operatorsexhibiting yet anothersymmetry

of thesmoothcase:

M, = Dy (dGZ (d+1)3%+

AA+dy)) (91)

N—1
where G2 = S  GnmGmn is the quadraticCasimir of SL(N — 1) acting on the index n =
n,m=1

1,...,N—1 of the differencevariablesrj1N andA\ =3 rinDr;1 is the generatorof the overall di-
i,n

lations. For threepoints,onemay thendecomposé¢he scalingtranslationallyinvariantfunctions
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into the eigenfunctionof G2, L? and other generatorcommutingwith the latter and with A.
The zero modesof ﬁg at £ = 2 have the lowestscalingdimensionequalto unity andvanish-
ing in the angularmomentumsectorsj = 1 and j = 0, see(Pumiretal., 1997)and (Balkovsky
et al.,, 1997a). They have infinite multiplicity sincetheir spacecarriesan infinite-dimensional
representatioof SL(2). Similar zeromodesexist for ary higherscalingdimension.In 2d, for
example,the scalingdimensionof a three-particlezero modemay be raisedmultiplying it by a
power of del(rjﬁ). The continuousspectrunof the dimensionsandtheinfinite degenerag of the
zeromodesin the smoothcaseis one sourceof the difficulties. Anotherrelateddifficulty is that
for & = 2 theprincipalsymbolof 3\7[3 loosespositive-definitenesaot only whentwo of the points
coincide,but alsowhenall the threepoints becomecollinear Thatleadsto the dominationfor
guasi-collineageometrieof the perturbatve termsin ﬁv@ overthe unperturbednes.The prob-
lemrequiresaboundarylayerapproactdevelopedfirst by Pumiretal. (1997)for the j = 1 sector
with the conclusiornthatthe minimal scalingdimensionof thezeromodebehaesas 1+ 0(2—§).
Similar techniqueded Balkovsky et al. (1997a)to aguefor a O(\/ﬁ) behaior of the min-
imal scalingdimensionof the isotropiczeromodes. The three-particlezeromodeequationwas
solvednumericallyfor thewholerangeof valuesof & by Pumir(1997)for j =1 andd = 2,3 and
by Gatetal. (1997a,b)n theisotropiccasefor d = 2,3,4. Their resultsarecompatiblewith the
perturbatve analysisaround& = 0 and & = 2, with a smoothinterpolationfor the intermediate
values(no crossingbetweendifferentbrancheof the zeromodes). Analytical non-perturbatie
calculationsof the zeromodeswere performedfor the passve scalarshellmodels,wherethe de-
greesof freedomarediscrete. We referthe interestedeaderto the original works (Benziet al.,
1997; AndersenandMuratore-Ginanneschi,999)andto (Bohr et al., 1998)for anintroduction

to shellmodels.

[ll. PASSIVE FIELDS

Theresultsonthestatisticof Lagrangiartrajectoriepresentedn Chapteil will beusedhere

to analyzehepropertief passvely adwectedscalarandvectorfields. Thequalification“passve”
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meanghatwe disregardtheback-reactiomf theadvectedieldsontheadwectingvelocity. We shall

treatbotha scalamperunit mass(atracerfield), satisfyingthe equation

00+v-06 =k0%, (92)
andthedensityperunit volume,whoseevolution is governedoy

on+ - (nv) = kO?n. (93)

Forincompressibldlows, thetwo equationsareobviously coinciding. Examplesof passve vector

fieldsareprovided by the gradientof atracerw = 06, obeying
0w+ O(v- w) = kO%w, (94)
andthedivergencelessnagnetidield evolving in incompressiblélow accordingto
0B+v-OB—B-Ov=kKO’B. (95)

Two broadsituationswill bedistinguished forcedandunforced.The evolution equationgor the
latterare (92)-(95). They will be analyzedn Sect.lll.A. For the former, a pumpingmechanism
suchasa forcing termis presentand steadystatesmight be establishedThe restof the Chapter
treatssteadycascade®f passve fields underthe action of a permanenpumping. As we shall
seebelaw, the adwectionequationanay be easily solved in termsof the Lagrangianflow, hence
the relationbetweenthe behaior of the advectedfields and of the fluid particles. In particular
the multipoint statisticsof the adwectedfields will appearto be closelylinked to the collective
behaior of the separatindg.agrangiamparticles.An introductionto the passve adwectionproblem

may befoundin (ShraimarandSiggia,2000).

A. Unforced evolution of passive scalar and vector fields

The physicalsituationof interestis thattheinitial passve field or its distributionis prescribed
and the problemis to determinethe field distribution at a later time t. The simplestquestion

to addresss which fields have their amplitudesdecayingin time andwhich growing, assuming
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the velocity field to be statisticallysteady A tracerfield always decaysbecauseof dissipatve
effects,with thelaw of decaydependingon the velocity properties.The fluctuationsof a passve
densitymaygrow in acompressiblélow, with this growth saturatedy diffusionaftersometime.
The fluctuationsof both w and B may grow exponentiallyaslong as diffusion is unimportant.
After diffusioncomesinto play, their destiniesaredifferent. w decayswhile the magneticfield
continuego grow. Thisgrowth is known asdynamoprocessandit continuesuntil saturatedy the
back-reactiorof the magneticfield on the velocity. Anotherimportantissuehereis the presence
or absencef a dynamicself-similarity: for example,is it possibleto presenthe time-dependent
PDF ?(8;t) asafunctionof asingleargument?n otherwords,doesthe form of the PDFremain
invariantin time apartfrom a rescalingof thefield? We shallshawv thatfor large timesthe scalar
PDFtendsto a self-similarlimit whenthe adwectingvelocity is nonsmoothwhile self-similarity

is brokenin smoothvelocities.

1. Backward and forward in time Lagrangian description

If the advecting velocitiesare smoothandif the diffusive termsare negligible,’ the advec-
tion equationgnay be easilysolvedin termsof the Lagrangiarflow. To calculatethe valueof a
passvely adwectedfield at a giventime one hasto tracethe field evolution backwardsalongthe
Lagrangiartrajectories.Thisis to be contrastedvith the descriptionof the particlesin the previ-
ousChapterwhich wasdevelopedin termsof the forward evolution. Thetracer staysconstant

alongthe Lagrangiartrajectories:
6(r,t) = B(R(0;r,t),0), (96)

where R(-;r,t) denotesthe Lagrangiantrajectorypassingat time t throughthe point r. The
density n changesalong the trajectoryasthe inverseof the volume contractionfactor Let us
considerthe matrix\W(t;r) = W(t;R(0;r,t)), whereW(t;r) is givenby (13) anddescribeghe
’Recallthatthe Schmidtnumberv/k, alsocalled Prandtinumberwhenconsideringemperaturer mag-

neticfields,is assumedo belarge.
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forward evolution of smallseparation®f the Lagrangiarnrajectoriesstartingattime zeronearr.

Thevolumecontractiorfactoris defW(t;r)) and
n(r,t) = [detW(t;r))] 1 n(R(O;r,1),0). (97)

Notethatthe matrix\W(t;r) is theinverseof the backward-in-timeevolution matrix W/ (t; r) with
the matrix elementsdR! (0;r,t)/drl. Thisis indeedimplied by theidentity R(t;R(0;r,t),0) =r
andthechainrule for differentiation.Thesolutionof theevolution equatiorfor thegradientof the

traceris obtainedby differentiating(96):
w(r,t) = (W(t;r) HT w(R(0;r,1),0). (98)
Finally, themagnetidield satisfies
B(r,t) = W(t;r) B(R(O;r,1),0). (99)

Therelations(96) to (99) give, in the absencef forcing anddiffusion, the solutionsof theinitial
valueproblemfor the adwectionequationsn a givenrealizationof a smoothvelocity.

For non-zerok, the solutionsof the scalarequationsare given essentiallyby the sameex-
pressionsHowever, R(-;r,t) denotesiow anoisyLagrangiartrajectorysatisfyingthe stochastic
equation(5) andpassinghroughr attimet andtheright handsidesof the equationg96) to (99)
shouldbe averagedover the noiseusingthe I1td formula of stochasticcalculusdiscussedn Ap-
pendix. Thesesolutionsmay be rewritten usingthe transitionPDF's p(r,s;R t|v) introducedin
Sect.ll.C, see(43) anddescribingthe probability densityto find the noisy particleattime t at

position R, givenits time s positionr. Onehas

8(r,t) /p t;R,0[v) 8(R,0) dR, n(r,t):/p(R,O;r,t|v)n(R,O)dR. (100)

Thetwo PDF’s appearingn theseformulae,one backward andthe otherforward in time, coin-
cidefor incompressiblerelocitiesbut they aregenerallyunequalfor the compressibleases For
nonsmoothvelocities,thosePDF’s continueto make senseand we shall use (100) to definethe

solutionsof the scalaradwectionequationsn that case. As for the vectorfields, their properties
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dependboth on the noisy Lagrangiantrajectoryendpointsand on the matricesW(t;r), that are
well definedonly in smoothvelocities. The formal procedurgor nonsmoothvelocitiesis to first
imposea viscouscutoff, smoothingthe velocity behaior at small scalesandthenremoving it.
Whenthisis done,somepropertiesof thefield remainwell definedandmaybeanalyzedsee for
instance Sectionlll.C.3).

In randomvelocity fields, the advectedquantitiesbecomeandomfields whosestatisticsmay
be probedby consideringthe equal-timecorrelationfunctions. In particulay thoseof a tracer

evolve accordingo

Cu(rt) = (8(r,,t) .. 8(r 1)) = /TN([; R —t)8(R,,0) ... 8(R,,0) dR. (101)

Here,asin Sect.Il.C, the Greenfunctions 7, arethejoint PDF’s of the equal-timepositionsof
N fluid particles,see(65). For the correlatorsof the densityn, the backward propagatoin (101)
shouldbe replacedy its forward version,in agreementvith (100). If theinitial dataarerandom
andindependentf thevelocities,they maybe easilyaveragedver. For atracerwith a Gaussian,

meanzeroinitial distribution:

Con(r,t) = /ngn([;B;—t) Co(R12.0) ... Co (Ran-1y2n,0) + ... | R, (102)

where,accordingo the Wick rule, the dotsstandfor the otherpairingsof the 2n points.

Let us now briefly discussthe compressiblease wherethe statisticsof the matricesW and
W generallydo not coincide.As we have alreadydiscussedn Sectionll.D, every trajectorythen
comeswith its own weight determinedby the local rate of volume changeand exhibited by the

Lagrangiaraverageof afunction f (W):

[ § = [ fwER) detw(;R) . (103)

The relation in (103) simply follows from the definition of W. The volume changefactor
detW) = expy pi, with the samenotationasin Sect.Il.B. Recallthatonly the averageof the
determinants generallyequalto unity for compressiblélow. The average®of the SO(d)-invariant

functionsof W aredescribedor largetimesby thelarge-deiation function H = H — S pi/t, with
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the lastterm comingfrom the volumefactor The correspondind.yapunw exponentin arede-
terminedby the extremumof H (Balkovsky etal., 1999a). The exponentsgenerallydependon
theform of theentrogy function H andcannotbe expressedia the Lyapunw exponentsh; only.
Sincethe matrix W’ of the backward evolution is the inverseof W, the backward Lyapuno ex-
ponentsaregivenby —S\d—i+1 andnotby the naive guess—Aqy_j11. In particular theinterparticle
distancedivergesbackwardin time with the exponent—id. The sameway aswe have shown in
Sect.ll.Dthaty Aj < 0in acompressiblélow, oneshONsthathi > 0 (implying 5\1 > 0). Forthe
forward Lagrangiarevolution we thushave an averagecompressiorof volumes whereagpassve
fields ratherfeel an averageexpansion.Indeed,aswe go away from the momentwherewe im-
poseda uniform Lagrangiamrmeasurethe rate of changeof the volumeis becomingnegativein a
fluctuatingcompressibldlow.

Theforwardandbackwardin time Lyapunw exponentscoincideif the statisticsof the veloci-
tiesis time-reversible,i.e. if v(r,t) and —v(r,—t) areidenticallydistributed. More generally the

entiredistributionsof theforward andthe backwardin time stretchingratescoincidein thatcase:

H(p1/t—=A1,...,Pa/t—Ad) = H(=pa/t—A1,...,—p1/t—Ad) +  pi/t. (104)

This is anexampleof thetime-reversibility symmetryof the large deviation entrogy functionthat
wasdescribedy Gallavotti andCohen(1995). Thesymmetryholdsalsofor a d-correlatedstrain,
althoughtheabovefinite-volumeargument(103)doesnotapplydirectlyto this case Recallthatin

thatinstancethe entrogy function (59) describeghe large deviationsof the stretchingratesof the
matrix W(t) givenby theltd versionof (16). For theinverseevolution, the strain o(s) shouldbe
replacedy o’(s) = —a(t — s) andthematrix W/(t) hasthesamedistributionasW(t). Thematrix
W(t) =W/ (t)~1 is thengivenby (16) with theanti-Itd regularizationandtherelationbetweerthe
conventions(seeA4) implies W(t) = W(t) e 22A/d  Realisticturbulent flows areirreversible
becauseof the dissipationso that the symmetry(104), that was confirmedin an experimental

situation(Ciliberto andLaroche, 1998),maybe at mostapproximate.

63



2. Quasi-Lagrangian description of the advection

Importantinsightsinto the advectionmechanismsre obtainedby eliminatingglobal sweep-
ing effectsanddescribingthe adwectedfieldsin a framewhoseorigin moveswith thefluid. This
picture of the hydrodynamicevolution, known underthe nameof quasi-Lagrangiamlescription,
is intermediatebetweenthe staticEulerianandthe dynamicLagrangianones(Monin, 1959; Be-

linicherandL’vov, 1987).Specifically quasi-Lagrangiafields aredefinedas
O(r,t) = W(r+R(t;ro,0),t), (105)

where | standsfor ary Eulerianfield, scalaror vector introducedpreviously and R(t;ro,0) is
theLagrangiartrajectorypassinghroughrg attime zero. Thequasi-Lagrangiafieldssatisfythe
sameevolution equationsasthe Eulerianonesexceptfor thereplacementf theadwectivetermby
[V(r,t) —¥%(0,t)] - O. If theincompressiblevelocity andtheinitial valuesof the adwectedfield are
statisticallynomogeneousheequal-timestatisticsof thequasi-Lagrangiaandthe Eulerianfields
coincide. The equal-timestatisticsis indeedindependenof theinitial point ro. The equality of
theequal-timeEulerianandquasi-Lagrangiadistributionsfollows thenby averagingfirst over rg
andthenover the velocity andby changingthe variablesr — R(t;ro,0). The equalitydoesnot
holdif theinitial valuesof the adwectedfieldsarenon-homogeneous.

It will bespeciallycorvenientto usethequasi-Lagrangiapicturefor distances muchsmaller
thantheviscousscale|.e. in the Batcheloregime (Falkovich andLebed®, 1994). Thevariations
in the velocity gradientsmay thenbe ignoredso that ¥(r,0) — ¥(0,t) = o(t)r. In this case the
velocity field entersinto the adwectionequationsonly throughthe time dependenstrain matrix.

For thetracer oneobtainsthenthe evolution equation
00+ (or)- 06 = k%6, (106)

This may be solved asbeforeusingnow the noisy Lagrangiartrajectoriedor a velocity linearin

thespatialvariables:

B(r,t) = e(W(t)—lr-\/ﬂ /0 tW(s)—lous(s,),o), (107)
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whereW(t) is theevolutionmatrix of (16). Theoverlinedenotesheaverageoverthenoisewhich

is easilyperformedfor incompressiblerelocity fieldsusingthe Fourierrepresentation:

B(r,t) = / BW()k,0) exp [ ik-r — k- Q) k] & (108)

with Q) = K /0 W(OW(S W] WD) (109)

3. Decay of tracer fluctuations

For practicalapplicationsg.g. in the diffusion of pollution, the mostrelevant quantityis the
average(0(r,t)). It follows from (101) that the averageconcentrationis relatedto the single
particle propagationdiscussedn Sect.ll.A. For timeslongerthanthe Lagrangiancorrelation

time, the particlediffusesand(B) obeys the effective heatequation

at<e(r,t)>:DLi DiDj<9(r,t)>, (110)

with the effective diffusivity DLj given by (9). The decayof higherorder momentsand multi-
point correlationfunctionsinvolves multiparticle propagatiorandit is sensitve to the degreeof
smoothnessf thevelocity field.

The simplestdecayproblemis that of a uniform scalarspotof size  releasedn the fluid.
Anotherrelevant situationis that wherea homogeneoustatisticswith correlationsdecayingon
the scale/ is initially prescribed.The correspondinglecayproblemsare discussedereafterfor
thetwo case®f smoothandnonsmoothincompressibldlow.

i) Smoothvelocity. Let usconsideraninitial scalarconfigurationgivenin the form of a single
spotof sizel. Its averagespatialdistribution atlatertimesis givenby thesolutionof (110)with the
appropriatanitial condition. On the otherhand,the decayof the scalarin the spotasit is carried
with theflow correspondso theevolution of 0, definedby (105). We assumehe Schmidt/Prandtl
numberv/K to be large so that the viscousscalen is much larger than the diffusive scalery.

We shall be consideringthe 3d situation,wherethe diffusive scalerq = y/k/|A3| andAs is the

mostnegative Lyapunw exponentdefinedin Sectionll.B.1. As shown there,for timest < tg =
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IAs|7In(¢/ryq), thediffusionis unimportantandthevaluesof thescalarfield insidethe spotdo not
change At latertimes,thewidth in the directionof the negative Lyapunw exponentAs is frozen
at rg, while the spotkeepsgrowing exponentiallyin the othertwo direction$. The freezingof
the contractingdirectionatry thusresultsin anexponentialgrowth of thevolume exp(p1 + p2).
Hence,the scalarmomentof ordera measuredt locationsinsidethe spotwill decreaseasthe
averageof exp[—a(p1+ p2)]. The resultingdecaylaws exp(—yqt) may be calculatedusingthe
PDF (27) of the stretchingvariablesp;. More formally, the scalarmomentsinside the spotare
capturedy thequasi-Lagrangiasingle-pointstatistics.Following Balkovsky andFouxon(1999),

let ustake in (108)a Gaussiarinitial configuration8(k, 0) = exp[—%(fk)z]. As aresult,

8(0,t) = / exp|— 32Kk 1(OK] 25 0 detl (1) 12 = e72P, (111)

wherel (t) is the meantensorof inertiaintroducedin Sect.l1.B.1, see(25). Usingthe PDF (27),

oneobtainsthen

(8°®) O [ eml=a(pa+p2) ~tH(pa/t=hs,p2/t—12)] dpsdp. (112)

At largetimes,theintegralis determinedy thesaddlepoint. At smalla, it lieswithin theparabolic
domainof H andthe decayratey, increasegjuadraticallywith the ordera. At large enoughor-
ders,theintegralis dominatedoy therarerealizationsvherethe volumeof the spotdoesnotgrow
in time andthe growth ratesbecomendependenobf the order(Shraimanand Siggia,1994; Son,
1999;Balkovsky andFouxon,1999). Thatconclusions confirmedexperimentally(Groismanand
Steinbeg, 2000).

An alternatve way to describethe decayof (8N(t)) is to take N fluid particlesthat cometo
thegivenpointr attimet andto trackthembackto theinitial time. Therealizationscontributing
to the momentsarethosefor which all the particleswereinitially insidethe original spotof size
£, see(107). Looking backward in time, we seethat the molecularnoisesplits the particlesby

8As in Sectionll.B, we considerthe caseof two non-ngative Lyapune exponents;the agumentsare

easilymodifiedfor two non-positve exponents.
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small separationsf order O(rq) during a time interval of the orderty = r3/k = IA31| neart.

After that, the adwectiontakesover. Therealizationscontrikbuting to the momentsarethosewith

theinterparticleseparationsimostorthogonato the (backward) expandingdirectionps of W1

More exactly, they shouldform anangle S (¢/rq) €°3 with the planeorthogonako the expanding
direction. Suchseparation®ccupy asolid anglefraction of the sameorder Sincewe now track
particlesmoving dueto the adwection(the moleculamoiseis accountedor by thefinite splitting)

theny pi = 0 and(112)follows.

The samesimpleargumentdeadto the resultfor the caseof a randominitial conditionwith
zeromean.Let usfirst considerthe casewhenit is Gaussiarwith correlationlength/. It follows
from (102) thatthe realizationscontrituting to (8”") = (™) arethosewheren independenpairs
of particlesare separatedby distancesmallerthan/ attimet = 0. The momentsaretherefore

givenby

<92n(t)> 0 /eXD[—”(Pl+pz)—tH(pl/t—M,pz/t—Az)] dp1dpy . (113)

Note thatthe resultis in factindependenof the scalarfield initial statistics. Indeed,for a non-
Gaussiarfield we shouldaverageover the Lagrangiartrajectoriegheinitial correlationfunction
Con(R(0),0) thatinvolvesa non-connectednda connectegart. Thelatteris assumedo beinte-
grablewith respecto the2n— 1 separatiorvectorgandthusto dependnthem).Eachdependence
brings an exp[—p1 — p2] factorandthe connectedpart will thus give a subleadingcontribution
with respecto the non-connectedne. The above resultswerefirst obtainedby Balkovsky and
Fouxon (1999) usingdifferentarguments(seeSectionslil.4 andlll.5). Remarkthe squareroot
of the volumefactorappearingn (113) asdistinctfrom (112). In the languageof spots,thisis
explainedby the mutual cancellationf the tracerfrom differentspotsandthe ensuinglaw of
large numbersindeed differentblobsof size/ with initially uncorrelatedraluesof the scalamwill
overlapattimet andther.m.s.valueof 8 will beproportionalto the squareroot of the numberof
spotsl] exp(p1+ p2). Thesamequalitative conclusionglravn previously aboutthe decayratesyy
may be obtainedfrom (113). In particular Balkovsky and Fouxon(1999)performedthe explicit

calculationfor the short-correlatedase(28). Theresultis
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Vo = —t|mf1|n<|e|“> 0o (1—%) , (114)

for a < 4 and yy = const for a > 4. An importantremarkis that the PDF of the decaying
scalaris not self-similarin a smoothvelocity field. The PDFis indeedbecomingmoreandmore
intermittentwith time, assignaledby the growth of the kurtosis<\9\0‘>/<92>0(/2 fora > 2. The
previousamgumentsmay be easilygeneralizedo the caseof compressibldlow.

i) Nonsmoothvelocity. For the decayin incompressiblenonsmoottflow, we shall specifically
considerthe caseof atime reversibleKraichnanvelocity field. The commentsnthegenerakase
areresened to the end of the section. The simplestobjectsto investigateare the single-point
moments<62”(t)> andwe areinterestedn their long-timebehaior t > £2~¢/D;. Here, ¢ is the
correlationlengthof therandominitial field andD1 enterghevelocity 2-pointfunctionasin (48).

Using (101)andthescalingproperty(71) of the Greenfunctionwe obtain
1
(6()) = [ (@R ~1)Can (177R 0) 0R (115)

Therearetwo universality classedor this problem,correspondingo eithernon-zeroor vanish-
ing value of the so-calledCorrsinintegral Jo = [Cy(r,t)dr. Note thatthe integral is generally
preseredin time by the passve scalardynamics.
We concentraténereon the casely # 0 andrefertheinterestedeaderto the original paperby
d 1

Chavesetal. (2001)for moredetails.For Jy # 0, thefunction t2-2 Cy(t2-2r, 0) tendsto Jpd(r) in
thelong-timelimit and(115)is reducedo

(0"(t)) ~ (2n—1)!! —/TZn (0; R, Ry,...Ry,Ry;—1) dR (116)

t2-¢

for aGaussiannitial condition. A few remarksarein order First, thepreviousformulashavsthat

the behaior in time is self-similar In otherwords, the single point PDF P(t, 0) takesthe form

d d
t22-9 Q(t2290). Thatmeansghatthe PDF of 8/1/¢ is asymptoticallytime-independenaswas
hypothetizecby Sinaiand Yakhot(1989),with £(t) = k((08)?) beingtime-dependentdecreas-
ing) dissipationrate. This shouldbe contrastedvith the lack of self-similarity found previously

for the smoothcase. Secondthe resultis asymptoticallyindependenof the initial statistics(of
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coursewithin the universalityclassJy # 0). As in the previous subsectionthis follows from the
factthatthe connectechon-Gaussiamart of Co, dependn morethann separatiorvectors. Its
contrikbution is thereforedecayingfasterthant_ZanE. Third, it follows from (116) that the long-
time PDF, althoughuniversal,is generallynon-Gaussianits Gaussianityvould indeedimply the
factorizationof the probability for the 2n particlesto collapsein pairsat unit time. Dueto the
correlationexistingamongthe particletrajectoriesthisis generallynotthe case gxceptfor & = 0
wherethe particlesareindependentThe degreeof non-Gaussianitys thusexpectedto increase
with &, asconfirmedby the numericalsimulationspresentedn (Chavesetal., 2001).
Otherstatisticalquantitiesof interestarethestructurefunctionsSn (r, t) = ([8(r,t) — 8(0,1)]%")

relatedto the correlationfunctionsby

1 1
SZn(r,t):/O /0 O, -0y, Con(KT sl 1) [T 0K = A1) Con(-). (117)

To analyzetheir long-time behaior, we proceedsimilarly asin (115) and usethe asymptotic

expansion(75) to obtain

Sn(r,t) = [ A Z4) 2+ R -1) Cn(t7¢R.0) IR
~ A(r) fano(+)

{2n,0
t2-¢

1 r Z2n
/ gano(R —1) Con(t2 ER,0) dR O (@) @M1,  (118)

Here, fon o is theirreduciblezeromodein (75) with the lowestdimensionandthe scalarintegral
scale/(t) O tZTlE. As we shallseein Sect.lll.C.1, the quantities{on = {2n0 give alsothescaling
exponentf the structurefunctionin the stationarystateestablishedn theforcedcase.

Let usconcludethis subsectiorby briefly discussinghe scalardecayfor velocity fieldshaving
finite correlationtimes. Thekey ingredientfor the self-similarity of thescalarPDFis therescaling
(71) of thepropagatarSuchpropertyis generallyexpectedo hold (atleastfor largeenoughtimes)
for self-similarvelocity fields regardlessof their correlationtimes. This hasbeenconfirmedby
the numericalsimulationsin (Chavesetal., 2001). For anintermittentvelocity field the presence
of variousscalingexponentamakesit unlikely thatthe propagatopossessea rescalingproperty

like (71). Theself-similarityin time of the scalardistribution mightthenbe broken.
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4. Growth of density fluctuations in compressible flow

The evolution of a passve densityfield n(r,t) is governedby the equation(93). In smooth
velocitiesandin the absencef diffusion, its solutionis readfrom (97), wherewe shall take the
initial field ontheright handsideto beuniform. Thisgivesn(r,t) = [de{W(t;r))]~%. Performing

the velocity averageandrecallingthe long-timeasymptoticof theW statisticswe obtain

(n*(t)) O /eXIO[(1—0()2@—tH(pl/t—?\l,---,pd/t—?\d) [dpi- (119)

The momentsat long timesmay be calculatedoy the saddle-pointnethodandthey aregenerally
behaing as [ exp(yqt). The growth rate function yy is corvex, dueto Holder inequality and
vanishedothat the origin andfor a = 1 (by the total massconseration). This leadsto the con-
clusionthatyy is negative for 0 < a < 1 andis otherwisepositive: low-order momentsdecay
whereasigh-orderand negatve momentsgrow. For a Kraichnanvelocity field, the large devia-
tions function H is given by (59) andthe densityfield becomedognormalwith yy O a(a — 1)
(Klyatskin andGurarie,1999). Note thatthe asymptoticrate (Inn) /t is givenby the derivative at
theorigin of yy andit is equalto — zii < 0. Thedensityis thusdecayingn almostary realization
if the sumof the Lyapunw exponentss nonzero.Sincethe meandensityis consered, it hasto
grow in some(smallerandsmaller)regions,which impliesthe growth of high moments.Theam-
plification of negatve momentss dueto the growth of low densityregions. The positive quantity
— Y Aj hastheinterpretatiorof themean(Gibbs)entrogy productionrateperunit volume.Indeed,
if we definethe Gibbsentrofy S(n) as — [(Inn)ndr then, by (103), S(n) = [In detW(t;r))dr.
Sinceln detW) = ¥ pi, theentropy transferedo the ervironmentperunit time andunit volume
is —Y pi/t andit is asymptoticallyequalto — 5 A; > 0, see(Ruelle,1997).

Thebehaior of the densitymomentsdiscussedibove is the effect of a linear but randomhy-
perbolicstretchingandcontractingevolution (13) of thetrajectoryseparationsln afinite volume,
the linear evolution is eventually superposedvith non-linearbendingandfolding effects. In or-
derto capturethe combinedimpactof the linearandthe non-lineardynamicsat long times,one
may obsenre at fixedtime t the densityproducedfrom aninitially uniform distribution imposed

at muchearliertimes top. Whentp — —co andif A1 > 0, the densityapproachesveakly, i.e. in
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integrals againsttest functions, a realization-dependeritactal densityn,(r,t) in almostall the
realizationsof the velocity. Theresultingdensityfield is the so-calledSRB (Sinai-Ruelle-Baven)
measureseee.q. (Kiffer, 1988). The fractal dimensionof the SRB measuresnay be readfrom
the valuesof the Lyapunw exponentqFrederiksoret al., 1983). For the Kraichnanensembleof
smoothvelocities,the SRB measuresverefirst discussedy (Le Jan,1985). In 2d, they have a
fractaldlmensmnequalto 1++2 1+2] if 0<O < 2 In 3d, thedimensionis 2+ L% if 0<O < 1
and 1+ 322 if 1 <0 < 3, wherel is thecompressibilitydegree.

The above considerationshav that, aslong asonecanneglectdiffusion, the passve density
fluctuationsgrow in arandomcompressibldlow. Oneparticularcaseof the abore phenomends
theclusteringof inertial particlesin anincompressibleurbulentflow, see(Balkovsky etal., 2001)

wherethetheoryfor a generalflow andthe accountof the diffusion effectsthat eventually stops

thedensitygrowth werepresented.

5. Gradients of the passive scalar in a smooth velocity

For the passve scalargradientsw = [16 in anunforcedincompressibleituation,the equation
to be solvedis (94). Theinitial distribution is assumedstatisticallyhomogeneousvith a finite
correlationlength. As discussegreviously, onemaytreatdiffusion eitherby addinga Brownian
motion to the backward Lagrangiantrajectoriesor by usingthe Fourier transformmethod(108).
For pedagogicalteasonsye chooseherethe latter and solve (94) by simply taking the gradient
of the scalarexpression(108). The long-timelimit is independenof the initial scalarstatistics
(Balkovsky andFouxon,1999)andit is corvenientto take it Gaussiarwith the 2-pointfunction
0 exp[— (r/f)z] The averagingover the initial statisticsfor the generatingfunction Z(y) =
(expliy - w]) reduceghento Gaussianntegralsinvolving the matrix | (t) determinedy (25). The
inverseFouriertransformis given by anotherGaussianntegral overy andonefinally obtainsfor

thePDFof w:

P(w) O <(detl)d/4+1/2 exp | —const/detl (w,lw)]>. (120)
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As may be seenfrom (25), duringtheinitial periodt < ty = |)\gl| In(£/rq), thediffusionis unim-
portant,the contrikbution of the matrix Q to | is negligible, the determinanbf the latteris unity
andw’ grows asthe traceof 1-1. In otherwords, the statisticsof Inw andof —pgy coincidein
the absencef diffusion. The statisticsof the gradientscanthereforebe immediatelytaken over
from Sectionll.B. Thegrowth rate(2t)~%(Inw?) approachef\q4| while thegradientPDF depends
on the entropy function. For the Kraichnanmodel (28), the PDF is lognormalwith the average
D;d(d — 1)t andthe variance2D;(d — 1)t readdirectly from (32). This resultwasobtainedby
Kraichnan(1974)usingthe fact that, without diffusion, w satisfieshe sameequationasthe dis-
tancebetweentwo particles whosePDFis givenby (23).

As time increasesthe wavenumbergevolving as k=go' k) reachthediffusive scaler ; L and
the diffusive effectsstartto modify the PDF, propagatingo lower andlower valuesof w. High
momentdirst andthenloweroneswill startto decreaseThelaw of decayatt >ty canbededuced
from (120). Consideringthis expressionin the eigenbasiof the matrix I, we obsere that the
dominantcomponenbf w coincideswith thelargesteigendirectiorof thel ~1 matrix, i.e. theone
alongthe pg axis. Recallingfrom the Sectionll.B thatthedistributionof pq is stationarywe infer
that<\oo|°‘(t)> O <(detl)—°‘/4>. The comparisorwith (113) shows thatthe decaylaws for the
scalarandits gradientscoincide(Son,1999; Balkovsky andFouxon,1999). This is qualitatvely
understoody estimatingw ~ 0/4min, Where £y is the smallestsize of the spot. Noting that©
and/min areindependenandthat /in ~ ePd ¢ atlargetimeshasastationarystatisticsconcentrated

aroundryg, it is quiteclearthatthe decreasef w is dueto thedecreasef 6.

6. Magnetic dynamo

In this Sectionwe considerthe generatiorof inhomogeneoumagnetidluctuationsbelow the
viscousscaleof incompressibléurbulence. The questions relevantfor astrophysicahpplications
asthemagnetidieldsof starsandgalaxiesarethoughtto have their origin in theturbulentdynamo
action(Moffatt, 1978;Parker, 1979; Zeldovich et al., 1983; ChildressandGilbert, 1995). In this

problem,the magneticfield canbe treatedas passve. Furthermore the viscosity-to-difusivity
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ratio is often large enoughfor a sizableinterval of scalesbetweenthe viscousandthe diffusive
cut-offs to be present. Thatis the region of scaleswith the fastestgrowth ratesof the magnetic
fluctuations.Their dynamicsmodeledby the passve adwectionof magnetidield by alarge-scale
(smooth)velocityfield, will bedescribedchere.

Thedynamaoprocesss causedy thestretchingof fluid elementsalreadyextensvely discussed
above andthemajornew pointto benotedis therole of thediffusion. In aperfectconductorwhen
thediffusionis absentthe magnetidield satisfieshesameequatiorastheinfinitesimalseparation
betweertwo fluid particles(12): dB/dt = o B. Any chaoticflow wouldthenproducedynamoywith

thegrowth rate
< i ~1/1nR2
y= lim (2t)"(InB%), (121)

equalto the highestLyapunw exponentA;. Recallthatthe gradientsof a scalargrow with the
growth rate—A3 duringthediffusionlessstage.In fact,arny realfluid hasanonzeradiffusivity and,
eventhoughit canbe very small,its effectsmay be dramatic. The long-standingoroblemsolved
by Chertlov, Falkovich etal. (1999)waswhetherthe presencef a small, yet finite, diffusivity

couldstopthedynamogrowth processatlargetimes(asit is thecasefor thegradientof ascalar).

Our startingpoint is (99), expressingthe magneticfield in termsof the stretchingmatrix W

andthe backward Lagrangiantrajectory In incompressibldlow, matricesW andW are identi-
cally distributedandwe do not distinguishthemhere. For example,the second-ordecorrelation

functionis givenby
Criat) = <Bi(r1,t) Bj(rg,t)> = <w“wimc;m(Rlz(o;rlz,t),0)>, (122)

with the averagetaken over the velocity andthe molecularnoise. For the sale of simplicity, we
assumehatthe initial statisticsof B is homogeneousiaussianpf zeromeanandof correlation
lengths. We concentratenthebehaior atscales 1, < £. Fortimeslessthanty = [Az|~1In(¢/rq),
the Lagrangianseparation®;» < ¢/ andthe magneticfield is stretchedoy the W matrix asin a
perfectconductoy see(122). For longertimes,the separatiorR;2 canreach/, irrespectve of its
originalvalue.Thisis thelong-timeasymptotiaegimeof interestwherethe destinieof thescalar

gradientsandthe magnetidield aredifferent.
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It follows from (122)thatthe correlationsaredueto thoserealizationswvhereRy(0) S 4. As
in the Sectionlll.A.3, theinitial separationi, shouldthenbe quasi-orthogonatio the expanding
directionps of W~ andthefractionof solid angleoccupiedoy thoserealizationss [ (£/r1) €3,
Togethemwith the €21 factorcomingfrom the perfectconductoramplification,we thusobtainfor

thetraceof the correlationfunction:
tr&(r,t) O /fP(pl, p2,t) eP17P2 dp; dpy, (123)

with P(p1,p2;t) asin (21). Theintegrationis constrainedy —In(4/r12) < p2, requiredfor the
separatioralong p, to remainsmallerthan/. Notethatthegradientsof a scalarfield arestretched
by the sameW—1 matrix that governsthe growth of the Lagrangianseparations.t is therefore
impossibleto increasehe stretchingfactorof the gradientandkeepthe particleseparatiorwithin
the correlationlength/ at the sametime. Thatis why diffusion eventuallykills all the gradients
while the componen8' that pointsinto the directionof stretchingsurvivesand grows with OB
perpendiculato it. Thissimplepicturealsoexplainsthe absencef dynamoin 2d incompressible
flow, wherethe stretchingn onedirectionnecessarilyneanghe contractionn the otherone.

Let us now considerthe single-pointmoments(B?")(t). The 2n particles,all at the same
point at time t, are split by the moleculardiffusion by small separation®f length O(rq) in a
time of the orderty = ré /K neart. For the subsequenadwectionnot to stretchthe separations
beyond/, the “diffusive” separationst time t — ty shouldbe quasi-orthogonato the expanding
directionps. More exactly, they shouldform anangle S (¢/rq4) €** with the planeorthogonalo
the expandingdirection. Togetherwith the pureconductorstretchingfactor we arethusleft with
a contribution O exp[n(2p1 + p3)]. Two possibleclassef Lagrangiantrajectoriesshouldnow
be distinguisheddependingon whetherthe angleformedby the “dif fusive” separationsvith the
p2 directionis arbitrary or constrainedo be small (seealso Molchanw et al., 1985). For the
former, the contribution is simply givenby the averageof the expressionexp[n(p1 — p2)] derived
previously, with the constraint—In/4/ry4 < p2 ensuringthe control of the particleseparatioralong
p2. For thelatter, the contribution is proportionalto the averageof exp[n(p1+ 2p2)]. Indeed the

conditionof quasi-orthogonalityo the p, direction contributesa np, termin the exponentand
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theremaining2np, termis comingfrom the solenoidalitycondition]- B = 0. Themagnetidield
correlationis in factproportionalto thesolenoidaprojectorandthecomponenstretchedy theW
matrix, see(122),is ¢31 0 (1 - (DZ)*lﬂf) C(r). Therealizationshaving the particleseparations
preciselyalignedwith thep, directionwill thereforenotcontribute. For separationalmostaligned
to p1, onemay shaow thatthe squareof theanglewith respecto p; appearsn 11, thusgiving the
additionalsmallfactor (£/rqe°2)?.

Which oneof thetwo previous classe®f Lagrangianrajectoriesdominategshe momentde-
pendson the specificform of the entrogy function. For the growth rate (121), the situationis
simplerasthe averageis dominatedoy the region aroundp; = A;j. The averageof the logarithm
is indeedobtainedby taking thelimit n — 0 in (B?" — 1) /2n andthe saddlepoint at large times
sitsat the minimum of the entrogy function. The two previous classef Lagrangianrajectories

dominatefor positive andnegative Ao, respectrely. Usingtheidentity y Aj = 0, we finally obtain
V: min{()\l—)\z) /2, ()\2—)\3) /2} (124)

Thevalidity of this formulais restrictedfirst, by the conditionthat £exp(A1t) is still lessthanthe
viscousscale.The stretchingin the third directionalsoimposesarestriction:thefinitenessof the
maximalpossiblesize/y of theinitial fluctuationsgivesthe constraintoexp(Ast) > rq. At larger
time, (log|B|?) decays.

The mostimportantconclusioncoming from (124) is that the growth rate is always non-
negative for a chaoticincompressibldlow. Note thatthe growth ratevanishesf two of the Lya-
punor exponentscoincide,correspondingo the absencef dynamofor axially symmetriccases.
For time-reversibleandtwo-dimensionaflows, theintermediatd.yapun exponentvanishesand
y = A1/2. Note that 3d magneticfield doesgrow in a 2d flow; when, however, both the flow
andthefield aretwo-dimensionalpnefindsy = —A1/2. For isotropicNavier-Stokesturbulence,
numericaldatasuggesh, ~ A1/4 (Girimaji andPope,1990)andthelong-timegrowth rateis then
y=~ 3\1/8.

The momentsof positive orderall grow in arandomincompressibldlow with anonzeroLya-

punos exponent. Indeed,the curve E, = In(B?") /2t is a corvex function of n (dueto Holder
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inequality)andit vanishesatthe origin, whereits derivative coincidesby definitionwith the non-
negative growth rate. Even wheny = 0, the growth ratesfor n > 0 are positive if the entropy
function hasa finite width. For n = 1 this wasstatedin (Gruzinos et al., 1996). As discussed
previously, thebehaior of thegrowth ratecurve E,, is nonunversalandit depend®on the specific
form of the entrogy function. For the Kraichnancase we canusethe result(32) for the entrogy
functionandthe calculationis elementaryThe dominantcontributionis comingfrom theaverage
of exp[n(p1— p2)] andthe p, integrationis dominatedby the lower bound—In¢/ry. The an-
swer E; = 3\ wasfirst obtainedby Kazantse (1968). Thegenerakesultis E, = A1n(n+4)/4,
to be comparedwith the perfectconductorresult A1n(2n+ 3)/2. The differencebetweenthem
formally meansthat the two limits of large timesandsmall diffusivity do not commute(whatis
called“dissipatve anomaly”,seenext Section).Multipoint correlationfunctionswerecalculated
by Chertlov, Falkovich et al. (1999). They reflectthe prevailing strip structureof the magnetic
field. An initially sphericalblob evolvesindeedinto a strip structure,with the diffusive effects
neutralizingoneof thetwo directionsthatarecontractedn a perfectconductor The stripsinduce
strongangulardependencesndanomalouscalingssimilar to thosedescribedn Sectlll.B.3 be-

low.

7. Coil-stretch transition for polymer molecules in a random flow

At equilibrium, a polymermoleculecoils up into a spongyball whosetypical radiusis kept
at Ry by thermalnoise. Being placedin a flow, suchmoleculeis deformedinto an elongated
ellipsoid which can be characterizedy its end-to-endextensionR. As long asthe elongation
is much smallerthanthe total length of the molecule,the entropy is quadraticin R so that the
moleculeis broughtbackto its equilibrium shapeby a dampinglinearin R. The equationfor the

elongationis asfollows (Hinch,1977)
1
atR+v-DR:R-Dv—¥R+n. (125)

The left handside describesadwection of the moleculeas a whole, the first term on the right

handsideis responsibldor stretching,t is the relaxationtime andn is the thermalnoisewith
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(n'(t)ni(0)) = &13(t)R3/1. Sincethe size of the moleculesis always much smallerthan the
viscouslengththenOv = o andonecansolve (125) usingthe evolution matrix W introducedin
Sect. 11.B.1. At long enoughtimes (whenthe initial conditionis forgotten)the statisticsof the
elongationis givenby R = [3°dsW(s)n(s)exp[—t/1]. We areinterestedn the tail of the PDF
P(R) at R>> Rp. The eventscontrituting to it arerelatedto the realizationswith a long-time
historyof stretchingwherethevariablep; (correspondingo thelargestLyapunw exponenti;) is
large. Thetail of the PDFis estimatedanalyzingthe behaior of R/Ry = [5° exp(p1(s) —s/1) ds.
Therealizationsdominatingthe tail arethosewherep;(s) — s/1 takesa sharpmaximumat some
time s, beforerelaxingto its typical negative values. The probability of thoseeventsis read
from the large deviation expression21): In? ~ —s,H(s, ~1p1(s.) — A1), whereH is the entroyy
function. With logarithmicaccurag onecanthenreplacep;(s.) = In(R/Rp) + S/t andwhatis
left is just to find the maximumwith respecto s,. The extremumvalueX, = (s,)~*In(R/Ry) is
fixedby thesaddle-pointonditionthatH — X,H’ shouldvanishat X, +1~1 — A1. Thefinal answer

for the PDFis asfollows
PRIODR R with a=H (X +11-A1). (126)

Thecorvexity of theentrogy functionensureshata is positiveif A1 < 1/1.

In accordancevith (126),the exponenta decreasewhen; increasesandit tendsto zeroas
A1 — 1/1. In thisregion, the entropy functionis quadraticandthe exponentis expressedria the
averagevalueof p; andits dispersioronly: o = 2(1— A11) /1A. Theintegral of the PDF diverges
atlarge R asa tendsto zero. Thetransitionat A\; — 1/t is calledthe coil-stretchtransitionas
themajority of the polymermoleculegyot stretchedThis stretchingcanbe stoppedoy non-linear
elasticeffectsor by the backreactionof the polymersonto the flow. The understandingf the
coil-stretchtransitiongoesbackto theworksby Lumley (1972,1973). The power-law tail (126)
hasbeenderivedby Balkovsky etal. (2000). Theinfluenceof non-lineareffectson the statistics

of the elongationrwasexaminedby Chertlov (2000).
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B. Cascades of a passive scalar

This Sectiondescribegorcedturbulenceof a passve tracerstatisticallystationaryin time and

homogeneous spaceWe considerthe adwection-difusionequation
00+ (v-0)0 = KO%0+ ¢ (127)

with the pumping ¢ assumedstationary homogeneoussotropic, Gaussianpf zero meanand

with covariance

(6(r,16(0,0)) = 31)P(r/2). (128)

Thefunction ® is takenconstanfor r /¢ < 1 anddecayingrapidly for largeratios. Thefollowing
considerationgre valid for a pumpingfinite-correlatedn time provided its correlationtime in
theLagrangianframeis muchsmallerthanthe stretchingtime from a givenscaleto the pumping
correlationscale/. Note thatin mostphysicalsituationsthe sourcesdo not move with the fluid
sothatthe Lagrangiarcorrelationtime of the pumpingis the minimum betweents Euleriancor-
relationtime andZ/V, whereV is the typical fluid velocity. Most of the generalffeaturesof the
adwectionarehowever independenbf the detailsof the pumpingmechanisnandits Gaussianity
andd-correlationarenotavery seriousrestriction,asit will beshown in Sectionlll.C.1.
Equation(127) implies for incompressiblevelocitiesthe balancerelationfor the “scalaren-

ergy” densitye = 62/2:
oe+0-j=—-e+0q, (129)

wheree = k(08)? is therateof dissipationgp= ¢0 is thatof enegy injection,andj = $6°v— k000
is the flux density In a steadystate,the injection mustbe balancedoy the diffusive dissipation,
while the stretchingandthe contractionby the velocity provide for a steadycascadef the scalar
from the pumpingscale/ to thediffusionscalery (wherediffusionis comparabléo adwection).
Theadwection-difusiondynamicsinducesthe Hopf equationof evolution for the equal-time

correlationfunctions.For a white-in-timepumping,oneobtains
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(o3}

(0,00 + 3 (0,0%00,.00.)

— K §1<91 . 0%9,...8,) + %@I - 8 ) O, (130)
n= y

in theshorthanahotation®, = 0(r,,t), ®,., = ®(rnm/¢) etc. Theseequationsreclearlynotclosed
sincethe left handside involvesthe mixed correlatorsof the adwectedfields andthe velocities.
An exceptionis provided by the caseof the Kraichnanensembleof velocitieswherethe mixed
correlatorsmaybeexpressedn termsof thosecontainingonly theadwectedfields,seeSect.111.C.1

below. The stationaryversionof the 2-pointHopf equationmaybewrittenin theform
(i D1tz 02)0:62) + 2k (0,61-0,0,) = @, (131)

Therelative strengthof thetwo termsontheleft handsidedepend®n thedistance For velocities
scalingas Arv O 1%, theratio of adwectionanddiffusiontermsPe(r) = A,vr /K may be estimated
asr®t1/k. In particulay Pe = Pe(¢) is calledthe Pécletnumber andthe diffusion scalerq is
definedby therelationPe(rq) = 1.

In the“diffusiveintenal” r12 < rq, thediffusiontermdominatesn theleft handsideof (131).
Taking the limit of vanishingseparationsye infer thatthe meandissipationrateis equalto the
meaninjectionrate€ = (k(06)%) = %CD(O). This illustratesthe aforementionegghenomenorof
the “dissipatve anomaly”: the limit K — O of the meandissipationrate is non-zerodespitethe
explicit k factorin its definition. The“convective internval” rq < ri1» < £ widensup atincreasing

Pécletnumber There,onemaydropthediffusivetermin (131)andthusobtain
<(v1- 1+ V- Op) 9192> ~ ©(0) . (132)

The expression4) may be derivedfrom the generalflux relation(132) by the additionalassump-
tion of isotropy. Therelation(132) statesthatthe meanflux of 82 staysconstanwithin the con-
vective interval andexpressesnalyticallythe downscalescalarcascadeFor the velocity scaling
Arv O 1%, dimensionalargumentssuggesthat A8 O r(1=%/2 (Obukhov, 1949; Corrsin, 1951).

This relationgivesa properqualitatve understandinghat the degreesof roughnes®f the scalar
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andthe velocity arecomplementaryyet it suggestsa wrongscalingfor the scalarstructurefunc-
tionsof orderhigherthanthesecondne,seeSect.lll.C.1.
Let us now derive the exact Lagrangianexpressiongor the scalarcorrelationfunctions. The

scalarfield alongthe LagrangiartrajectoriesR(t) changess

S 0(R().1) = B(R).1). (133)

N
TheN-th orderscalarcorrelation< M e(rn,t)> = C,(r,t) isthengivenby
p=1

G =( [ 0Ru(s)5)ds, - [ $(R.(5).5) 85.), (134)

with the Lagrangiantrajectoriessatisfyingthe final conditionsR,(t) = r,,. For the sale of sim-
plicity, we have written down the expressiorfor the casewherethe scalarfield wasvanishingat
the initial time. If someof the distancesamongthe particlesget below the diffusive scale,the
molecularnoisesin the Lagrangianrajectoriesbecomerelevantandthe averagingof (134) over
their statisticgs needed.

Theaverageover the Gaussiarpumpingin (134)givesfor the pair correlationfunction:

Caiz) = { [ ®(Ria(5)/0)ds). (135)

Thefunction ® essentiallyrestrictsthe integrationto the time interval where Ry2 is smallerthan
theinjectionlength/. If the Lagrangianrajectoriesseparatethe pair correlationreachesatlong
timesthe stationaryform givenby the sameformulawith t = co. Simply speakingthe stationary
pair correlationfunction of a traceris proportionalto the averagetime thattwo particlesspentin
the pastwithin the correlationscaleof the pumping(Falkovich and Lebede&, 1994). Similarly,
the pair structurefunction S(r) = (81 — 8,)?) = 2[C»(0) —Cy(r)] is proportionalto the time it
takesfor two coincidingparticlesto separatéo a distancer. This is proportionalto r~2 for a
scale-ivariantvelocity statisticswith Ayv 0 r%, see(38), sothat Sy(r) is in agreementith the
Obukhov-Corrsindimensionaprediction.

Higherorderequal-timecorrelationfunctionsare expressedimilarly by usingthe Wick rule

to averageover the Gaussiarorcing:
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Con(r,t) = </Ot¢(R12(51))d51 /()t¢(R(2n—1)2n(51))d51> + . (136)

wherethe remainingaverageis over the velocity andthe molecularnoiseensembleandthe dots
standfor the otherpossiblepairingsof the 2n points. The correlationfunctionsmay be obtained

from thegeneratingunctional

(ew]i [o0.0x0 er]) = exp[ 3 [(as [ [ @(Rua9) x(rox(rz) dradrz] . (137)

They probethe statisticsof timesspentby fluid particlesat distancedx;; smallerthan’. In nons-
moothflows, the correlationfunctionsat small scalesyij; < ¢, aredominatedby the single-point
contrikbutions,correspondingo initially coincidingparticles.Thisis thesignatureof theexplosive
separatiorof thetrajectories.To pick up a strongdependencen the positionsr, onehasto study
the structurefunctionswhich aredeterminedy thetime differencedetweendifferentinitial con-
figurations.Corversely the correlationfunctionsat scaledargerthan/ arestronglydependentn

the positions asit will beshovn in Sectlll.B.3.

1. Passive scalar in a spatially smooth velocity

In therestof Sectionlll.B, all the scalesaresupposeanuchsmallerthanthe viscousscaleof
turbulencesothatwe mayassumehevelocity field to be spatiallysmoothandusethe Lagrangian
descriptiondevelopedin Sects.ll.B andll.D. In the Batchelomregime,the backward evolution of
the Lagrangiarseparatiorvectoris givenby Ry2(0) = W(t)~1r1, (if we ignorediffusion)andit
is dominatedby the stretchingrate pq atlongtimes. Theequation(135)takesthentheasymptotic

form
t
Co(r,t) ~ /ds/d)(e‘f’d(s)r/f) i’(pl,...,pd;s) dpy...dpq. (138)
0

The behaior of the interparticledistancecrucially dependson the sign of Xd. For Xd <0, the
backward-in-timeevolution separatethe particlesandleadsin thelimit t — o to a well-defined

steadystatewith the correlationfunction
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(6(t,0)6(t,r)) ~ [Ag|~2(0) In(¢/r), (139)

for r S £. This correspondso the directcascadeCorversely if 7\d > 0 the particlescontractand
the pair correlationfunctiongrows proportionallyto t. Note thatthe growing partis independent
of r. This meanghat, in aflow contractingbackwardsin time, tracerfluctuationsgrow at larger
andlargerscaleswhichis a signatureof the so-callednversecascad®f a passve tracer

If the velocity ensemblas time-reversible,asit is the casefor the d-correlatedmodel (57),
then; = —Ag—ir1 andAg andfxd have oppositesign. They will thusbothchangesignatthesame
valueof the degreeof compressibilityd] = d/4, see(60). This is peculiarfor a short-correlated
caseanddoesnot hold for an arbitrary velocity statistics. There,the changefrom stretchingto
contractionin the forward Lagrangiandynamicsdoesnot necessarilycorrespondo the change
in the directionof the cascaddor the passve tracer relatedto the backward in time Lagrangian

dynamics.

2. Direct cascade, small scales

We considererethe case;\d < 0 (thatincludessmoothincompressiblélows) whenthe parti-
clesdo separatdackward in time anda steadystateexists. We first treatthe corvective interval
of distancedetweerthe diffusion scalery andthe pumpingscalel. Deepinsidethe corvective
interval wherer < ¢, the statisticsof the passve scalartendsto becomeGaussian.Indeed,the
reduciblepartin the 2n-point correlationfunction <q>(e—f’d(51) r12/€) ... (e Par o 4 2n/£)>,
see(136)and(138), dominategheirreducibleonefor n < ngr ~ (\ths)*lln(é/r). Thereason
is that the logarithmicfactorsare smallerfor the irreduciblethanfor the reduciblecontribution
(Chertlov etal., 1995a).Thecritical orderng, is givenby theratio betweerthetime for the par
ticlesto separatdrom a typical distancer to £ andthe correlationtime ts of the stretchingrate
fluctuations.Since/ > r, the statisticsof the passve traceris Gaussiarnup to ordersne > 1. For
the single-pointstatistics the scaleappearingn the expressiorof the critical orderng, shouldbe
takenasr = rq. The structurefunctionsaredominatedoy the forcedsolutionratherthanthe zero

modesin thecorvectiveinterval: S, = ([8(0) —8(r)]2") OIn"(r /rq) for n< In(r /rq). A complete
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expressionthe forcedsolutionplusthe zeromodes)for the four-point correlationfunctionin the
Kraichnanmodelcanbefoundin Balkovsky, Chertlov etal. (1995).

Let us shov now that the tails of the tracer PDF decayexponentially (Shraimanand Sig-
gia, 1994; Chertlov et al., 1995a; Bernardet al., 1998; Balkovsky and Fouxon, 1999). The
physicalreasongehindthis aretransparenandmostlik ely they apply alsofor a nonsmoothve-
locity. First, large valuesof the scalarcan be achieved only if during a long interval of time
the pumpingworks uninterruptedoy stretchingeventsthat eventually bring diffusion into play.
We areinterestedn the tails of the distribution, i.e. in intervals muchlongerthanthe typical
stretchingtime from rq to £. Thoserare eventscan be then consideredasthe resultof a Pois-
son randomprocessand the probability that no stretchingoccursduring an interval of length
t is O exp(—ct). Second,the valuesachie/ed by the scalarin thoselong intervals are Gaus-
sianwith variance®(0)t. Note that this is alsovalid for a non-Gaussiarand finite-correlated
pumping,providedt is larger thanits correlationtime. By integratingover the lengthof the no-
stretchingtime intervals with the pumping-producedlistribution of the scalarwe finally obtain:
2(0) O fdt exp(—ct — 62/20(0)t) O exp(—64/2c/®@(0)). Thisis valid for t < L?/k thatis for
0 < 1/c®(0)L?/k. Interval of exponentialbehaior thusincreasesvith the Pecletnumber For a
smoothcase the calculationshave beencarriedout in detailandthe resultagreeswith the previ-
ousarguments.Experimentaldatain (Jullien et al., 2000) confirm both the logarithmicform of
thecorrelationfunctionsandthe exponentialtails of the scalarPDF. In someexperimentaket-ups
the aforementionedonditionsfor the exponentialtails are not satisfiedanda differentbehaior
is obsered, seefor example(JayeshandWarhaft,1991). The physicalreasons simpleto grasp.
Theinjectioncorrelationtime in thoseexperimentss givenby L/V, whereL is the velocity inte-
gral scaleandV is thetypical velocity. The no-stretchingimesinvolvedin thetail of the scalar
distribution are of the orderof W/V, whereW is the width of the channelwherethe experiment
is performed. Our previous argumentsclearly requireW > L. As the width of the channelis
increasedthetailsindeedtendto becomesxponential.

For a d-correlatedstrain, the calculationof the generatingunctionalof the scalarcorrelators

may be reducedto a guantummechanicaproblem. In the Batchelorregime andin the limit of
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vanishingk , theexponentin the generatingunctional(137) mayindeedbe rewritten as

~ [y ey ds= - [ s [ [ oH(sriz) x(ra)x(rz) dradr. (140)

Recall that the matricesW form a stochasticprocessdescribinga diffusion on GL(d) (or on
S.(d) in theincompressiblease)with ageneratoM. Theabove formulamaythusbeinterpreted
as the Feynman-Kacexpressionfor the integral /et(m_vx)(l,\TV) dW of the heatkernel of M
perturbedby the positive potentialV, . As long asthe trajectoriesseparatdackwardin time, i.e.
for 5\d < 0, thegeneratingunctionalhasa stationarylimit, givenby (140)with thetime integral
extendingto infinity. The Feynman-Kacformula may be usedto find the exponentialrate of
decayof the PDF ?(0) O e Pl As shavn by Bernardetal. (1998),this involvesthe quantum-
mechanicaHamiltonian—M — a2VX , wherethe positive operator—M hasits spectrunstartingat
a strictly positive valueandthe negative potentialtendsto producea boundstateasthe parameter
ais increased.In the incompressiblease the decayrateb is characterizedby the propertythat
the ground stateof the Hamiltonianhaszero enegy. For isotropic situations,the potentialis
only a function of the stretchingratesof W andthe quantum-mechanicairoblemreducedo the

perturbatiorof the Calogero-Sutherlandamiltonianby a potential,seeSectll.B.2.

3. Direct cascade, large scales

We considerherethe scales > / in the steadystateestablishedinderthe conditionfxd <0
(Balkovsky et al., 1999b). From a generalphysicalviewpoint, it is of interestto understandhe
propertiesof turbulenceat scaledargerthanthe pumpingscale. A naturalexpectationis to have
therean equilibrium equipartitionwith the effective temperatureleterminedby the small-scale
turbulence(Forsteretal., 1977;Balkovsky, Falkovich etal., 1995). Thepeculiarityof our problem
is that we considerscalarfluctuationsat scaledarger thanthat of pumpingyet smallerthanthe
correlationlength of the velocity field. This providesfor an efficient mixing of the scalareven
at thoselarge scales. Although one canfind the simultaneousorrelationfunctionsof different
orders,it is yet unclearif sucha statisticscanbe describedby arny thermodynamicavariational

principle.
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The correlationfunctionsof the scalarare proportionalto the time spentby the Lagrangian
particleswithin the pumpingscale.It follows thatthe statisticsatr > £ is relatedto the probabil-
ities of initially distantparticlesto comeclose. For spatiallysmoothrandomflow, suchstatistics
turnsoutto be stronglyintermittentandnon-GaussianAnotherunexpectedieaturein this regime
is a total breakdavn of scaleinvariance:not only the scalingexponentsare anomalousand do
not grow linearly with the orderof the correlationfunction, but even fixed correlationfunctions
aregenerallynot scaleinvariant. The scalingexponentsdependndeedon the anglesbetweerthe
vectorsconnectinghe points. Note thatthe large-scalestatisticsof a scalaris scale-ivariantin a
nonsmoothvelocity, see(Balkovsky etal., 1999b)andSectlll.C.1v.

What is the probability for the vector Ri,(t), that was oncewithin the pumpingcorrelation
length/, to comeexactly to the prescribedvaluer attimet? The adwectionmakesa sphereof
“pumping” volume /¢ evolve into an elongateckellipsoid of the samevolume. Ergodicity may be
assumegbrovidedthatthe stretchingtime X—lln(r/z) is largerthanthe straincorrelationtime. It
followsthatthe probabilityfor two pointsseparatetby r to belongto a“piece” of scalaroriginated
from the samepumpingspherebehaes as the volume fraction (¢/r)9. That givesthe law of
decreasef thetwo-pointfunction: C, O r 9.

The adwectionby spatially smoothvelocitiespreseresstraightlines. To determinethe cor
relation functionsof an arbitrary orderwhenall the pointslie on aline, it is enoughto notice
that the history of the stretchingis the samefor all the particles. Looking backward in time we
may say that whenthe largestdistanceamongthe pointswas smallerthan/, thenall the other
distancesvereaswell. It follows thatthe correlationfunctionsfor a collineargeometrydepend
on the largestdistancer amongthe points so that Co, 0 r=9. This is true alsowhen different
pairsof pointslie on parallellines. Notethatthe exponentis n-independentvhich corresponds$o
a strongintermitteny andan extremeanomalousscaling. The factthat Con > CJ is dueto the
strongcorrelationof the pointsalongtheir commoniline.

The oppositetakesplacefor non-collineargeometriespnamelythe stretchingof differentnon-

parallelvectorsis generallyanti-correlatedn theincompressibleasedueto the volumeconser
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vation. The d-volume &, i, Rillz. .. Rildd is indeedpresered for (d+ 1) Lagrangiartrajectories
Rn(t) and,for d = 2 andary threetrajectoriesthe areag;; RilzRi3 of the triangle definedby the
threeparticlesremainsconstant. The anti-correlationdue to the areaconseration may thenbe
easilyunderstooacndthescalingfor non-collineageometrieatd = 2 maybedeterminedSince
theareaof ary triangleis consered, threepointsthatform atrianglewith areaA > ¢2 will never
comewithin the pumpingcorrelationlength. In the presencef atriple correlator ®3 for a non

Gaussiard-correlatedoumping,thetriple correlationfunctionof ascalar

(8(r1)6(r2)8(rs) ) = ( /0 " ®3(Rua(S), Ris(9)) ds) (141)

is determinedy theasymptotidoehaior of ®z atrjj > £. Forexample,if ®3 hasaGaussiarail,
thenCz O exp(—A/£?). Ontheotherhand thecorrelationfunctionsdecreasasr 2 for acollinear
geometry We concludethatC3 asa function of the anglebetweerthe vectorsri, andri13 hasa
sharpmaximumat zeroandrapidly decreasewithin aninterval of width of theorder¢?/r? < 1.
Similar considerationapplyfor thefourth-ordercorrelationfunction. Notethat,unlike for the
3-pointfunction, therearenow reduciblecontributions. Considey for instancethatcomingfrom
< }o}odn(ng(sl)) P(Ras(s2)) dsld52>. Sincethe areaof the polygondefinedby the four particles
isoc(z)nser\ed throughoutthe evolution, the answeris againcrucially dependenbn the relation
betweerthe areaand ¢2. The eventscontrituting to the correlationfunction C4 arethosewhere,
during the evolution, Ry> becameof the order/ andthen, at someother momentof time, R34
reached. The probability for the first eventto happenis éz/rfz. Whenthis happensthe area
preseration makes Rz4 ~ ri2r3a/£. Theprobability for this separatiornto subsequentlyeduceto
¢is 0 £4/r2.r3,. Thetotal probability canbethusestimatedas £6/r®, wherer is thetypical value
of the separations;j. Remarkthatthe naive Gaussianastimation!f“/r4 is muchsmallerthanthe
collinearanswerandyet muchlargerthanthe non-collinearone.
Thepreviousagumentscanbereadily extendedo anarbitrarynumberof non-collinearpairs.
In accordancevith (136),therealizationscontributing to the correlationarethosewherethe sep-
arationsR;; reducedown to ¢ during the evolution process.Supposéhat this happendirst for

Ri12. Suchprocessvasalreadyexplainedin the consideratiorof the pair correlationfunctionand
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occurswith probability (£/r12)2. All theremainingseparationwill thenbelargerthantheirinitial
valueshy afactorri,/¢, dueto the conserationlaw of thetriangularareas.Next, we shouldre-
duce,say Rz from rzsri2/¢ down to theintegral scale/. Suchaprocessccurswith probability
(€2/(r12r34))%. Whenthis happensall the otherseparationsrelarger thantheir initial valuesby
afactorrss/£. Repeatinghe processwe cometo the final answerCy, [ (Z/r)“”_z, wherer is
againthetypical valueof the separations;;.

The above analysisis easyto generaliz€or arbitrarygeometries.The pointsaredividedinto
setsconsistingof the pairs of pointswith parallel separations;; (more precisely forming an-
glessmallerthan/?/r?). The pointswithin a given setbehae asa single separatiorduring the
Lagrangiarevolution. The ordern in the previousformulaeshouldthenbereplacedy the (min-
imal) numberof sets.The estimateobtainedabore aresupportedy therigorouscalculationsn
(Balkovsky etal., 1999b).

In 2d, the areaconseration allowedto getthe scalingwithout calculations.This is relatedto
thefactthatthereis a singleLyapunw exponent.Whend > 2, we have only the conseration of
d-dimensionalolumesandhencemorefreedomin the dynamics.For example,the areaof artri-
anglecanchangeduringthe evolution andthethree-pointcorrelationfunctionfor a non-collinear
geometryis not necessarilysuppressedNeverthelessthe anti-correlationbetweendifferentLa-
grangiartrajectoriegs still presenandthe 3-pointexponents expectedo belargerthanthenaive
estimate2d. The answerfor the Kraichnanmodeld + (d — 1),/d/(d — 2) is determinedby the
whole hierarchyof the Lyapunw exponents(Balkovsky et al., 1999b). In the limit of large di-
mensionsthe anti-correlationtendsto disappearandthe answerapproache&d. The four-point
correlationfunctionis alsodeterminedoy the joint evolution of two distanceswhich resultsfor
larged in the samevalueof the exponent.

To concludethis section we briefly commenton the casexd > 0 whenthe particlesapproach
ratherthan separatébackward in time. Here, an inversionof what hasbeendescribedfor the
directcascadeakesplace:thescalarcorrelationfunctionsarelogarithmicandthe PDFhasawide

Gaussiarcoreatr > £, while the statisticsis stronglynon-Gaussiaiat small scalegChertlov et
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al., 1998). Sincethe scalarfluctuationsinjectedat £ propagataipscale small-scalediffusionis
negligible andsomelarge-scaledamping(say by friction) is neededo provide for a steadystate,

seealsoSect.lll.E below.

4. Statistics of the dissipation

We now describethe PDF’s of the scalargradientsw = 008 andof the dissipations = K &7 in
the steadystateof a directcascadarisingundertheactionof alarge-scalgoumping.We consider
a smoothvelocity field, i.e. both the Schmidt/Prandtandthe Peclethnumbersareassumedarge.
As weremarledin Sectlll.A.5, thescalargradientscanbe estimatedas 8e~Pd /£, where@ is the
scalarvalueand e”d/ is the smallest(diffusive) scale.Thetails of thegradientPDF arecontrolled
by the large valuesof 8 and—pq4. The statisticsof the former dependdoth on the pumpingand
the velocity andthat of the latter only on the velocity. The key remarkfor solving the problem
was madeby (Chertlov et al., 1997 and 1998): since 8 and —pq fluctuateon very separated
time scaleq|Aq|~1In(¢/rg) andA 1, respectiiely), their fluctuationsmaybeanalyzedseparately
The PDF of the scalarhasbeenshown in Sectlll.B.2 to decayexponentially On the otherhand,
large negative valuesof py aredeterminedoy thetail of its stationarydistribution, see(27). For
aGaussiarshort-correlatedtrainthis tail is [ exp[—conste=2Pd] (Chertlov etal., 1998)andthe
momentf thegradientsare (w") 0 (8") (exp(—npgq)) O 32, The ensuingbehaior (€") 0 n3"

correspond$o a stretched-gponentialtail for the PDF of thedissipation
InP(e) O —¥/3, (142)

The detailedcalculationfor the Kraichnanmodel as well asa comparisonwith numericaland
experimentaldatacanbe foundin (Chertlov, Kolokolov et al., 1998; Chertlov, Falkovich et al.,
1998;Gamba& Kolokolov, 1998). Thegenerakaseof a smoothflow with arbitrarystatisticsvas
consideredn (Balkovsky andFouxon,1999).

It is instructveto compardhestretched-gponentiaPDF of thegradientsn asteadystatewith
the lognormal PDF describedn Sectlll.A.5 for the initial diffusionlessgrownth. Intermitteny

builds up during the initial stage,i.e. the higherthe moment,the fasterit grows. On the other
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hand thehigherthemomenttheshorteris thebreakdavn time of thediffusionlessapproximation.
This time behaesfor exampleas (n+ 2)~1 in the Kraichnanmodel. Sincehighermomentsstop
growing earlier than lower ones,the tails of the PDF becomesteeperand the intermitteny is

wealerin the steadystate.

C. Passive fields in the inertial inter val of turb ulence

For smoothvelocities,the single-pointstatisticsof the advectedquantitiescould be inferred
from theknowledgeof the stretchingratescharacterizinghe Lagrangiarflow in theinfinitesimal
neighborhoodf afixedtrajectory Thiswasalsotruefor the multipoint statisticsaslong asall the
scalesnvolved were smallerthanthe viscousscaleof the velocity, i.e. in the Batchelorregime.
In this Sectionwe shall analyzeadwectionphenomenamostly of scalars,n the inertial interval
of scaleswherethe velocities becomeeffectively nonsmooth. As discussedn Sect.l1l.C, the
explosive separatiorof thetrajectoriesn nonsmoothvelocitiesblows up interparticleseparations
from infinitesimal to finite valuesin a finite time. This phenomenorplays an essentiarole in
maintainingthedissipationof conseredquantitiesnonzercevenwhenthediffusivity k — 0. The

statisticsof the adwectedfieldsis consequentlynoredifficult to analyze aswe discussoelow.

1. Passive scalar in the Kraichnan model

TheKraichnanensemblef Gaussiamwhite-in-timevelocitiespermitsanexactanalysisof the
nonsmoothcaseanda deeperinsightinto subtlefeaturesof the adwection,lik e intermitteny and
anomalousscaling. Thoseaspectsare directly relatedto the collectve behaior of the particle
trajectoriesstudiedin thefirst partof the review. Importantlessondearnedfrom the modelwill
bediscussedn next Sectiondn amoregenerakontext.

i). Hopf equations. Thesimplifying featureassociatedb the Kraichnanvelocitiesis areduction
of the correspondingdopf equationgo a closedrecursve systemnvolving only correlatorsof the
adwectedfields. Thisis dueto thetemporaldecorrelatiorof the velocity andthe ensuingMarkov

propertyof the Lagrangiartrajectories.Let usconsiderfor examplethe evolution equation(127)
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for a scalarfield. For the Kraichnanmodel, it becomesa stochasticdifferential equation. As
mentionedn Sect.ll.B.2, onemayview white-in-timevelocitiesasthe scalinglimit of ensembles
with shorttime correlations.Thevery factthat v(t)dt tendsto becomeof the order (dt)Y/? calls
for aregularization.For velocity ensemblesmvariantundertime reversal the relevantcorvention
is thatof Stratonwich (seethe Appendix).Interpreting(127)within this corventionandapplying
the rules of stochasticdifferential calculus,one obtainsthe equationfor the scalarcorrelation

functions:
aCy(r) = MC(r) + > CN_Z(rl,.ﬁ....,rN) D(rnm/f). (143)

Here, the differentialoperator,, is thesamé asin (69) andit may be formally obtainedfrom
the secondterm on the left handside of (130) by a Gaussiarintegrationby parts. Note the ab-
senceof ary closureproblemfor the triangularsystemof equationg143): oncethe lower-point
functionshave beenfound, the N-point correlationfunction satisfiesa closedequation.For spa-
tially homogeneousituations,the operators#4, may be replacedby their restrictions :77[N to
the translation-inariantsector It follows from their definition (70) andthe velocity correlation

function (48) thatthe equationg143) aretheninvariantwith respecto therescalings
FAr, LA, t—AZ ¥t KAk, 8—A7e. (144)

This straightforvard obsenation implies scaling relations betweenthe stationarycorrelators:

C (A A8 ML) = A T C,(r;Kk,£).

i). Pair correlator. Fortheisotropicpaircorrelationfunction,theequation(143)takestheform:
HCo(r) —ri-dg, [(d —1)Dyrd 18 4 2k rdfl] 0y Co(r) = ®(r/4), (145)

see(53). Theratio of the adwective andthe diffusive termsis of orderunity at the diffusionscale
rq = [2k/(d—1)D4]¥/%. For the Kraichnanmodel,the PecletnumberPe= (d— 1)D1£%/2k > 1

aswe assumehe scaleof pumpingmuch larger thanthat of diffusion. The stationaryform of

9Then = mtermswould dropout of the expressiorfor 44, in theltd corventionfor (127).
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(145) becomesan ordinarydifferentialequation(Kraichnan,1968)that may be easily integrated

with thetwo boundaryconditionsof zeroatinfinity andfinitenessatthe origin:

7 x1-d gy
Coln) = gt / — /cp y/0) y*Ldy. (146)
X I'

Even without knowledge of the explicit form (146), it is easyto drav from (145) general

conclusionsasfor time-correlated/elocities. Takingthelimit r — O for k > 0,we infer themean

scalarenegy balance
de+e=P(0)/2, (147)

wheree = (62) /2 ande = (k(006)?). In the stationarystate the dissipationbalancesheinjection.
Ontheotherhand,forr > rq (or for any r > 0 in thek — 0 limit) we maydropthediffusiveterm
in the Hopf equation(145). For r < ¢, we thusobtainthe Kraichnanmodelformulation of the

Yaglomrelation(132) expressinghe constang of the downscaleflux:
—(d=1)Dy - 0,13, Co(rt) & D(0). (148)

To obtainthebalancerelation(147)for vanishingk asther — 0 limit of (145),onehasto define

thelimiting dissipationfield by the operatomproductexpansion

lim k(08)2(r) =

K—0

lim d'J(r—r')0i0(r) 0;8(r"). (149)

1
2y
Therelation(149),encodingthe dissipatve anomaly holdsin generalkorrelationfunctionsaway
from otherinsertions(Bernardetal., 1996).

Let us discussnow the solution (146) in more detail. Thereare threeintervals of distinct

behaior. First,atlarge scalesr >> ¢, thepair correlationfunctionis givenby

-~ 1 5 yd 2-&-d

where ® = f(j”yd—lqb(y) dy. This may be thought of as the Rayleigh-Jeansquipartition
(8(k)B(K)) = 8(k + K)®¢d/Q(k) with Q(k) O k2% and the temperatureproportional to

4. Note that the right hand side of (150) is a zero mode of %2 away from the origin:
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rl-dg,rd-1+8g,r2-8-d 1 §(r). Secondjn the corvectiveinterval rq < r < £, the pair correlator

is equalto a constan{the genuinezeromodeof M>) plusaninhomogeneoupart:

~ 2-¢ 1 2-§
Co(r) =~ 4! 2 9)dd b, dO)r—°, (151)

where4, = ®(0)/(2—&)(d+ & — 2)(d — 1)D1. Theleadingconstantermdropsout of the struc-

turefunction:

S2(r) = 2[C2(0) — 2C2(1)] ~ Ggraeg—pip; PO (152)

1

Notethatthelastexpressionsindependentf both k and/ andit depend®nthepumpingthrough
the meaninjectionrateonly, i.e. S(r) is universal. Its scalingexponent{; = 2 — ¢ is fixed by
thedimensionatescalingpropertieg144)or, equvalently, by thescalingof theseparationime of
the Lagrangiartrajectoriessee(55). As remarled before,the degreesof roughnes®f the scalar
andthe velocity turn out to be complementarya smoothvelocity corresponds$o a roughscalar
andviceversa Finally, in thediffusiveinterval r < ry, thepair correlationfunctionis dominated
by a constantandthe structurefunction S(r) ~ ﬁ ®(0) r2. NotethatSy(r) is notanalyticatthe
origin, though.Its expansionin r containsnonintegerpowersof orderhigherthanthe seconddue
to the non-smoothnesgsf the velocity down to the smallestscales.The analyticityis recoveredif
we keepafinite viscouscutoff for the velocity.

In thelimit kK — O, the diffusive interval disappearsindthe pair correlatoris given by (146)
with the diffusion scalery setto zero. The meansquareof the scalarC,(0) remainsfinite for
finite £ but divergesin the £ — o limit that exists only for the structurefunction. Recallfrom
Sectlll.B.1 thatCy(r) hasthe interpretationof the meantime that two Lagrangiantrajectories
take to separatdrom distancer to £. The finite value of the correlationfunction at the origin is
thereforeanothemanifestatiorof the explosive separatiorof the Lagrangiartrajectories.

The solution(146) for the pair correlatorand mostof the above discussiorremainvalid also
for & = 2, i.e. for smoothKraichnanvelocities. A notabledifferenceshouldbe stressedthough.
In smoothvelocitiesandfor k — 0, themeantime of separatiorof two Lagrangiartrajectoriesdi-

vergeslogarithmicallyastheirinitial distancaendsto vanish.Thepair correlatothasalogarithmic
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divergenceatthe origin, implying that(ez) is infinite in the stationarystatewith k = 0. Indeed,jt
isthed;C,(0) termthatbalancesheright handsideof (145)atfinite timesandr = 0. As thediffu-
sivity vanishesthe variance(8?) keepsgrowing linearly in time with the rate®(0) andthe mean
dissipationtendsto zero: no dissipatve anomalyis presentat finite times. The anomalyoccurs
only in the stationarystatethattakeslongerandlongerto achieve for smallerr. In mathematical
terms: I|m lim & # lim lim €, with theleft handsidevanishingandthe right handsideequal
t—0 k—0 K—0t—o0
to themeaninjectionrate. The physicsbehindthis differences clear Thedissipatve anomalyfor

nonsmoothvelocitiesis dueto the non-uniquenesef the Lagrangiantrajectories seeSectll.C.

Theincompressiblerersionof (100)impliesthat,in theabsencef forcing anddiffusion,

/ez(ro /Gzrtdr_/dr/prtRO\v 8(R,0) — (rt)]zdRzo. (153)

Theequalityholdsif andonly if, for almostall r, the scalaris constanbn the supportof the mea-
surep(r,t;R,0|v)dR giving thedistribution of theinitial positionsof the Lagrangiartrajectories
endingatr attimet. In plainlanguage, 62dr is conseredif andonly if the Lagrangiartrajecto-
riesareuniquelydeterminedy the final condition. This is the casefor smoothvelocitiesandno
dissipationtakesplacefor k = 0 aslong as [ 82dr is finite. Whenthe latter becomesnfinite (as
in the stationarystate) the above inequalitiesbecomevoid andthe dissipationmay persistin the
limit of vanishingk evenfor a smoothflow.

For & = 0, the equation(146) still givesthe stationarypair correlationfunction if d > 3.
Thedistinctionbetweerthe behaior in the corvective andthe diffusive regimesdisappearsThe
overallbehaior becomesliffusive with the stationaryequal-timecorrelationfunctionscoinciding
with thoseof the forced diffusion 0;6 = (%(d —1)D14K)0?0+ ¢ (Gawedzki and Kupiainen,
1996).In d = 2, the pair correlationfunctionhasa constantontribution growing logarithmically
in time but the structurefunctiondoesstabilize,asin forceddiffusion.

iii). Higher correlators and zero modes. Let us considerthe evolution of higherorderscalar
correlationfunctionsC,,, assumedo decayrapidly in the spacevariablesat the initial time. At
long times, the correlationfunctionswill thenapproacha stationaryform given by the recursve

relation
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CuD) = [GyLR) T CuaRer-ion Ry DR, /6) AR (154)

for even N andvanishingfor odd N (by the 8 — —8 symmetry).Here, G, = fetMN dt arethe
0

operatorgnverseto —ﬂN. The above formulae give specificsolutionsof the stationaryHopf
equations(143) that, alone, determinesolutionsonly up to zero modesof operatorsi,,. We
areinterestedn the scalingpropertiesof the stationarycorrelationfunction C in the corvective
intenval. If thecorrelationfunctionswerebecomingndependenof k and/ in thisinterval (math-
ematically if thelimits kK — 0 and £ — « of the functionsexisted),the scalingbehaior would
follow from thedimensionatelation(144):

c,(ar) = A\, (). (155)

This would bethe Kraichnan-modeVersionof the normalKolmogoros-Obukhov-Corrsinscaling
(Obukhov, 1949; Corrsin,1951). The k — 0 limit of the stationarycorrelationfunctionsdoes
exist andthe k-dependencdropsout of the expressionsn the corvective interval, asfor the pair
correlator The limit is givenby the formulae(154) with the k = 0 versionsof G, (Hakulinen,
2000). Note in passingthat the advectionpreseresary power of the scalarso that dissipatve
anomaliesarepresentlsofor ordershigherthanthe second.The existenceof the zerodiffusivity

limit meansthat possibleviolations of the normal scalingin the corvective interval may only

comefrom a singularityof the limit £ — co. In fact,this wasalreadythe casefor C,, dominated
by the constantterm that divergedas/ increases.The constantdroppedout, however, from the
pair structurefunction (152) that did not dependon £ and, consequentlyscaleddimensionally
Concerninghigherorder scalarstructurefunctions, Kraichnan(1994) was the first to argue in

favor of their anomalousscaling. His papersteereda renaved interestin the problemwhich led

to the discovery by Chertlov et al. (1995b),Gavedzki and Kupiainen(1995)and Shraimanand
Siggia(1995) of a simplemechanismnto avoid normalscaling: the dominationof the correlation
functionsby scalingzero modesof the operators%N . For small ¢, Gavedzki and Kupiainen

(1995)andBernardetal. (1996)shavedthatin the corvective interval

Cu(r) = A fo(r) + CL(r) + o(8) + [...]. (156)
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Above, f, is theirreducibleisotropic zeromodeof scalingdimension(y , = %(2— &) — Ay,
seeSectll.E.3, theterm C/ is scalingwith the normal dimension%(z —¢&), and [...] stands
for reduciblecontritutions dependingonly on a subsetof points. The anomalouscorrections

A, = %E + O(&?) arepositive for small €, see(84). A similarresultd,, = N“;d—z) + O(alz)

was establishedy Chertlov et al. (1995b)and Chertlov and Falkovich (1996)for large space
dimensionalities.For A, > 0, the first term on the right handside of (156) is dominatingthe
secondonefor large £ or, equivalently, at shortdistancedor k = 0. The analyticorigin of the
zero-modedominanceof the stationarycorrelationfunctions(154) lies in the asymptoticshort-
distanceexpansion(79) of thekernelsof G (Bernardetal., 1998). Thedominantzeromode f ,

is theirreducibletermin (79) with the lowestscalingdimension.Thereducibleterms|...] drop
out of the correlatorsof scalardifferencesge.g. in the N-point structurefunctions. The latterare

dominatedby the contributionfrom f
Su(r) =([6(1) —8(0)]") O £Anrtw, (157)

with ¢, = {,- The physicalmeaningof zero-modedominanceis transparent.Any structure
functionis a differencebetweerthe termswith differentnumberof particlescomingat the points
1and2 attimet, like,for instanceS; = 3(9%92 — 919§>. Underthe (backward-in-time)Lagrangian
evolution, this differencedecreaseas (r /IZ)ZNvo becausef shapeelaxationwith the slowestterm
dueto theirreduciblezeromode. The structurefunctionis thusgiven by the total temporalfactor
N=8)/2 myltiplied by (r /£)*No.

Thescalingexponentdn (157)areuniversalin the sensehatthey do notdependon the shape
of the pumpingcorrelationfunctions®(r). The coeficients 4, in (156), aswell asthe propor
tionality constantsn (157),are,however, non-unversal.NumericalanalysisseeSect.1l1.D.2, in-
dicateghatthepreviousframewnork appliesfor all 0 < § < 2 atary spacalimensionalitywith the
anomalougorrections,, continuingto bestrictly positivefor N > 2. Thatimpliesthesmall-scale
intermittengy of thescalarfield: theratios S;n/S) grow asr decreasesAt ordersN > (2—§)d/¢,
thescalingexponents{y tendto saturatego a constantseeSects.llI.C.2 andlll.D.2 below.

In mary practicalsituationsthe scalaris forcedin an anisotropicway. Shraimanand Siggia
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(1994,1995)have proposeda simpleway to accountor theanisotroy. They subtractedrom the
scalarfield an anisotropicbackgroundby defining &' (r) = 6(r) — g-r, with g afixedvector It

follows from the unforcedequation(92) that
00 +v-06 —k0% = —g-v, (158)

with the term on the right handside giving the effective pumping. In Kraichnanvelocities,the
translationinvarianceof the equal-timecorrelatorsof &' is presered by the evolution with the
Hopf equationgakingtheform

0Cy(r) = MCy(r) + 23 Cyy(ryso.ary) 6195 DY (1)

. n<m m
= ¥ G d(rm) Oy Gy (rys-1) (159)
n,m

in the homogeneousector The stationarycorrelationfunctionsof 6 which ariseat long times
if theinitial correlationfunctionsdecayin the spacevariablesmaybe analyzedasbefore.In the
absencef the 8/ — —6 symmetry the odd correlatorsare not anymore constrainedo be zero.
Still, thestationaryl-pointfunctionvanishesothatthe scalarmeanis preimposed:(6(r)) = g-r.
For the 2-point function, the solution remainsthe sameasin the isotropic case,with the forc-
ing correlationfunctionsimply replacedoy 2g;g; D'I(r) andapproximatelyequalto the constant

2Dog? in the corvective interval. The 3-pointfunctionis
Calt) = = [ Galt,R) Y 6 & (Rom) gy ColRu,-,Re) R (160)
n,m

The dimensionalscalingwould imply that Cz(Ar) = )\3_EC3([) in the corvective interval since
[Cy(r) scalesthereas rl=%. Instead,for & closeto 2, the 3-point function is dominatedby
the angularmomentumj = 1 zeromodeof M3 with scalingdimension2+ o(2 — &), asshavn
by Pumiret al. (1997). A similar picture arisesfrom the perturbatve analysisaround & = O
(Pumir, 1996and1997),aroundd = o (GutmanandBalkovsky, 1996),andfrom the numerical
studyof thewholeinterval of & valuesfor d =2 andd = 3 (Pumir, 1997),seeSect.I.E.5. As
will be discussedn Sectionlll.F, the zeromodemechanismis likely to be responsiblefor the

experimentallyobsenedpersistencef theanisotropiesseee.g. (Warhaft,2000).
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It is instructive to analyzethe limiting cases§ = 0,2 and d =  from the viewpoint of the
statisticsof the scalar Sincethe field at any pointis the superpositiorof contributionsbrought
from d directions,it follows from the CentralLimit Theoremthatthe scalarstatisticsbecomes
Gaussiarasthe spacedimensionalityd increaseslin the case¢ = 0, anirregularvelocity field
actslike Brownian motion. The correspondingurbulent transportprocessis normal diffusion
andthe Gaussianityof the scalarstatisticsfollows from that of the input. Whatis generalin the
both previous limits is that the degree of Gaussianityas measuredsay by the fIatnessS4/S22,
is scale-independentCorversely we have seenin Sect.lll.B.1 thatIn(¢/r) is the parameteof
Gaussianityin the Batchelorlimit with the statisticsbecomingGaussiarat small scalesvhatever
the input statistics. The key hereis in the temporalratherthanthe spatialbehaior. Sincethe
stretchingn asmoothvelocity field is exponential the cascadéime is growing logarithmicallyas
the scaledecreasesThatleadsto the essentiatlifference:at smallyetnonzerog /d the degreeof
non-Gaussianityncreaseslownscaleswhile at small (2 — €) it first decreasedownscalesuntil
In(¢/r) ~ 1/(2— &) andthenit startsto increase. Note that the interval of decreaseyrows as
the Batchelomregimeis approachedAlreadythatsimplereasoningsuggestshatthe perturbation
theoryis singularin thelimit § — 2, whichis formally manifestedn thequasi-singularitiesf the
mary-point correlationfunctionsfor collineargeometriegBalkovsky, Chertlov etal., 1995).

The anomalousexponentsdeterminealso the momentsof the dissipationfield € = k([J8)>2.
A straightforvard analysisof (154)indicatesthat (€") = c,€" (¢/rq)%2 (Chertlov et al., 1995b;
Chertlov andFalkovich, 1996),where¢ is themeandissipatiorrate. Thedimensionlessonstants
cn are determinedby the fluctuationsof the dissipationscaleand, mostlikely, they are of the
form n9" with yet unknovn g. In the perturbatve domainn < (2 —&)d/&, the anomaliesA,y,
are a quadraticfunction of the orderandthe correspondingart of the dissipationPDF is close
to lognormal(Chertlov and Falkovich, 1996). The form of the distanttails of the PDF are still
unknown.

iv). Operator product expansion While theirreduciblezero modedominateshe respectie
structurefunction, all the zeromodesmay be naturallyincorporatednto an operatorproductex-

pansion(OPE)of the scalarcorrelationfunctions. Therehasbeenmary attemptgo usethis pow-
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erful tool of quantumfield theory (Wilson, 1969)in the context of turbulence,see(Eyink, 1993;
Adzhemyaretal., 1996;Polyalov, 1993and1995). We briefly describeherea generaldirection
for accomplishinghatfor the problemof scalaradwection(Chertlov andFalkovich, 1996;Adzhe-
myanet al., 1998; Zamolodchilov et al., 2000). Let { O;} be a setof local obsenables(which

containsall spatialderiativesof ary field alreadyincluded).The existenceof OPEpresumeshat

Oa(r) Op(r') = chb(r —1") Oc(r'), (161)

whichis understooasthe following relationsamongthe correlationfunctions

(Oa(r) Op(r') ...) = chb(r —1")(O(r) ...). (162)
Thesumrepresentshecorrelationfunctionin theleft-handsideif |r —r’| is smallenough.Renor
malizationsymmetry¢ — Ad, 8 — AB allows oneto classifythe operatorgfluctuatingfields) by
degrees: O hasdegreen if O — A" O underthe transformation. The OPE conseres
the degree and is supposedo be scaleinvariantin the corvective interval. This meansthat
one may choosea basisof the obsenablesin sucha way that O, has“dimension” d,, andthe
OPE s invariantunderthe transformationOa(r) — A% O4(Ar) so that its coeficient functions
scale:CE (A(r —r')) = Ade~da=tbCC (r —r') . BesidesfunctionsCS, aresupposedo bepumping-
independentvith thewholedependencen pumpingcarriedby theexpectatiorvalues(Og) [ £~ %,
Thescaleinvariancecanbe (“spontaneously”prokenatthe level of correlationfunctionsif some
of the fields with nonzerodimensiondevelop nonzeroexpectationvalues. The dimensionof 8N
is N(§ —2)/2. The operatorscanbe organizedinto strings,eachwith the primary operator©,
with thelowestdimensiond, andits descendantwith thedimensionalitiesl, +n(2—¢&). A natu-
ral conjecturds thatthereis one-to-onecorrespondencketweerthe primary operatorof degree
N andthe zeromodesof M,. The dimensionsof suchprimariesare minus the anomalousdi-
mensionsA’s of the zeromodesf, andarethereforeneggative. By fusing N — 1 timesone gets
0,...0y =3 fa(r,,...,ry) @a(ry) +..., wherethedotsincludethederivativesanddescendantsf
Oa.

For n= 2, onehasonly oneprimaryfield 82, andits descendent§1™8|2. For n = 4, thereis an

infinity of primaries.Only 8%, €2 andeB126 — ds/(d? + 2) have nonzeroexpectatiorvalues.The
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operatorsvith zeroexpectatiorvaluescorrespondo theoperatorsvith morederivativesthantwice
thedegree(thatis with the orderof theangularharmonicin therespectre zeromodebeinglarger
thanthenumberof particles,in termsof Sectll.E). Building anOPEexplicitly andidentifyingits
algebraicnatureremainsataskfor thefuture.

V). Largescales Thescalarcorrelationfunctionsat scaledargerthanthatof the pumpingdecay
by power laws. The pair correlationfunctionis givenby (150). Recallthatapplying 45 onit, we
obtaina contactterm [ d(r). Concerninchigherordercorrelationfunctions,straightlinesarenot
preseredin anonsmoottlow andno strongangulardependenciesf thetype encounteredh the
smoothcasearethusexpected.To determinghescalingbehaior of thecorrelationfunctions,it is
thereforeenoughto focuson a specificgeometry Considerfor instancehe equation%q([) =
> X(rij)Ca(rw) for thefourth orderfunction. A corvenientgeometryto analyzeis thatwith one
distanceamongthe points,sayri,, muchsmallerthanthe otherryj, whosetypical valueis R. At
the dominantorderin r12/R, the solution of the equationis C4 [0 Cy(r12)Ca(R) ~ (r12R)%%79,
Similar agumentsapply to arbitrary orders. We concludethat the scalarstatisticsat r > /¢ is
scale-ivariant,i.e. Con(Ar) = A"Z=¢-4) C, (r) asA — . Notethatthestatisticss generallynon-
Gaussianwhenthedistancedetweerthe pointsarecomparableAs & increase$rom zeroto two,
thedeviationsfrom the Gaussianitystartsfrom zeroandreachtheir maximumfor thesmoothcase
describedn Sectlll.B.3.

vi). Non-Gaussianand finite correlatedpumping. Thefactthatthescalarcorrelationfunctions
in thecornvectiveinterval aredominatedy zeromodesndicateghatthehypothesesf Gaussianity
andd-correlationof the pumpingarenot crucial. The purposeof this Sectionis to give somemore
detailson how they might berelaxed. The new pointto betakeninto accounis thatthe pumping
hasnow a finite correlationtime 1, andirreduciblecontritutionsare present.The situationwith
the secondorderis quite simple. The injection rate of 82 is (8) andits valuedefinesthe mean
dissipationratee at the stationarystate. The only differenceis thatits valuecannotbe estimated
apriori as®(0). Let usthenconsiderthebehaior athigherorderswhosetypical exampleis the

fourth. Its generaflux relation,derivedsimilarly as(131),reads
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<(v1-D1+vz-D2) e§e§> + K<9192 [Dfmﬂ 9192> = (910103 + $20,02) . (163)

Taking the limit of coinciding points, we getthe productionrate of 8*. It involvesthe usualre-
duciblecontribution 3eC,(0) andanirreducibleone. Theratio of thetwo is estimatedasCy(0) /Tp.
Thenon-Gaussianitgf the pumpingis irrelevantaslong ast is smallerthanthetime for the par
ticlesto separatdrom the diffusive to theintegral scale. The smoothandnonsmooticaseseed
to be distinguished.For the former, the separatiortime is logarithmicallylarge andthe previous
conditionis alwayssatisfied.Indeed,the reduciblepart of the injectionratein (163) necessarily
contains2(0102) [($162) + ($201)] ~ 2527\51In(£/r12). Sincethe correlationfunction grows as
r1» decreasegnecanalwaysneglectthe constanirreduciblecontribution for smallenoughsepa-
rations. Similarly, theinput rateof all evenmomentsupto N ~ In(£/rq) is determinecby €. The
fact that the fluxesof higherintegralsare not constantin the corvective interval was calledthe
effect of “distributedpumping”in (Falkovich, 1994;Falkovich andLebed®, 1994).

In the nonsmoothcase the cascaddime is finite andthe irreducible contributions might be
relevant. They affect the statisticsof the scalaryet, of course hot the scalingof the zeromodes.
Thefourth ordercorrelationfunctionC4 acquiresfor exampleextra termsproportionalto y rizjfz.
They contributeto thefourth ordercumulantbut notto the structurefunctionS;. The existenceof
thoseextratermsin the correlationfunctionaffectsthe matchingconditionsat the pumpingscale,
though.We concludethatthe numericalcoeficients 4, in thestructurefunctionsS, = 4, r ¢

generallydependon all theirreduciblepumpingcontributionsof orderm < N.

2. Instanton formalism for the Kraichnan model

Sincethe perturbatve approaches Sectionll.E.5 areall limited to finite orders,it is natural
to look for alternatve methodsto capturethe scalingexponentsin the non-perturbatie domain
NE > (2—&)d. As in mary otherinstancedn field theory or statisticalphysics,sucha non-
perturbatve formalismis expectedto resultfrom a saddle-pointechniqueappliedto the path
integral controlling the statisticsof the field. Physically thatwould correspondo finding some

optimalfluctuationresponsibldor a given structurefunction. Not ary structurefunction canbe
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found by this approachbut only thosewith N > 1, relatedto the PDF tails which are indeed
controlledby rareevents. This is a generalideaof the instantonformalism (see,e.g.,Coleman,
1977)adaptedor turbulenceby Falkovich etal. (1996). The casein questionis so complicated
thoughthat an effective analysis(carriedout by Balkovsky andLebed®, 1998)is possibleonly
with yetanothedarge parameter(2 — &)d > 1, which guaranteethatthe Lagrangiartrajectories
arealmostdeterministic. The relationbetweenNg and (2 — &)d is now arbitrary so oneis able
to describeboththe perturbatve andnon-perturbatie domains.Unfortunately a straightforvard
applicationof this approacho the pathintegral over the velocity field doesnot work becausef
a usualproblemin saddle-pointalculations:the existenceof a soft modemakesthe integrand
non-decayingn somedirectionin the functional space. One oughtto integrate over the soft
modebeforethe saddle-poinapproximations made.Balkovsky andLebede identifiedthe soft
modeasthatresponsibldor the slow variationsof the directionof the main stretching.Sincethe
structurefunctionsaredetermineanly by themodulusof thedistanceghenaneffectiveintegration
over the soft modesimply correspondso passingfrom the velocity to the absolutevalue of the
Lagrangianseparatiorasthe integrationvariablein the pathintegral. This canbe conveniently

doneby introducingthe scalarvariable
N12= (2—8) RS, = RzRio(Vh —Vh). (164)
For the Kraichnanvelocity field, n12 hasthe nonzeromean(ni2) = —D andthevariance
2D
((N12(t1)nsa(t2))) = ~q G234 O(t1 —1t2). (165)

The explicit dependencef the g1234 function on the particle distanceswill not be neededchere
andcanbe found in the original paper(Balkovsky and Lebede, 1998). Any averageover the
statisticsof the Lagrangiardistancesanbewrittenin termsof a Martin-Siggia-Ros@athintegral

J DRDmexp(11r), with theaction

; RE iD
Ir= /dt/drldrzmngflza—i—D) +Fdr3dr4q12,34mg4 . (166)
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Theauxiliaryfield conjugatedo Ry, is denotedy my2 = m(t,r1,r2). Notethatthesecondnonlin-
ear)termin (166)vanishe$othas(2—&)d — « andg — 0. Themomentof ary linearfunctional

of thescalard = [drB(r)0(r) arethenexpresseds
(9 Ny = / dydd /@RfDm gl R PH-iyd-+NIn|9| (167)

where F, = %fdtdrldrzx(ng)B(rl)B(rz). To obtain the structurefunctions, one shouldin

principle take for 3 differencesof d functions. This would however bring diffusive effectsinto

thegame.To analyzethe scalingbehaior, it is in factenoughto considerary obsenablewhere
the reduciblecomponentsn the correlationfunctionsare filtered out. A corvenientchoiceis

B(r1) =3a (r1—5) = (r1+ %), wherethesmearedunctiond, (r) hasawidth A~! andsatisfies
thenormalizationcondition [ dr 85 (r) = 1. Thediffusive effectsmaybedisregardedorovidedthe
width is takenmuchlargerthanry.

Thesaddle-poinequationdor theintegral (167)are

_ 2i
RS, =—(2—&)D {1+—/dr3dr4q12,34m;4] ; (168)

—iRigEatmlz— / dradrg qm [my ms4+2m13mz4]+y2X(R12)B(r1) B(r2),  (169)

with thetwo extremalconditionson the parameter$ andy:

= iY/dtdrlerX(Rlz)B(rl)B(rZ)a ly=N/3. (170)

Thetwo boundaryconditionsare Ri2(t = 0) = |r1 — r2| andmy2 — 0 ast — —oo. Thevariables
Ri12 andmy area priori two fields, i.e. they dependon botht andr. In fact, the problemcan
be shown to reduceeffectively to two degreesof freedom: R_, describingthe separatiorof two
points,andR,, describinghespreadingf acloudof size/A aroundasinglepoint. It followsfrom
theanalysign (Balkovsky andLebede, 1998)thattherearetwo differentregimes,dependingn
theorderof themomentonsideredAt N < (2—&)d/(2¢) thevaluesof R, andR_ areveryclose
during mostof the evolution anddifferentfluid particlesbehae similarly. For highermoments,

R, andR_ differ substantiallythroughoutthe evolution. The fact that differentgroupsof fluid
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particlesmove in a very differentway might be interpretedasthe signatureof the strongfrontsin

thescalarfield thatarediscussedn Sectionll.F. Thefinal resultfor the scalingexponentss:

IN=N(2-§)/2—28N?/2d  at N<(2-8)d/(), (171)

In=(2-8)%d/(8) at N> (2—&)d/(2). (172)

Theseexpressionsare valid whenthe fluctuationsaroundinstantongive negligible contribution
which requiresN > 1 and (2 —&)d > 1, while the relationbetweend andN is arbitrary The
exponentsdependquadraticallyon the orderandthensaturateto a constant. The saturationfor
the Kraichnanpassve scalarmodelhadbeenpreviously inferredfrom a qualitatve argumentby
Yakhot (1997)andfrom an upperboundon ¢, by Chertlov (1997). The relevanceof the phe-

nomenorof saturatiorfor genericscalarturbulenceis discussedn Sectionll.F.

3. Anomalous scaling for magnetic fields

Magneticfields transportedy a Kraichnanvelocity field displayanomalousscalingalready
atthe level of the second-ordecorrelationfunctions. For a scalay (82) is consered andits flow
acrosshe scaledsfixesthe dimensionakcalingof the covariancefoundin Sectionlll.C.1ii). For
a magneticfield, this is not the case. The presenceof an anomalousscalingfor the covariance
Cy(r,t) = (B'(r,t)B}(0,t)) becomeqquite intuitive from the Lagrangianstandpoint. We have
seenn Sectionll.E thatthezeromodesarecloselyrelatedto the geometryof the particleconfig-
urations.For ascalarfield, the singledistancanvolvedin thetwo-particleseparatiorexplainsthe
absencef anomaliesat the secondorder The magneticfield equation(95) for k = 0 is the same
asfor atangentvector i.e. the separatiorbetweenwo infinitesimally closeparticles. Although
Céj involvesagaintwo Lagrangiarparticles,eachof themis now carryingits own tangentvector
In otherwords,we aresomehav dealingwith a four-particle problem,wherethe tangentvectors
bring the geometricdegreesof freedomneededor the appearancef nontrivial zeromodes.The
compensatiomechanismeadingto the respectie two-particleintegral of motionis now dueto

the interplay betweenthe interparticledistanceand the angularcorrelationsof the vectorscar
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ried by the particles. The attractve featureof the problemis thatthe anomalycanbe calculated
nonperturbatiely.

Specifically considerthe equation(95) for the solenoidalmagneticfield B(r,t) andassume
theKraichnancorrelationfunction (48) for the Gaussianncompressibleelocity. We first analyze
the isotropic sector(Vergassola,1996). The first issueto be addresseds the possibility of a
stationarystate. For this to happen thereshouldbe no dynamoeffect, i.e. aninitial condition
shouldrelaxto zeroin the absencef injection. Let us shawv thatthis is the casefor § < 1in 3d.
As for a scalarthe &-correlationof the velocity leadsto a closedequationfor the pair correlation
functiond, G} = MX c4. Theisotropy andthe solenoidalityof the magnetidield permitto write
Cy (r,t) in termsof its traceH (r,t) only. Thisleadsto animaginarytime Schibdingerequatiorfor
the “wave function” Y(r,t) = %ﬂz Jo H(p,t) p?dp (Kazantse, 1968). The enegy eigenstates
W(r) e, into which g(r,t) maybe decomposedsatisfythe stationaryequation

d2yi(r)

gz TMNE-UMIw(r) =0 (173)

of aquantunparticleof variablemassm(r) in thepotentialU (r). Thepresencef adynamoeffect
is equialentto the existenceof negative enepgy levels. Sincethe massis everywherepositive, it
is enoughto look for boundstatesn the effective potentialV = mU. The detailedexpression®f
the massandthe potentialcanbe foundin (Vergassola,1996). Here, it is enoughto remarkthat
V(r) is repulsive at small scalesand hasa quadraticdecayin the inertial rangewith a prefactor
2—3/2% —3/4&2. It is known from quantummechanicgextbooksthat the thresholdfor bound
statesn anattractie potential—c/r? is c = 1/4. Theabsencef adynamoeffectfor & < 1 follows
immediatelyfrom the expressiorof the potentialprefactor

The stability just describedmplies that, in the presenceof a forcing termin (95), the mag-
netic field covariancewill relaxto a time-independengxpressionat long times. We may then
studythe spatialscalingpropertiesat the stationarystate. The enegy E in (173) shouldbe set
to zeroandwe shouldaddthe correspondindorcing termin the first equation.Its preciseform
is not importanthereas any anomalousscalingis known to comefrom the zero modesof the

operatorM = d?/dr? —V(r). The behaior —c/r? of the potentialin the inertial rangeimplies
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thatthe operatoris scale-itvariantandits two zeromodesbehae aspower laws with exponents
1/2[1++/1—4c|. The zeromodewith the smallerexponentis not acceptablelueto a singular
behaior in the dissipationrangeof the correspondingorrelationfunction. The remainingzero

modedominategheinertial-rangebehaior H(r) O rY2 with

Vo=—(3+8)/24+3/2,/1-E(E+2)/3. (174)

Notethatdimensionahrgumentsasedn a constanflux of A2 (with the vectorpotentialdefined
by B = [0 x A) would give y = —¢. Thisis indeedthe resultin the limits of small & andlarge
spacedimensionalityandfor the 2d case.For thelatter, the vectorpotentialis reducedndeedto
a scalarwhoseequationcoincideswith the advection-difusionequation(92). Notethaty, < —¢,
thatis the zeromodeprovidesfor correlationfunctionsthatare (¢/r)Y2¢ timeslargerthanwhat
dimensionahrgumentsvould suggest.

The zeromodedominatingthe stationary2-pointfunction of B is presered by the unforced
evolution. In otherwords, if Céj(r,O) is taken asthe zeromodeof M thenthe correlationfunc-
tion doesnot changewith time. A counterparto thatis the existenceof a statisticalLagrangian
invariantthat containsboth the distancebetweenthe fluid particlesandthe valuesof the fields:
1(t) = (BX(R1)B'(R2)Zj (R12)) (CelaniandMazzino,2000). Here Z| is a zeromodeof the op-
eratoradjointto M. The scalingdimensionof suchzeromodeis y> + 2 > 0. The appearance
of the adjointoperatothasa simplephysicalreason.To calculatethe correlationfunctionsof the
magnetidield, thetangentvectorsattachedo the particlesevolve forwardin time while, asfor the
scalartheirtrajectorieshouldbetracedbackwardin time. Adjoint objectsnaturallyappeamwhen
we look for invariantswhereall the quantitiesrunin the samedirectionof time. The conseration
of I(t) is dueto the powerlaw growth of Z* with time beingoffsetby the decorrelatiorbetween
thedirectionsof the B vectorsalongthe separatindrajectories.

Up to now, we have beenconsideringhe covariancen theisotropicsector The scalingexpo-
nentsin the nonisotropicsectorscanalsobe calculatedhonperturbatiely (LanotteandMazzino,
1999;Arad, Biferaleetal., 2000). Theproblemis analogouso thatfor thescalarin Sectionll.E.5,

solved by the expression(88). Here,the calculationis moreinvolvedsincein eachsectorj, m of
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SO(3)therearenine independentensorsnto which Cy may be decomposedTheir explicit ex-
pressiommaybefoundin (Arad etal., 1999).As in theisotropiccasejt is shovn thatno dynamo
takesplacefor < 1 andthe scalingpropertiesat the stationarystatecanthenbe calculated.For

odd j, onehasfor example:

Vh=—(3+8)/2+1/2/1- 106 + E2+2)(j + 1)(E+2). (175)

The expressiorfor the othersectorscanbe foundin (LanotteandMazzino,1999;Arad, Biferale
etal., 2000). An importantpoint (we shallcomebackto it in Sectionlll.F) is thatthe exponents
increasewith j: the moreanisotropicthe contribution, the fasterit decaysgoingtowardthe small
scales.

Higherorder correlationfunctionsof the magneticfield also obey closedequations. Their
analysisproceedslongthe samedinesasfor the scalar with theadditionaldifficulty of thetenso-
rial structure.The extra-termsin the equationdor the correlationfunctionsof the magneticfield
comefrom the presencef the stretchingterm B - [lv. Sincethe gradientof the velocity appears,
they areall proportionatto £. On the otherhand,the stabilizingeffective-diffusivity termsdo not
vanishas& — 0. We concludethattheforcedcorrelationfunctionsat any arbitraryyetfinite order
will relaxto time-independengxpressiondor sufiiciently small&. It makesthensenseto con-
sidertheir scalingpropertiesat the stationarystate,asit wasdonein (Adzhemyanmand Antonov,
1998). For the correlationfunctions ((B(r,t) - B(0,t))N) O r', the perturbatve expressionin &

readsy, = —N§ — ZNEj'le)E + 0(&?), demonstratinghe intermitteny of the magnetidield distri-

bution.
Let us concludeby discussingthe behaior of the magnetichelicity (A-B), consideredn
(BorueandYakhot,1996). This quantityis conseredin the absencef the moleculardiffusivity,

ascanbeeasilyverifiedusing(95) andthe equationfor A:
0A = vxB— D¢+ KO?A. (176)

Thefunction@ may befixedby the choiceof aspecificgaugeg.g.[1- A= 0. Thespatialbehaior

of thehelicity correlationfunctions(A(r,t) - B(0,t)) is derivedusing(95) and(176)andaveraging
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over the Gaussiarvelocity with the variance(48). Theresultingequationcoincideswith thatfor
the scalarcovariance(145), implying the dimensionalscalingr?—¢ anda constanthelicity flux.
We concludethatit is possibleto have coexistenceof normalandanomalouscalingfor different
componentf the correlationtensorof a given order Note also that the helicity correlation
functionsrelax to a stationaryform evenfor & > 1, i.e. whenthe magneticcorrelationfunctions
do not. Theincreaseof the magneticfield magnitudes indeedaccompaniedby a modificationof
its orientationandthe quasi-orthogonalitypetweerA andB ensureshe stationarityof the helicity
correlationfunctions. For a helical velocity, consideredn (Rogacheskii and Kleeorin, 1999),
the magneticandthe helicity correlatorsare coupledvia the so-calleda-effect, seee.g. (Moffatt,

1978),andthe systemis unstablan thelimit k — O consideredere.

D. Lagrangian numerics

Thebasicideaof the Lagrangiamumericalstratayy is to calculatethe scalarcorrelationfunc-
tions usingthe particletrajectories.The expressiong101) and(134) naturallyprovide for sucha
LagrangianMonte-Carloformulation: the N Lagrangianrajectoriesaregeneratedy integrating
the stochastiequationg5), theright handsideof (101)and(134)is calculatedor alargeensem-
ble of realizationsandaveragecverit. If we areinterestedn correlationfunctionsof finite order
the Lagrangianprocedurdnvolvesthe integrationof a few differentialequations.This is clearly
morecornvenientthanhaving to dealwith the partial differentialequationfor the scalarfield. The
dravbackis that quantitiesinvolving a large numberof particles,suchasthe tails of the PDF’s,
arenotaccessibleOncethe correlationfunctionshave beenmeasuredtheir appropriatecombina-
tionswill givethestructurefunctions.For thesecond-orde§,(r,t) two differentconfigurationsof
particlesareneeded Onecorrespondingdo (62), wherethe particlesareat the samepoint at time
t, andanotheronecorrespondingo (68(r)6(0)), wherethey arespaceddy r. For the 2n-th order
structurefunction,n+ 1 particleconfigurationsareneeded.

Another advantageof the Lagrangianmethodis thatit givesdirect accesdo the scalingin

£ of the structurefunctions(157), thatis to the anomalouslimensionsAy = N{2/2—{n. The
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quantities(101) and (134) for various/’s canindeedbe calculatedalong the sameLagrangian
trajectories.Thatis moreefficientthanmeasuringhescalingin r, i.e. changinghefinal positions

of the particlesandgeneratinga nev ensemblef trajectories.

1. Numerical method

The Lagrangianmethodas presentedip to now might be appliedto ary velocity field. The
situationwith the Kraichnanmodelis simplerin two respectsFirst, the velocity statisticds time-
reversibleandthe Lagrangiartrajectoriescanbe generatedorwardin time. Secondthe velocity
fields at differenttimes are independent.Only (N — 1)d randomvariablesare neededat each
time step,correspondindo the velocity incrementsat the locationof the N particles. The major
adwantagds thatthereis no needto generatehewhole velocity field. Finite-sizeeffects,suchas
the spaceperiodicityfor pseudo-spectrahethodsarethusavoided.

The Lagrangiantrajectoriesfor the Kraichnanmodel are corvenientlygeneratedsfollows.
Therelevantvariablesarethe interparticleseparationse.g. Rin =R, — Ry forn=1,...N—1.
Theirequation®f motionareeasilyderivedfrom (5) andcorvenientlydiscretizedy the standard

Eulerltd schemeof orderl/2 (KloedenandPlaten,1992)
Run(t+At) — Ran(t) = VAL (Vo + V24Wy ) , (177)

whereAt is the time step. The quantitiesV,, andW,, are d-dimensionalGaussianjndependent
randomvectorsgeneratedt eachtime step. Both have zeromeanandtheir covariancematrices

follow directly from the definition (48) of the Kraichnanvelocity correlation:
(VaVihy = dI(Rn) +d' (Ron) —d (Rin—Rmw),  (WiWHD) = (14 8nm) 8. (178)

The most corvenientnumericalprocedureto generatethe two setsof vectorsis the classical
Choleslky decompositiommethod(Ralstonand Rabinavitz, 1978). The covariancematricesare
triangularizedn theform MMT andthe lower triangularmatrix M is thenmultiplied by a setof
(N — 1)d Gaussianindependentandonmvariableswith zeromeanandunit variance Theresulting

vectorshave theappropriatecorrelations.
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Variouspossibilitiesto extracttheanomalouscalingexponentsareavailablefor the Kraichnan
model. Thestraightforvardone,usedn (Frischetal., 1998),is to take theforcing correlationclose
to a stepfunction (equalto unity for r /£ < 1 andvanishingotherwise).The correlationfunctions
(134)involve thenthe productsof the averageresidencdimesof couplesof particlesat distances
smallerthan/. An alternatve methodis basedon the shapedynamicsdiscussedn Sect.Il.E.4.
Measurindfirst-exit timesandnot residencdimesgivesan obvious advantagein computational
time. As stressedn (Gatet al., 1998), the numericalproblemhereis to measureeliably the
contributionsof theirreduciblezeromodesmasledby thefluctuationsof thereducibleones.The
latter were filtered out by Celaniet al. (1999) taking variousinitial conditionsand combining
appropriatelythe correspondingjirst-exit times. A relevantcombinationfor the fourth orderis for
exampleZ;(0,0,0,0) — 47;(ro,0,0,0) + 37;(ro,ro,0,0), whereZ; is thefirst time the size of the

particleconfiguratiorreacheg.

2. Numerical results

We shallnow presentheresultsfor the Kraichnanmodelobtainedby the Lagrangiamumeri-
calmethodgustdiscussed.

Thefourth-orderanomaly2(> — {4 vstheexponent of thevelocityfield is shavnin Fig. 5 for
both2d and3d (Frischetal., 1998and1999). A few remarksarein order First,thecomparison
betweerthe 3d curve andthe prediction4¢ /5 for small&’s providesdirectsupportfor the pertur
bationtheorydiscussedn Sect.Il.E.5. Similar numericalsupportfor the expansionin 1/d has
beenobtainedin (MazzinoandMuratore-Ginannesch2001). Secondthe curve closeto & = 2
is fitted with reasonableccurag by a(2 — &) + b(2 — &)%/2 for a= 0.06 andb = 1.13. Thatis
compatiblewith anexpansiorin powersof (2 — &)%/2 (ShraimarandSiggia,1996),wherethefirst
termis ruled out by the Schwartzinequality{s < 2{; = 2(2 - &). Third, remarkthatthe anoma-
lies arestrongerin 2d thanin 3d andtheir maximumshifts towardssmaller§ asthe dimension
decreasesThe formerremarkis in agreementvith the generalideawhich emegedin previous

Sectionsthat intermitteng is associatedvith the particlesstayingcloseto eachotherfor times
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longerthan expected. It is indeedphysically quite sensiblethat thoseprocessesre favored by
loweringthe spacedimensionality The secondemarkcanbe qualitatively interpretedasfollows
(Frischetal., 1998). Considerscalarfluctuationsat a givenscale.The smallerscalecomponents
of the velocity actlik e an effective diffusivity whilst its largerscalecomponentsffect the scalar
asin the Batchelorregime. Neitherof themleadsto ary anomalousscalingof the scalar Those
non-localinteractionsare dominantas& — 0 and§ — 2, respectrely. For intermediatevalues
of & the velocity componenthaving a scalecomparabldo thatof the scalarfluctuationsbecome
importantandintermitteny is produced.The strongestinomaliesare attainedwhenthe relevant
interactionsaremostlylocal. To qualitatively explain how the maximumof theanomaliesnoves
with the spacedimensionality it is then enoughto note that the effective diffusivity increases
with d but not the large-scalestretching.As for thedependencen the orderof the momentsthe
maximummaovestoward smaller asN increasesseethe 3d curvesfor the sixth-orderanomaly
3(2> — (g (Mazzinoand Muratore-GinanneschR001). It is indeednaturalthat highermoments
aremoresensitve to multiplicative effectsdueto large-scalestretchingthanto additive effectsof
small-scaleeddydiffusivity.

Let us now discussthe phenomenorof saturationj.e. the factthat{y tendto a constantat
large N. The orderswheresaturationis taking placeare expectedto increasewith ¢ anddiverge
as¢ — 0. It is thencorvenientto considersmall valuesof 2 — §. Onthe otherhand,approaching
the Batchelorlimit too closelymakesnon-localeffectsimportantandthe rangeof scalesneeded
for reliablemeasurementsecomediuge. A corvenienttrade-of is thatconsideredn (Celaniet
al., 2000a)with the3d case — { = 0.1250.16 and0.25. For thefirst valueof & it is foundthere
that the fourth andthe sixth-orderexponentsarethe samewithin the error bars. The curvesfor
the other & valuesshow thatthe order of saturationincreasewith 2 — ¢, asexpected. How do
thosedataconstrainthe { curve? It follows from the Holderinequalitieghatthecurvefor N > 6
mustlie below thestraightline joining {4 and{g. Furthermorefrom theresultsin Sectionlll.A.3
we know thatthe spatialscalingexponentsn the forcedandthe decayingcasesarethe sameand
independenof the scalarinitial conditions. For the unforcedequation(92), the maximumvalue

of 8 cannotincreasewith time. Takinganinitial conditionwith afinite maximumvalue,we have
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theinequalitySy(r,t) < (2max8)P Sy_p(r,t). We concludethatthey curve cannotdecreasavith
theorder Thepresencef errorbarsmakesit, of coursejmpossibleto staterigorouslythatthe
curvestendto a constantlt is however clearthatthe combinationof thenumericaldatain (Celani
etal., 2000a)andthe theoreticalargumentsdiscussedn Sectionlll.C.2 leaveslittle doubtabout
the saturatioreffectin the Kraichnanmodel. The situationwith an arbitraryvelocity field is the

subjectof Sectionlll.F.

E. Inverse cascade in the compressib le Kraic hnan model

Theuniquenessf the Lagrangiartrajectoriesdiscussedn Sectionll.D for the stronglycom-
pressibleKraichnanmodelhasits counterparin aninversecascadef the scalarfield, thatis in
the appearancef correlationsat larger and larger scales. Moreover, the absenceof dissipatve
anomalyallows to calculateanalyticallythe statisticsof scalarincrementsandto shaw thatinter-
mittengy is suppresseth the inversecascadeegime. In otherwords,the scalarincrementPDF
tendsatlong timesto a scale-ivariantform.

Let usfirst discusghe simple physicalreasondor thoseresults. The absencef a dissipatve
anomalyis animmediateconsequencef the expression101)for thescalarcorrelationfunctions.
If thetrajectoriesareunique particlesthatstartfrom the samepointwill remaintogetherthrough-
out the evolution andall the moments(@N)(t) arepresered. Note that the conseration laws are
statistical:themomentsarenot dynamicallyconseredin every realization but their averageover
thevelocity ensemblare.

In the presencef pumping,fluctuationsareinjectedanda flux of scalarvariancetowardthe
large scalesis established.As explainedin Sectionlll.B.3, scalarcorrelationfunctionsat very
large scalesarerelatedto the probability for initially distantparticlesto comeclose. In strongly
compressibldlow, the trajectoriesare typically contracting,the particlestendto approachand
the distanceswill reduceto the forcing correlationlength/Z (andsmaller)for long enoughtimes.
Strongcorrelationsatlargerandlargerscalesarethereforeestablishedstime increasessignaling

theinversecascaderocess.
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The absenceof intermitteny is dueto the fact that the N-th order structurefunctionis dy-
namicallyrelatedto a two-particlesprocess Correlationfunctionsof the N-th orderaregenerally
determinedy theevolution of N-particleconfigurationsHowever, the structurefunctionsinvolve
initial configurationswith justtwo groupsof particlesseparatedthy a distancer. The particlesex-
plosively separatén the incompressibleaseandwe areimmediatelybackto an N-particle prob-
lem. Corversely theparticlesthatareinitially in thesamegroupremaintogetheiif thetrajectories
areunique.Theonly relevantdegreesof freedomarethengivenby theintergroupseparatiorand
we arereducedo atwo-particledynamics.lt is thereforenot surprisingthatthe scalingbehaiors
atthevariousordersaresimply relatedin theinversecascadeegime.

Specifically let us considerthe equationsfor the single-pointmoments(8V)(t). Sincethe
momentsare consered by the adwective term, see(101), their behaior in thelimit kK — 0 (non-
singularnow) is the sameasfor the equationd;8 = ¢. It follows thatthe single-pointstatisticsis
Gaussianwith (82) coincidingwith thetotal injection ®(0)t by theforcing.

Theequationfor the structurefunctionsSy(r,t) is derivedfrom (143). Thatwasimpossiblein
theincompressibleasesincethe diffusive termscould not be expressedn termsof Sy (another
sign of the dissipatve anomaly).No suchanomalyexists hereso we candisregardthe diffusion
termandsimply derive theequatiorfor Sy from (143). Thisis thecentraltechnicalpointallowing
for the analyticalsolution. The equationsat the variousordersarerecastin a compactform via
the generatingunction Z(\ ;r,t) = (€*28) for the scalarincrements 8 = 8(r,t) —8(0,t). The

equationfor the generatingunctionis
OZ(\;r,t) = MZ(A;r,t) +A2(D(0) — D(r/£))Z(\;r 1), (179)

wheretheoperatoM wasdefinedn (62)andZ = 1 attheinitial time. NotethatM is therestriction
of M5, signalingthe two-particlenatureof thedynamicsat any order The stationarysolutionfor
Z depend®nthe pumping,but two differentregionswith a universalbehaior canbeidentified.
i). Largescaleg > /. Inthisregion,®(r) in (179)canbeneglectedandthegeneratindunctionis
aneigenfunctiorof M with eigervalueA?®(0). Introducinga new variabler(2-%)/2 the equation

(179)istransformednto aBesseform andsolvedanalytically Thesolutiontakesascale-itvariant
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form Z(|A| r(2-8)/2) whosedetailedexpressiormaybefoundin (Gavedzki andVergassola2000).
It follows that S(r) 0 r?~¢. The associatedcalarflux is calculatedasin (148) andturnsout to
be constantin the upscaledirection, the footprint of the inversecascade. The scale-ivariant
form of thegeneratingunctionsignalsthatno anomalouscalingis presenin theinversecascade
regime. As we shalldiscussn SectionlV.B.2,thephenomenors notaccidentahndotherphysical
systemswith inversecascadesharethe sameproperty Notethat, despiteits scale-ivariance the
statisticsof the scalarfield is strongly non-Gaussian.The expressionfor the scalarincrement
PDFis obtainedby the Fourier transformof the generatingunction. Thetails of the PDF decay
algebraicallywith the power —(2b+ 1), whereb = 1+ (y—d)/(2— &) andy wasdefinedin (62).
The slow decayof the PDF rendersmomentsof orderN > 2b divemgent(astN/2-0r0(2-8)) when
time increasesA specialcaseis thatof smoothvelocities¢ = 2, consideredn (Chertlov et al.,
1998). The PDF of scalarincrementseduceghento the sameform asin the direct cascadeat
smallscales For amplitudessmallerthanin(r /£) the PDFis GaussianThereasoris the sameas
in Sectionlll.B.2: thetime to reachtheintegral scale/ from aninitial distancer > £ is typically
proportionalto In(r/£); the fluctuationsof the travel time are Gaussian.For larger amplitudes,
the PDF hasanexponentialtail whoseexponentdepend®n the whole hierarchyof the Lyapunw
exponentsasin thesmoothincompressiblease.

i). Small scalesr < £. Contraryto large scalesthe scalarincrementsare now stronglyinter-
mittent. The structurefunctionsof integer ordersare all dominatedby the zeromodeof the M
operatorscalingasr®2-%) with b definedin the previousparagraphThe exponentof theconstant
flux solutiond r2—¢ crosseshatof thezeromodeat thethresholdof compressibilityb = 1 for the
inversecascade.

Letusnow considettherole of aninfraredcutoff in theinversecascadelynamics.Thenatural
motivationis thequasi-stationaritpf thestatistics:dueto theexcitationof largerandlargerscales,
someobsenablesdo not reacha stationaryform. It is thereforeof interestto analyzethe effects
of physicalprocessessuchasfriction, actingat very large scales.The correspondingquationof

motionis
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00+v-00+0a0—KO?0 =0, (180)

andwe areinterestedn thelimit a — 0. For nonsmoothvelocities,thefriction andthe adwection
balanceatascalen, ~ a8 muchlargerthan/ asa — 0. Thesmoothcasef = 2 is special
as no suchscaleseparatioris presentandit will be consideredat the end of the Section. For
nonsmootHhlows, the enegy is injectedat the integral scale/, transferredupwardsin theinertial
rangeandfinally extractedby friction atthescalen;.

Thefriction termin (180)is takeninto accountby noting thatthe field exp(at) 6 satisfieshe
usualpassve scalarequationwith a forcing exp(at) f. It follows that the previous Lagrangian
formulaecanbecarriedoverby justintroducingtheappropriateveights. The expression(154)for
theN-point correlationfunctionbecomesfor instance,

t ! ! ! ! !
Cn(r,t) = /Ods/e_(t_s)’\‘“ S > CN_2(r1,..ﬁ. SN S D(r,—r/f)dr.  (181)

n<m

From (181), one can derive the equationsfor (6N )(t) and the structurefunctions Sy(r,t) and
analyzethem (Gawedzki and Vergassola,2000). The single-pointmomentsare finite and the
scalardistribution is Gaussiarwith (%) = ®(0)/2a. The structurefunctionsof orderN < 2b
are not affectedby friction. The ordersthat were previously diverging are now finite andthey
all scaleasr®(Z-%) in theinertial range,with a logarithmiccorrectionfor N = 2b. The algebraic
tails thatexistedwithout friction arereplacedoy anexponentialfall off for amplitudedargerthan
/®(0)/a. Thesaturatiorof theexponentsomesrom thefactthatthemomentf orderN/2 > b
areall dominatedoy the contribution nearthe cut.

Let us concludeby consideringthe smoothcase = 2, wherethe velocity incrementsscale
linearly with thedistance.Theadwective termv- [0 haszerodimension]ik e thefriction term. As
first notedby Chertlov (1998,1999),this naturallyleadsto an anomalousscalingand intermit-
teng. Let usconsiderfor examplethe second-ordecorrelationfunctionCy(r,t) = (6(r,t)6(0,t)).

Its governingequationis derivedfrom (181):
0;Co = MC, + @(r)Cy — 20Cy, (182)

with thesameM operatorasin (179). At largescales > /, theforcing termis negligible andwe
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look for a stationarysolution. Its nontrivial decayC, O (r /£)~#2 is dueto the zeromodearising

from the balancebetweerthe M operatorandthefriction term:

wherey is asin (62) andC is thecompressibilitydegreeof thevelocity. The notationA; is meant
to stresghatdimensionahrgumentsvould predictanexponentzero.Higherorderconnectedor
relationfunctionsalsoexhibit anomalouglecaylaws. Similar mechanism$or anomalouscaling
andintermitteny for the 2d directenstrophycascaden the presencef friction arediscussedn

SectionlV.B.1.

F. Lessons for general scalar turb ulence

Theresultsfor spatiallynonsmootHlows have mostly beenderived within the frameawork of
the Kraichnanmodel. Both the forcing and the velocity were Gaussiarand short-correlatedn
time. As discussedh Sectionlll.C.1, theconditionsontheforcingarenotcrucialandmaybeeas-
ily relaxed. The scalingpropertiesof the scalarcorrelationfunctionsareuniversalwith respecto
theforcing, i.e. independentf its details,while the constanprefactorsarenot. Thesituationwith
thevelocity field is moreinterestingandnontrivial. Eventhougha short-correlatedlow mightin
principlebeproducedy anappropriatgorcing, all the casef physicalinteresthave afinite cor-
relationtime. Thevery existenceof closedequationf motionfor the particlepropagatorsyhich
we hewily relied upon,is thenlost. It is thereforenaturalto askaboutthe lessonsdravn from
the Kraichnanmodelfor scalarturbulencein the genericsituationof finite-correlatedlows. The
existing numericalevidenceis thatthe basicmechanisms$or scalarintermitteny arequiterobust:
anomalouscalingis still associateavith statisticallyconsered quantitiesandthe expansion(75)
for the multiparticle propagatoseemdo carry over. The specificstatisticsof the adwectingflow
affectsonly quantitatve details,suchasthenumericalvaluesof theexponentsThegeneratonse-
guencedor the universalityof the scalarstatisticsandthe decayof the anisotropiesre presented
in whatfollows. We alsoshawv thatthe phenomenormf saturationdiscussedn Sectiondll.C.2

andlll.D.2 for theKraichnanmodel,is quitegeneral.
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A corvenientchoiceof thevelocityv to investigateéhepreviousissuess a2d flow generatedby
aninverseenepgy cascad¢Kraichnan,1967). Theflow isisotropic,it hasaconstantipscaleenepgy
flux andis scale-ivariantwith exponentl/3, i.e. withoutintermitteny correctionsasshavn both
by experimentsand numericalsimulations(Paretand Tabeling,1998; Smith and Yakhot, 1993;
Boffettaet al., 2000). The inversecascaddlow is thusakin to the Kraichnanensembleput its
correlationtimesarefinite.

Let usfirstdiscusghepreseredLagrangiarstructuresThesimplestontrivial caseo analyze
anomalousscalingis the third-ordercorrelationfunction Cz(r) = (6(r1,t) 6(r2,t) 6(r3,t)). The
functionis non-zeroonly if thesymmetryd — —0 is broken,which oftenhappensn realsystems
viathepresencef ameanscalargradient(6) = g-r. ThefunctionCs(r) dependshenonthesize,
theorientationwith respecto § andthe shapeof thetriangledefinedby r1, ro andrs. For ascalar
field adwectedby the 2d inverseenegy cascaddlow, the dependencen the sizeR of thetriangle
is a power law with anomalousexponentlz = 1.25, smallerthanthe dimensionaprediction5/3
(Celanietal., 2000a).To look for statisticalinvariantsunderthe Lagrangiardynamicsjet ustake
atranslation-ivariantfunction f (r) of theN pointsr,, anddefineits Lagrangiareverageasin (72),
i.e. asthe averageof the function calculatedalongthe Lagrangianrajectories.In the 2d inverse
enegy cascadethe distancegyrow as [t|*/? andthe Lagrangianaverageof a scalingfunction of
positive degreeo is expectedto grow as \t|3"/2. The numericalevidencepresentedn (Celani
andVemgassola2001)is thattheanomalouscalingis againdueto statisticalintegralsof motion:
the Lagrangianaverageof the anomalouspart of the correlationfunctionsremainsconstantin
time. The shapeof the figuresidentified by the tracerparticlesplays againa crucial role: the
growth [ [t|33/2 of the sizefactorR% in Cs(r) is compensatedy its shapedependenceAs we
indicatedin Sectionll.E.4, anomalouscalingreflectsslowed-davn separationamongsubgroups
of particlesandthe factthattriangleswith large aspectatioslive muchlongerthanexpected.lt
is alsoimmediateto provide an exampleof slow mode,see(75), for the two particle dynamics.
TheLagrangiaraverageof (g-ri2) is obviously preseredasits time derivative is proportionalto
((vp—Wv2)) = 0. lts first slow modeis givenby (g-ri2) rfés, whoselLagrangiaraverageis found

to grow as|t| (thatis muchslower than t|%/2) at large times. In the presencef a finite volume
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and boundariesthe statisticalconseration laws hold as intermediateasymptoticbehaiors, as
explicitly shavnin (Aradetal., 2001).

An importantconsequencis aboutthe decayrateof the anisotropies As alreadymentioned,
isotropy is usuallybrokenby thelarge-scalénjectionmechanismsOneof theassumptioni the
Oboukha-Corrsinreformulationof the Kolmogoror 1941theoryfor the passve scalaris thatthe
statisticalisotropy of thescalairis restoredcat sufficiently smallscales Experimentgio notconfirm
thoseexpectations. Considey for example,the casewherea meanscalargradientg is present.
A guantitatve measureof the degreeof anisotropy is provided by odd-orderstructurefunctions
or by odd-ordermomentsof §- [06. All thesequantitiesareidentically zerofor isotropicfields.
The predictionsof the Oboukha-Corrsintheoryfor the anisotropicsituationsare the following.
Thehyperslewnessof the scalan'ncrement§2n+1(r)/$+1/2(r) shoulddecaywith the separation

2/3

asr</*. The correspondingehaior of the scalargradienthyperslewnesswith respectto the

Péclet numbershouldbe Pe /2,

In fact, the previous quantitiesare experimentallyfound to
remainconstantor evento increasewith the relevant paramete(Gibsonet al., 1977; Mestayey
1982; Sreenvasan,1991; Mydlarski and Warhaft, 1998). Thereis thereforeno restorationof
isotropy in the original Kolmogoros senseandthe issueof the role of anisotropiesn the small-
scalescalarstatisticsis naturallyraised(Sreenvasan,1991; Warhaft,2000). The analysisof the
sameproblemin the Kraichnanmodelis illuminating and permitsto clarify theissuein termsof
zero medesand their scalingexponents. For isotropic velocity fields, the correlationfunctions
may be decomposea@ccordingto their angularmomentumj, asin Sectionll.E.5 Eachof those
contributionsis characterizedy a scaling exponentZ,j“. The generalexpectation,confirmedin

all the situationswherethe explicit calculationscould be performed,is thatZ,L7éo > Z,jfo andthat
the exponentsncreasewith j. As their degreeof anisotropy increasesthe contributionsareless
andlessrelevantat smallscalesNotethat,in the presencef intermitteng, theinequalityZ,jjéO <

%Zz is still possibleand anisotropiesmight then have dramaticeffects for obsenableswhose
isotropicdominantcontribution is vanishing,suchasSQnH/%’“/z. Ratherthantendingto zero,
they maywell increasevhile goingtowardthe small scalesplatantlyviolating the restoratiorof

isotropy in theoriginal Kolmogoror senseRemarkthatnoviolationof thehierarchyin j isimplied
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though.In otherwords,the degreeof anisotroy of every givenmomentdoesnotincreaseasthe
scaledecreasedf however onemeasure®dd momentsn termsof the appropriatgpower of the
secondone(asis customaryin phenomenologicapproacheshenthe degreeof anisotroy may
grow downscales.The previous algumentsare quite generaland compatiblewith all the existing
experimentalandnumericaldatafor passve scalarturbulence.For Navier-Stokesturbulence the
useof the rotationsymmetriesandthe existenceof a hierarchyamongthe anisotropicexponents
wereput forward andexploitedin (Arad etal. 1998,1999). Numericalevidencefor persistence
of anisotropiesnalogougo thoseof the scalarfieldswasfirst presentedn (PumirandShraiman,
1995).

Let us now discussthe phenomenorof saturation. A snapshobf the scalarfield advected
by the 2d inversecascaddlow is shavn in Fig. 6. A clearfeatureis that strongscalargradients
tendto concentratén sharpfrontsseparatedby large regionswherethe variationsareweak. The
scalarjumpsacrossthe fronts are of the orderof 8;ns= \/@ , .e. comparableo the largest
valuesof thefield itself. Furthermorethe minimal width of thefrontsreduceswith thedissipation
scale,pointing to their quasi-discontinuousature. If the probability of having such6,ms jumps
acrossa separatiorr decreaseasré=, thenphenomenologicamumentsof the multifractal type
suggeshasaturatiorto theasymptotiovaluel.,, see(Frisch,1995). Thepresencef frontsin scalar
turbulenceis a very well establishedact, both in experiments(Gibsonet al., 1977; Mestayer
1982;Sreenvasan1991;MydlarskiandWarhaft,1998)andin numericalsimulationgHolzerand
Siggia,1994;Pumir, 1994).1t is showvn in the latterwork thatfrontsareformedin the hyperbolic
regionsof the flow, wheredistantparticlesare broughtcloseto eachother The otherimportant
remarkis that fronts appearalsoin the Kraichnanmodel (Fairhall et al., 1997; Vergassolaand
Mazzino,1997;ChenandKraichnan,1998),despiteghed-correlationof thevelocity. Whatmatters
for bringing distantparticlescloseto eachotherareindeedthe effects cumulatedin time. The
integral of a d-correlatedrandomprocesshehaesasa Brownian motionin time, whosesignis
known to have strongpersistenceropertiegFeller, 1950). Even a d-correlatedflow might then
efficiently compresghe particles(locally) andthis naturally explainshow fronts may be formed

in the Kraichnanmodel. It is alsoclearfrom the previous agumentghata finite correlationtime
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favorstheformationof frontsandthatthe Kraichnanmodelis somehav the mostunfavorablecase
in thisrespect.Thefactthatfrontsstill form andthatthe saturatiortakesplacepointsto generality
of the phenomenoffior scalarturbulence. The orderof the momentsandthe valuewherethe (y

curve flattensout might dependon the statisticsof the advectingvelocity, but the saturationitself

shouldgenerallyhold. Direct evidencefor theadvectionby a 2d inversecascaddlow is provided
in (Celanietal., 2000a,b).Saturationis equialentto the scalarincrementPDF taking the form

P(AB) = rz“q(ArB/Grms) for amplitudedargerthan®,yns Thetails at variousr canthusbe all

collapsedby plotting r %=, asshown in Fig. 7. Note finally that the saturationexponentZ.,

coincideswith the fractal codimensiorof the fronts, see(Celaniet al., 2001)for a moredetailed
discussion.

Asfarasthecompressibl&raichnanmodelis concernedapplyingevenqualitatve predictions
requiresmuchmorecarethanin theincompressiblease.lndeed the compressibilityof the flow
makesthe sumof the Lyapunw exponentsnonzeroandleadsto the permanengrowth of density
perturbationslescribedn Sect.lll.A.4. In arealfluid, suchgrowth is stoppedy theback-reaction
of the densityon the velocity, providing for a long-time memoryof the divergencell - v of the
velocity alongthe Lagrangiarntrajectory This shows thatsomecharacteristicef the Lagrangian
velocitymaybeconsidereghort-correlatedik etheoff-diagonalcomponentsf the straintensor),
while otherarelong correlatedlik e the traceof the strain).

In summarythe situationwith the Kraichnanmodelandgeneralpassve scalarturbulenceis
much like the motto at the beginning of the review. The interestwas originally stirred by the
closedequationof motionfor the correlationfunctionsandthe possibility of deriving anexplicit
formulafor the anomalouscalingexponentsthatarequite specificfeatures Actually, the model
turned out to be much richer and capableof capturingthe basicpropertiesof the Lagrangian
tracerdynamicsin genericturbulentflow. The majorlessongdravn from the model,suchasthe
statisticalintegralsof motion,the geometryof the particleconfigurationsthe dynamicsin smooth
flow, the importanceof multipoint correlations the persistencef anisotropiesall seemto have

quitegenerabalidity.
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IV. BURGERS AND NAVIER-STOKES EQUATIONS

All the previous sectionswverewritten underthe assumptiorthatthe velocity statistics(what-
ever it is) is given. In this Chaptey we shall describewhat one canlearnaboutthe statisticsof
thevelocity field itself by consideringt in the Lagrangiarframe. We startfrom the simplestcase
of Burgersturbulencewhoseinviscid versiondescribes free propagatiorof fluid particles,while
viscosity providesfor a local interaction. We thenconsideranincompressibléurbulencewhere

the pressurdield providesfor anonlocalinteractionbetweennfinitely mary particles.

A. Burgers turb ulence

The d-dimensionaBurgersequation(Burgers,1974)is a pressurelesgersionof the Navier-

Stokesequation(1):
Ov+v-Ov—v?v= f (184)

for irrotational(potential)velocity v(r,t) andforce f (r,t). It is usedto describeavariety of phys-
ical situationsrom the evolution of dislocationsn solidsto theformationof large scalestructures
in the universe,seee.g. (Krug and Spohn,1992; Shandarirand Zel'dovich, 1989). Involving a
compressibley, it allows for a meaningful(and nontrivial) one-dimensionatasethat describes
small-amplitudeperturbationf velocity, densityor pressuralependingon a singlespatialcoor
dinatein the frame moving with soundvelocity, seee.g. (Landauand Lifshitz, 1959). Without
force, the evolution describedby (184) conserestotal momentum/vdr. By the substitutions

v= Ueandf = g the Burgersequationis relatedto the KPZ equation
1
ap+5(09)°—vD%e=g. (185)

governinganinterfacegrowth (Kardaretal., 1986).
Alreadytheone-dimensionataseof (184)illustratesthethemeghatwe discussedh previous
Chapters:turbulent cascadel.agrangianstatisticsandanomalousscaling. Underthe actionof a

large-scaldorcing (or in freedecayof large-scal@nitial data)a cascadef kinetic enegy towards
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the small scalestakes place. The nonlinearterm providesfor steepeningf negative gradients
andthe viscousterm causeenengy dissipationin the fronts that appearthis way. In thelimit of
vanishingviscosity the enepgy dissipationstaysfinite dueto the appearancef velocity disconti-
nuitiescalledshocks.The Lagrangiarstatisticsis peculiarin suchanextremelynonsmootHflow
andcanbe closelyanalyzedeven thoughit doesnot correspondo a Markov process.Forward
andbackward Lagrangiarstatisticsaredifferent,asit hasto bein anirreversibleflow. Lagrangian
trajectoriesstick to the shocks. That providesfor a stronginteractionbetweenthe particlesand
resultsin anextremeanomalouscalingof thevelocity field. A tracerfield passvely adwectedby
suchaflow undegoesaninversecascade.

At vanishingviscosity the Burgersequationrmaybe consideredsdescribinga gasof particles
moving in a force field. Indeed,in the Lagrangianframe definedfor a regular velocity by R =
V(R 1), relation(184)becomesheequatiorof motionof non-interactinginit-mas9articlesvhose

accelerations determinedy theforce:

R= f(Rt). (186)

In orderto find the LagrangiartrajectoryR(t;r) passingat time zerothroughr it is thenenough
to solve the secondorderequation(186) with theinitial conditionsR(0) = r andR(0) = v(r,0).
For sufficiently shorttimessuchtrajectoriesdo not crossandthe Lagrangiamrmap r — R(t;r) is
invertible. Onemaythenreconstructy attimet from therelation v(R(t),t) = R(t). Thevelocity
stayspotentialif the force is potential. At longertimes, however, the particlescollide creating
velocitydiscontinuitiesi.e. shocks.Thenatureandthedynamicsof theshocksnmaybeunderstood
by treatingthe inviscid equationasthe limit of the viscousone. Positve viscosity removesthe
singularities. As is well known, the KPZ equation(185) may be linearizedby the Hopf-Cole

substitutionZ = exp[—@/2v] thatgivesriseto the heatequationin anexternalpotential:
[0 — V%4 5 g1Z=0. (187)

The solutionof the initial value problemfor the latter may be written asthe Feynman-Kacpath-

integral
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Zor)= | exp [—i S(R)] Z(R(0),0) DR. (188)

T

tr..
with the classicalaction SR) = [ [%Rz—l—g(t,R)] dt of apathR(t). Thelimit of vanishingvis-
0

cosity selectgheleast-actiorpath:

o(r,t) = min {S(R)—i—(p(R(O),O)}. (189)

R: R(t)=r
Equatingto zerothe variationof the minimized expression,oneinfers that the minimizing path
R(1) = R(1;r,t) is a solutionof (186) suchthat R(0) = v(R(0),0). Takingthe gradientof (189),
onealsoinfersthatv(r,t) = R(t). Theabaove proceduresxtendsthe short-timeconstructiorof the
solutionsof the inviscid Burgursequationto all timesat the costof admittingshockswherev is
discontinuousThevelocity still evolvesalongthe solutionsof (186)with R(O) givenby theinitial
velocity field, but if therearemary suchsolutionsreachingthe samepoint at the samemoment,
the onesthat do not realizethe minimum (189) shouldbe disregarded. The shocksarisewhen
thereare several minimizing paths. At fixed time, shocksare, generically hypersuréceswhich
may intersecthave boundariescorners.etc. (Vergassolaet al., 1994;Frischetal., 1999; Frisch

andBec,2000). This maybebestvisualizedin the casewithout forcing wherethe equation(189)

takestheform
@(r,t) = min {i(r—r’)z-i— o(r’ O)} (190)
7 r, 2t 7

with a clear geometricinterpretation: @(r,t) is the heightC of the inverted paraboloidC —
%(r - r’)2 touchingbut not overpassinghe graphof ¢(r’,0). The points of contactbetween
the paraboloidandthe graphcorrespondo r’ in (190) on which the minimumis attained.Shock
loci arecomposedf thoser for which thereareseveralsuchcontactpoints.

The simplestsituationoccursin onedimensionwith r = x. Here,shocksarelocatedat points
xi wherethevelocity jumps,i.e. wherethetwo-sidedimits v*(x,t) = liLnOv(xia,t) aredifferent.
Thelimits correspondo thevelocitiesof two minimizing pathsthatdo not crossexceptatx;. The

shockheights = v (xi,t) — v~ (x,t) hasto benegative. Oncecreatedshocksnever disappeabut

they may mege sothatthey form a treebranchingbackwardin time. For no forcing, the shock
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positionsx; correspondo theinverseparabolasC — %(xi —x/)? thattouchthegraphof @(x',0) in
(atleast)two pointsxi’i, Xt > X", suchthat v*=(x;,t) = X'_t—’qi seeFig. 8. Below, we shalllimit
our discussiorto the one-dimensionatasethatwasmostextensvely studiedin theliterature,see
(Burgers,1974; Woyczynhski, 1998; E andVandenEijnden,2000a).In particular the asymptotic
long-timelarge-distancédehaior of freely decayingnitial datawith Gaussiarfinitely correlated
velocitiesor velocity potentialshasbeenintensiely studied. In the first case,the asymptotic
solutionfor x¥/2t~1 = 0(1) hasthe form (190) with @(x’,0) representinga Brownian motion.

In the secondcase the solution settlesunderthe diffusive scalingwith a logarithmiccorrection

x2t~1InY/4x = 0(1) to theform
o(x,t) = mjin {%(x—yj)2 + (pj} , (191)

where(yj,®;) is the Poissorpoint processwith intensitye®dydg. In both casesxplicit calcula-
tions of the velocity statisticshave beenpossible seerespectiely, (Burgers,1974;Frachebowg
andMartin, 2000)and (Kida, 1979; Woyczynhski, 1998). Otherasymptoticregimesof decaying
Gaussiannitial datawereanalyzedn (Gurbatw etal., 1997).

The equationof motion of the one-dimensionadhocks;(t) is easyto obtainevenin the pres-
enceof forcing. To this aim, notethatalongthe shocktherearetwo minimizing solutionsdeter

mining the samefunction @ andthat
g @61 = 0006, 1) + X0, ) = —5V=(%,1)7 + g(xi, 1) + XivE(x;,1). (192)

Equatingboth expressionse infer thatx = 3[v*(x,t) + v~ (,t)] = V(x,t) = Vi, i.e. thatthe
shockspeeds the meanof the velocitieson both sidesof the shock. The crucial questionfor the
Lagrangiardescriptionof the Burgersvelocitiesis whathappensvith thefluid particlesafterthey

reachshockswheretheir equationof motion x = v(x,t) becomesambiguous.The questionmay
be easilyansweredy consideringthe inviscid caseasa limit of the viscousone whereshocks
becomesteepfronts with large negative velocity gradients.It is easyto seethatthe Lagrangian
particlesaretrappedwithin suchfronts andkeepmaoving with them. We shouldthendefinethe

inviscid Lagrangiartrajectoriesassolutionsof the equationx = v(x,t), with x understoodasthe
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right derivative. Indeed the solutionsof thatequationclearly move with the shocksafterreaching
them. In otherwords,thetwo particlesarriving at the shockfrom theright andtheleft ata given
momentaggregate uponthe collision. Momentumis consered so that their velocity after the
collisionis themeanof theincomingones(recallthatthe particleshave unit mass)andis equalto
thevelocity of the particlesmoving with the shockthathave beenabsorbedt earliertimes. Note
thatin the presenceof shocksthe Lagrangianmap becomesmary-to-one,compressingvhole
space-interalsinto the shocklocations.

It is notdifficult to write field evolution equationghattake into accounthepresencef shocks
(Vol'pert, 1967;Bernardand Gawvedzki, 1998; E andVandenEijnden,2000a).We shalldo it for
local functionsof the velocity of theform e"V(!), For positive viscosity thesefunctionsobey the

eqguationof motion
(Ot +ARA o —Af)er = —A%g(N), (193)

whereg(\) = V[(dxv)? — A~202] €MV is the contrikution of the viscoustermin (184). In the limit
v — O thedissipatiorbecomesoncentrateavithin theshocks.Usingtherepresentatior V(! =
eV XD g(x— xi(t)) + eV %D (x(t) —x) aroundthe shocksiit is easyto checkthat (193) still

holdsfor v = 0 with
eAixt) = Y F(W,s) 8(x—xi(t)), (194)

concentrateat shocklocations.The“form-factor” F (v,s) = —2e*VA 19, A‘lsinh%s.
When the forcing and/orinitial dataare random,the equationof motion (193) inducesthe
Hopf evolution equationdor the correlationfunctions. For example,in the stationaryhomoge-
neousstate ( f e*V) = A (g(A)). Upon expandinginto powersof A, this relatesthe single-point
expectations(V") to the shockstatistics. The first of theserelationssaysthat the averageforce
shouldvanishandthe secondyivestheenegy balance( fv) = €,, wherethemeanenengy dissipa-
tionrateg, = (¢(0)) = —p(s°)/12andp = < Izé(x— Xi (t))> is themeanshockdensity Similarly,

for thegeneratindunctionof the velocity incrementgexp(A Av)) with Av = v; — v,, oneobtains
)\ZGA)\‘261<eMV> A <Af eMV> - —'/\2<s(>\)1e—“2 +e“1a(—>\)2>. (195)
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ForaGaussiarorcewith (f(x,t) f(0,0)) = 3(t) x(x/L), whereL is theinjectionscale (A f e2Y) =
[X(0) — x(Ax/L)] (€'2Y). For aspatiallysmoothforce, thesecondermin (195)tendsto zerowhen
the separatiom\x (taken positive) shrinks. In the samelimit, the quantityinsidethe expectation
valueontheright handsidetendsto alocal operatorconcentrate@n shocksasin (194),but with
theheight-dependeriorm-factor —4€*/2A 19, A~ 1sinh2% = —9,A2(e*S—1-\s). Comparing

theterms,oneinfersthatfor N = 3,4.. .,

lim 61<(AV)N> — p(sY). (196)

Xo— X1

Thefirst of theseequalitiesis the one-dimensionabersionof the Kolmogoror flux relation(2).
The higheronesexpressthe fact that, for small Ax, the highermomentsof velocity increments
aredominatedoy the contribution from a singleshockof heights occurringwith probability p Ax.

Thatimpliestheanomalouscalingof the velocity structurefunctions
S.(AX) = <(AV)N> = p(M)AX + 0(AX), (197)

thatis asignatureof anextremeintermitteng. In fact,dueto theshockcontributions,all moments
of velocity incrementsof order p > 1 scalewith exponents(, = 1. In contrastfor 0 < p <1,
{p = p sincethefractionalmomentsaredominatedy theregularcontritutionsto velocity. Indeed,
denotingby & theregularpartof thevelocity gradientoneobtains(E etal., 1997;E, Khaninetal.
2000;E andVandenEijnden,2000a)

((1Av)P) = (I€[P) (Ax)P+o((AX)P) . (198)

The shockcontribution proportionalto Ax is subleadingn thatcase.
The Lagrangianinterpretationof theseresultscanbe basedon the fact that the velocity is a

Lagrangiannvariantof the unforcedinviscid system.In the presencef theforce,
t
V(1) = v(x(0),0) + [ (x(9),9)ds, (199)
0

alongthe Lagrangiarntrajectories.Thevelocity is anactive scalarandthe Lagrangianrajectories

areevidently dependentntheforcethatdrivesthevelocity. Onecannotwrite aformulalike (135)
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obtainedby two independenéveragesover the force andover the trajectories.Neverthelessthe
maincontrikutionto thedistance-dependepartof the2-pointfunction (v(x,t) v(X,t)) is due,for
small distancesto realizationswith a shockin betweerthe particles. It is insensitve to a large-
scaleforce andhenceapproximatelyproportionalto the time thatthe two Lagrangiartrajectories
endingatx andx’ take to separatéackwardsto theinjectionscaleL. With a shockin betweerx
andx attimet, theinitial backwardseparatioris linearsothatthe secondrderstructurefunction
becomegproportionalto Ax, in accordancevith (197). Otherstructurefunctionsmaybeanalyzed
similarly and give the samelinear dependencen the distance(all termsinvolve at most two
trajectories).This mechanisnof the anomalousscalingis similar to that of the collinearcasein
Sectlll.B.3.

Following numericalobsenationsof Chekhlor andYakhot(1995,1996),a considerableffort
hasbeeninvestedto understandhe shapeof the PDF's P(Av) of the velocity incrementsand
P(&) of theregularpartof dyv. The stationaryexpectationof the exponentialof § satisfiesfor a

white-in-timeforcing therelation

(Aaf——ax——DAz)<eAE>:=(pA) (200)

that may establishedhe sameway as (195). Here D = —%x”(O) L—2 and p, is an operator
supportecbn shockswith theform-factor §(e*¢" +e*&"). ForthePDFof £ thisgivestheidentity
(E andVanderEijnden,1999,2000a):

(D07 + 20, +3¢) 2 +/f“-—AE ~ 0. (201)

Variousclosuresfor this equationor for (195) have beenproposedPolyalov, 1995; Bouchaud
and Mézard,1996; Boldyrev, 1997; Gotoh and Kraichnan,1998). They all give the right tail
0e&/(3P) of thedistribution, asdeterminedy thefirst two termswith derivativesin (201),with
the power-law prefactorsdependingon the detailsof the closure.Thatright tail wasfirst obtained
by Feigel'man(1980)andalsoreproducedor P(Av) by aninstantoncalculationin (Gurarieand
Migdal, 1996). The instantonappeardo be a solutionof a deterministicBurgersequationwith

aforcelinearin spaceseealso(Balkovsky etal., 1997b). Theright tail may be alsounderstood
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from the stochasticequationalong the trajectory gTiAx = Af. For Ax much smallerthanthe
injectionscaleL, theforceincrementmaybelinearizedAf = o(t) Ax. In thefirst approximation,
o(t) is awhite noiseandwe obtaina problemfamiliar from the one-dimensionalbcalizationin
ao-correlatedpotential.In particulay z= %(Ax)/Ax satisfiesz = o(t) — 2. Thisis aLangein
dynamicsin the unboundedrom belov potential 0 22 (Bouchaudand Mézard,1996). Upon
conditioningagainstescapeo z= —, onegetsa stationarydistribution for z with the right tail
0 e2/(30) andthe left tail 0z 2. In reality, dueto the shockcreation, Af /Ax ~ df (X(t),t)
is awhite noiseonly if we fix thevalueof v at the endpoint of the Lagrangiarntrajectory This
introducessubtlecorrelationswhich effect the power-law factorsin (&), in particularits left tail
00&|~%. Large negative valuesof & appeaiin the vicinity of preshocksasstressedn (E etal.,
1997)wherethevaluea = 7/2 wasarguedfor, basen ageometricanalysisof thepreshocksthe
birth pointsof the shockdiscontinuities.E andVandenEijnden(2000a) have proved by analysis
of realizabilityconditionsfor thesolutionsof (201)thata > 3 andmadeastrongcasefor a = 7/2,
assuminghatshocksarebornwith vanishingheightsandthatpreshocksio notaccumulateThe
exponenta = 7/2 was subsequentljound in the decayingcasewith randomlarge scaleinitial
conditionsbothin 1d (BecandFrisch,2000)andin higherdimensiongFrischetal., 2001),andin
theforced casewhenthe forcing consistsof deterministidarge scalekicks repeatederiodically
(Becetal., 2000).In thosecasesthestatisticsof theshocksandtherecreationprocessareeasieito
controlthanfor the d-correlatedorcing. Thenumericalanalysisof thelattercaseclearlyconfirms,
however, the predictiona = 7/2. As to the PDF P(Av) of the velocity incrementn the decaying
caseand,possibly in theforcedcase,it exhibits a crosseer from the behaior characteristidor
thevelocity gradientgo the onereproducinghe behaiors (197) and(198). Note thatthe single-
point velocity PDF alsohascubictails In P(v) O —|v|* (Avellanedaetal., 1995;Balkovsky etal.,
1997b). The sameis true for white-driven Navier-Stokes equationand may be generalizedor a
non-Gaussiaforce (Falkovich andLebede, 1997).

The Lagrangiarpictureof the Burgersvelocitiesallows for a simpleanalysisof adwectionof

scalarquantitiescarriedby the flow. In the inviscid and diffusionlesdimit, the advectedtracer
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satisfieghe evolution equation
00 +vox0 = ¢, (202)

where ¢ representsan external source. As usual, the solution of the initial value problemis
givenin termsof the PDF p(x,t;y,0|v) to find the backward Lagrangiantrajectoryaty at time
0, giventhat at latertime t it passedy x, see(100). Exceptfor the discretesetof timet shock
locations,the backward trajectoriesare uniquely determinedoy x. As a result,a smoothinitial
scalarwill developdiscontinuitiesat shocklocationsbut no strongersingularities.Sincea given
setof points (x, . ..,%,) = X avoidsthe shockswith probability 1, the joint backward PDF’s of N
trajectories?, (x;y; —t), see(65), shouldberegularfor distinctx, andshouldpossesshecollapse
property(67). This leadsto the conseration of (82) in the absencef scalarsourcesandto the
linear pumpingof the scalarvarianceinto a soft modewhena stationarysourceis present.Such
behaior corresponds$o aninversecascadef the passve scalar asin the stronglycompressible
phaseof the Kraichnanmodeldiscussedn Section(lll.E).

TheBurgersvelocityitself andall its powersconstituteanexampleof advectedscalarsindeed,

the equationof motion(193) maybealsorewritten as
(O +Vox—Af)erV = 0 (203)

from which therelation(202)for 8 = V" and¢ = nfv" 1 follows. Of coursey" areactive scalars
sothatin the randomcasetheir initial data,the sourceterms,andthe Lagrangiartrajectoriesare
not independentcontraryto the caseof passve scalars. That correlationmakes the unlimited
growth of (v?) impossible:the largerthe value of local velocity, the fasterit createsa shockand
dissipatesheenegy. Thedifferencebetweeractive andpassve tracerds thussubstantiaenough
to switch the directionof the enegy cascaddrom inversefor the passve scalarto directfor the
velocity.

As usualin compressibldélows, the advecteddensityn satisfieghe continuity equation

on + dx(Vn) = ¢ (204)
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differentfrom (202) for the tracer The solutionof the initial value problemis givenby the for-
ward LagrangianPDF p(y,0;x,t|v), see(100). Sincethe trajectoriescollapse,a smoothinitial
densitywill becomesingularunderthe evolution, with d-function contributionsconcentratingll
the massfrom the regions compressedo shocksby the Lagrangianflow. Sincethe trajectories
aredeterminedy theinitial pointy, thejoint forward PDF's % (y; x;t) shouldhave the collapse
property(67) but they will alsohave contacttermsin x,'s whenthe initial pointsy, aredistinct.
Suchtermssignala finite probability of thetrajectoriedo aggreatein the forward evolution, the
phenomenoithat we have alreadymetin the strongly compressibl&kraichnanmodeldiscussed
in Sect.(1.D). Thevelocity gradientdyv is anexampleof an (active) densitysatisfyingequation
(204)with ¢ = 0k f.

In (BernardandBauer 1999),the behaior of the LagrangianPDF'’s andthe adwectedscalars
summarizedbore have beenestablishedby a directcalculationin freely decayingBurgersveloc-

ities with randomGaussiariinitely-correlatednitial potentialsg.

B. Incompressib le turb ulence from a Lagrangian viewpoint

As we learnedfrom the study of passve fields, treatingthe dissipationis rathereasyasit is
a linear mechanism.The main difficulty residesin properunderstandingdwection. For incom-
pressibleturbulence the problemis even morecomplicatedthanfor the Burgersequationdueto

spatialnonlocalityof the pressurgerm. The Eulerequatiormayindeedbewritten asthe equation
R=f(Rt)-0OP, (205)

for the LagrangiartrajectorieR(t;r) wheref is the externalforceandthe pressurdield is deter
minedby theincompressibilityconditionDzP =—0-[v-DOv]withv= R andthespatialderivatives
takenwith respecto R. The inversionof the Laplaceoperatorin the previous relationbringsin
nonlocalityvia thekerneldecayingasa powerlaw. We thushave a systenof infinitely mary parti-
clesinteractingstronglyandnonlocally In sucha situation,any attemptat ananalyticdescription
looks unavoidably dependenbn possiblesimplificationsin limiting cases.The naturalparame-

ter to exploit for theincompressibldzuler equationis the spacedimensionality varying between
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two andinfinity. The two-dimensionakaseindeedpresentdmportantsimplificationssincethe
vorticity is a scalarLagrangianinvariantof the inviscid dynamics,aswe shall discusshereafter
The oppositelimit of the infinite-dimensionaEuler equationis very temptingfor somekind of
mean-fieldapproximationto the interactionamongthe fluid particlesbut nobodyhasderived it

yet. Thelevel of discussiorin this sectionis thusnaturallydifferentfrom the restof the review:

asa consistentheoryis absentwe presenta setof particularagumentsandremarksthat,on one
hand,make contactwith the previously discussedubjectsand,on otherhand,mayinspirefurther

progress.

1. Enstrophy cascade in two dimensions

The Euler equationin any even-dimensionaspacehasan infinite setof integrals of motion
besidesnegy. Onemayindeedshow thatthe determinanbf the matrix wjj = Djvi — Oivl isthe
nonnegative densityof anintegral of motion,i.e. [ F(detw)dr is conseredfor ary functionF.
The quadraticinvariant [ (detw)?dr is calledenstrophy In the presencef an externalpumping
@ injecting enegy andenstrophyit is clearthat both quantitiesmay flow throughoutthe scales.
If both cascadesre presentthey cannotgo in the samedirection: the differentdependencef
enegy andenstrophyon the scalepreventstheir fluxesto be both constantin the sameinterval.
A finite enegy dissipationwould imply aninfinite enstrophydissipationin thelimit v — 0. The
naturalconclusionis that, given a single pumpingat someintermediatescaleand assuminghe
presencef two cascadegheenegy andtheenstrophyflow towardthelargeandthesmallscales,
respectrely (Kraichnan,1967;Batchelor 1969). This is indeedthe casefor the two-dimensional
case.

In this Section,we shall focuson the 2d direct enstrophycascade.The basicknowledgeof
the Lagrangiandynamicspresentedn Sectiondl.B.1 andlll.B is essentiallyeverythingneeded.
Vorticity in 2d is a scalarand the analogybetweenvorticity and passve scalarwas noticedby
BatchelorandKraichnanalreadyin the sixties. Vorticity is not passve thoughandsuchanalogies

may be very misleading,asit is the casefor vorticity and magneticfield in 3d andfor velocity
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andpassve scalarin 1d Burgers.Thebasicflux relationfor the enstrophycascadés analogougo

(132):
((vi-Op+v2-O2)wnun) = (drap +dowy) =P . (206)

The subscriptandicatethe spatialpointsr, andr, andthe pumpingis assumedo be Gaussian
with (¢(r,t)@(0,0)) = d(t)®(r/L) decayingrapidly for r > L. The constant?, = ®(0), having
dimensionalittime—3, is theinputrateof the enstrophyw?. Equation(206) stateshatthe enstro-
phy flux is constanin theinertial range thatis for r12 muchsmallerthanL andmuchlargerthan
theviscousscale.A simplepower countingsuggestshatthevelocity differencesandthevorticity
scaleasthefirst andthe zerothpower of r12, respectrely. Thatfits theideaof a scalarcascaden
a spatiallysmoothvelocity: scalarcorrelationfunctionsareindeedlogarithmicin thatcase asit
wasdiscussedn Sect.lll.B.

Eventhoughonecanimaginehypotheticalpower-law vorticity spectra(Safman,1971; Mof-
fatt, 1986; Polyalov, 1993), one can amue that they are structurally unstable(Falkovich and
Lebede®, 1994). Indeed,imaginefor a momentthat the pumpingat L producesthe spectrum
{((ipy — )Py O rig atri» < L. Regularity of the Euler equationin 2d requires{, > 0, see,
e.g., (Eyink, 1995) and referencegherein. In the spirit of the stability theory of Kolmogoros
spectra(Zakharw et al., 1992),let us addan infinitesimal pumpingat some/ in theinertial in-
terval producinga smallyet nonzerdflux of enstrophy Smallperturbation®w obey the equation
00w+ (VO)dw+ (dv)w = v[1?8w. Here, dv is the velocity perturbationrelatedto dw. The
perturbationdw hasthe typical scale/ while vorticity w, associatedvith the main spectrum,is
concentratea@t L when, > 0. Thethird termcanbe neglectedasit is (£/L)? timessmallerthan
the secondone. Therefore dw behaesasa passve scalarcorvectedby mainturbulence,i.e. the
Batchelorregime from Sectionlll.B takesplace.The correlationfunctionsof the scalarareloga-
rithmic in this casefor any velocity statistics.The perturbationin any vorticity structurefunction
thus decreaseslownscalesslower thanthe contribution of the main flow. That meansthat any
hypotheticalpowerlaw spectrumis structurallyunstablewith respectto the pumpingvariation.

Stability analysiscannotof coursedescribethe spectrumdownscalesvherethe perturbationss
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gettingcomparabldo the mainflow. It is logical thoughto assumehatsinceonly the logarith-
mic regime may be neutrallystable,it representshe universalsmall-scaleasymptoticof steady
forcedturbulence. ExperimentqRutgers,1998; Paretet al., 1999; Jullien et al., 2000)and nu-
merical simulations(Borue, 1993; Gotoh, 1998; Bowmanet al., 1999) are compatiblewith that
conclusion.

The physicsof the enstrophycascadeés thusbasicallythe sameasthatfor a passve scalar:a
fluid blob embeddednto alargerscalevelocity sheatis extendedalongthe directionof a positive
strainandcompressedlongits negative eigendirectionsuchstretchingprovidesfor the vorticity
flux toward the small scales,with the rate of transferproportionalto the strain. The vorticity
rotatesthe blob deceleratinghe stretchingdueto the rotationof the axesof positve andnegative
strain.Onecanshaw thatthevorticity correlatorsaareindeedsolelydeterminedy theinfluenceof
largerscaleqthatgive exponentialseparatiorof thefluid particles)ratherthansmallerscaleqthat
wouldleadto adiffusive growth asthesquareootof time). Thesubtledifferencegrom thepassve
scalarcasecomefrom the active natureof the vorticity. Considerfor examplethe relation(135)
expressingthe fact that the correlationfunction of a passve scalaris essentiallythe time spent
by the particlesat distancessmallerthanL. The passve natureof the scalarmakesLagrangian
trajectoriesndependentf scalarpumpingwhichis crucialin deriving (135) by two independent
averagesFor anactive scalar the two averagesarecoupledsincethe forcing affectsthe velocity
andthusthelLagrangiartrajectoriesIn particular thestatisticof theforcingalongtheLagrangian
trajectoriesp(R(t)) involves norvanishingmultipoint correlationsat differenttimes. Falkovich
and Lebede (1994) arguedthat, as far as the dominantlogarithmic scaling of the correlation
functionsis concernedthe active natureof vorticity simply amountsto the following: the field
canbetreatedasa passve scalar but the strainactingon it mustbe renormalizedwith the scale.
Their agumentsare basedon the analysisof the infinite systemof equationgor the variational
derivatives of the vorticity correlationfunctionswith respectto the pumpingand the relations
betweenthe strain and the vorticity correlationfunctions. The law of renormalizationis then
establishedsfollows, alongthe line suggesteaarlierby Kraichnan(1967,1971,1975). From

(12), one hasthe dimensionakelationthattimesbehae as w=1In(L/r). Furthermorepy using
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the relation (135) for the vorticity correlationfunction, one has (ww) [0 P, x time. Combining
the two previous relations,the scaling w ~ [P>In(L/r)]Y/3 follows. The consequenceare that
the distancebetweertwo fluid particlessatisfiesin(R/r) ~ P21/2t3/2, andthatthe pair correlation
function (w1uy) ~ (P2In(L/r12))%2. Notethatthe fluxesof higherpowersw?" arenot constant
in the inertial rangedueto the samephenomenorof “distributed pumping” discussedn (vi) of

Sectlll.C.1. Thevorticity statisticss thusdeterminedy the enstrophyproductionratealone.

It is worth stressinghatthe logarithmicregime describedaborve is a small-scaleasymptotics
of a steadyturbulence.Dependingon the conditionsof excitation anddissipation differentother
regimescanbe obsenedeitherduringanintermediatdime or in anintermediatenterval of scales.
First,aconstanfriction thatprovidesfor thevelocity decayratea prevails (if presentpverviscos-
ity at scaledargerthan(v/a)Y2. At suchscalesthe vorticity correlationfunctionsareexpected
to behae aspower laws ratherthanlogarithmically very muchlik e for the passve scalarasde-
scribedin (Chertlov, 1999)andin Sectionlll.E. Indeed theadwective andthefriction termsv- (v
and —av have againthe samedimensionfor a smoothvelocity. Nontrivial scalingis therefore
expectedjncludingfor thesecond-ordecorrelationfunction(andhencefor theenegy spectrum).
The difficulty is of coursethat the systemis now nonlinearand exact closedequationssuchas
thosein Sectionlll.E, arenot available. For theoreticalattemptsto circumventthat problemby
someapproximationsnot quite controlledyet, see(Bernard,2000; Nam et al., 2000). Second,
stronglarge-scalesorticesoftenexist with their (steeperyspectrummaskingtheenstrophycascade

in someintermediatanterval of scaleqLegrasetal., 1988).

2. On the energy cascades in incompressible turbulence

The phenomenologyf the enegy cascadeuggestshatthe enegy flux € is a major quantity
characterizinghe velocity statistics. It is interestingto understandhe differencebetweenthe
directandthe inverseenegy cascade$rom the Lagrangianperspectre. The meanLagrangian

time dervative of the squaredrelocity differenceis asfollows

2
< d(g:/) > = 2( VA +v(2v- D=y D2 — v, Tn) ) (207)

133



Theright handsidecoincideswith minustwicetheflux andthisgivesthelLagrangiarinterpretation
of the flux relations. In the 2d inverseenegy cascadethereis no enepgy dissipatve anomaly
andthe right handside in the inertial rangeis determinedby the injection term 4(f - v). The
eneqgy flux is negative (directedupscaleandthe meanLagrangianderiative is positive. On the
contraryin the 3d directcascad¢heinjectiontermscancelandtheright handsidebecomegqual
to —4v((Dv)2). The meanlLagrangianderivative is negative while the flux is positive (directed
downscale). This is naturalas a small-scalestirring causesoppositeeffects with respectto a
small-scaleviscousdissipation. The negative sign of the meanLagrangiantime derivative in 3d

doesnot contradictthe fact that any coupleof Lagrangiantrajectorieseventually separatesnd
their velocity differenceincreases.t tells however thatthe squaredvelocity differencebetween
two trajectoriesgenerallybehaesin a nonmonotoniovay: the trans\ersecontractionof a fluid

elementmakesinitially the differencebetweenthe two velocitiesdecreasewhile eventuallythe
stretchingalongthetrajectoriesakesover (PumirandShraiman2000).

The Eulerianform of (207) is the generalizatiorof 4/5-law (2) for the d-dimensionalkase:
{(Arv)3) = —12er/d(d + 2) if Avis the longitudinalvelocity incrementande is positive for the
directcascadandnegative for theinverseone. Sincethe averagevelocity differencevanishesa
negative ((Arv)3) meansthat smalllongitudinal velocity differencesare predominantlypositive,
while large onesarenegative. In otherwords,in 3d if the longitudinalvelocitiesof two particles
differ stronglythenthe particlesarelik ely to attracteachother;if thevelocitiesareclose thenthe
particlespreferentiallyrepeleachother The oppositebehaior takesplacein 2d, wherethethird-
order momentof the longitudinal velocity differenceis positve. AnotherLagrangianmeaning
of the flux law in 3d canbe appreciatedy extrapolatingit down to the viscousintenal. Here,
Arv = or andthepositvity of theflux is likely to berelatedto thefactthatthe negative Lyapunw
exponentis thelargestone(in absolutevalue)in 3d incompressibléurbulence.

If oneassumegafterKolmogoro/) that € is theonly pumping-relatedjuantitythatdetermines
the statisticsthen the separatiorbetweenthe particlesRy2 = R(t;r1) — R(t;r2) hasto obey the
alreadymentionedRichardsonaw: (R§2> 0 et3. The equationfor the separatioimmediately

follows from the Euler equation(205): 07Ry> = f,, — 0Py The correspondingorcing term
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f1o= f(R(t;r1)) — f(R(t;r2)) hascompletelydifferentpropertiesfor aninverseenegy cascade
in 2d thanfor a directenegy cascaden 3d. For the former, Ry» in the inertial rangeis much
largerthantheforcing correlationlength. Theforcing canthereforebe considereghort-correlated
bothin time andin space.Wasthe pressurderm absent,onewould get the separatiorgrowth:
(R2,) /et = 4/3. The experimentaldataby Jullienet al. (1999)give a smallernumericalfactor
~ 0.5, which is quite naturalsincethe incompressibilityconstrainghe motion. Whatis however
importantto noteis thatalreadytheforcing termprescribeshe law (R§2> 0t3 consistenwith the
scalingof theenepgy cascadeCorversely for thedirectcascadeheforcingis concentrateatthe
large scalesand f12 [1 Ry2 in the inertial range. The forcing termis thusnegligible andeventhe
scalingbehaior comesentirely from the advective terms(the viscousterm shouldbe accounted
aswell). Anotheramazingaspecbf the2d inverseenegy cascadeanbeinferredif oneconsiders
it from the viewpoint of vorticity. Enstrophyis transferredowardthe small scalesandits flux at
thelarge scalegwherethe inverseenegy cascades taking place)vanishesBy analogywith the
passve scalarbehaior atthelarge scalediscussedn Sectlll.C.1, onemay expectthe behaior
(mop) O r%g“‘d, wherea is the scalingexponentof the velocity. The self-consisteng of the
argumentdictatedby therelationw = [ x v requiresl — a — d = 2a — 2 which indeedgivesthe
Kolmogoror scalinga = 1/3 for d = 2. ExperimentgParetand Tabeling,1997,1998)aswell
asnumericalsimulations(Smith and Yakhot,193; Boffetta et al., 2000)indicatethatthe inverse
enegy cascaddasa normalKolmogoror scalingfor all measureaorrelationfunctions.No con-
sistenttheoryis available yet, but the previous algumentsbasedon the enstrophyequipartition
might give aninterestingclue. To avoid misunderstandingpotethatin consideringthe inverse
cascadesneoughtto have somelarge-scaleadissipation(lik e bottomandwall friction in the ex-
perimentswith afluid layer)to avoid thegrowth of condensatenodesonthescaleof thecontainer
Anotherexampleof inversecascades that of the magneticvectorpotentialin two-dimensional
magnetohydrodynamicssherethe numericalsimulationsalsoindicatethatintermitteny is sup-
pressedBiskampandBremer 1994). The generalityof the absencef intermitteng for inverse
cascadeandits physicalreasonss still anopenproblem. The only inversecascaddully under

stoodis that of the passve scalarin Sectionll.E, wherethe absenceof anomalousscalingwas
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relatedto the uniqguenes®f the trajectoriesin stronglycompressibldlow. Thatexplanationap-
pliesneitherto 2d Navier-Stokesnor to magnetohydrodynamicsncethe scalaris active in both
cases.Qualitatively, it is likely thatthe scale-ivarianceof aninversecascadés physicallyasso-
ciatedto the growth of thetypical timeswith the scale.As the cascaderoceedsthefluctuations
have indeedtime to getsmoothedutandnot multiplicatively transferredasin thedirectcascades,
wherethetypical timesdecreasén the directionof the cascade.

An interestingphenomenologicdlagrangianmodelof 3d turbulencebasedon the consider
ation of four particleswasintroducedby Chertlov, Pumiretal., (1999). As far asananomalous
scalingobsenedin the 3d enegy cascadeas concernedthe primary tamgetis to understandhe
natureof the statisticalintegrals of motion responsiblgfor it. Note that the velocity exponent
o3 = 1 and experimentsdemonstratehat o, — ap as p — 0 with a exceedingl/3 beyond the
measuremergrror, see(SreenvasanandAntonia, 1997)andthe referencesherein. The corvex-
ity of op meansthenthato, > 2/3. In otherwords,alreadythe pair correlationfunction should

be determinedy somenontrivial conserationlaw (like for magneticfieldsin Sectlll.C.3).

V. CONCLUSIONS

This review is intendedto bring hometo the readertwo main points: the power of the La-
grangianapproachto fluid turbulenceand the importanceof statisticalintegrals of motion for
systemdar from equilibrium.

As it was shown in Sectsll andlll, the Lagrangianapproachallows for a systematicde-
scription of mostimportantaspectsof particle andfield statistics. In a spatially smoothflow,
Lagrangianchaosandexponentiallyseparatingrajectoriesaregenerallypresent.The associated
statisticsof passve scalarandvectorfieldsis relatedto the statisticsof large deviationsof stretch-
ing and contractionratesin a way thatis well understood. The theoryis quite generalandit
finds a naturaldomainof applicationin the viscousrangeof turbulence. The mostimportant
openproblemhereseemso be the understandingf the back-reactiorof the adwectedfield on

the velocity. Thatwould include an accountof the buoyangy force in inhomogeneousiyeated
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fluids, the saturatiorof the small-scalenagnetiadynamoandthe polymerdragreduction.In non-

smoothvelocities,pertainingto theinertial interval of developedturbulence themainLagrangian
phenomenors the intrinsic stochasticityof the particletrajectoriesthat accountdor the enegy

depletionat shortdistances.This phenomenoiis fully capturedn the Kraichnanmodelof non-

smoothtime-decorrelatedelocities. To exhibit it for morerealisticnonsmoothvelocitiesandto

relateit to the hydrodynamicakvolution equationgyoverningthe velocity field remainsan open
problem. The spontaneoustochasticityof Lagrangiantrajectoriesenhanceshe interactionbe-

tweenfluid particlesleadingto intricate multi-particle stochasticconseration laws. Here,there
areopenproblemsalreadyin the framewvork of the Kraichnanmodel. First, thereis the issueof

whetherone canbuild an operatorproductexpansion,classifyingthe zeromodesandrevealing
their possibleunderlyingalgebraicstructure both at large and small scales.The secondclassof

problemsis relatedto a consistentlescriptionof high-ordermomentsof scalay vectorandtensor
fields. In the situationswherethe amplitudesof thefieldsaregrowing, this would beanimportant
steptowardsa descriptionof feedbacleffects.

Our inability to derive the Lagrangianstatisticsdirectly from the Navier-Stokes equationof
motionfor thefluid particlesis relatedto the factthatthe particlecouplingis strongandnonlocal
dueto pressureeffects. Somesmall parametefor perturbatve approachedjk e thosediscussed
for the Kraichnanmodel, hasoften beensoughtfor. We would lik e to stresshowever, that most
strongly coupledsystemsgvenif local, arenot analytically solvableandthat not all measurable
guantitiesmay be derived from first principles. In fluid turbulence,it seemsamoreimportantto
reachbasicunderstandingf theunderlyingphysicalmechanismghanit is to find outthe numer
ical valuesof the scalingexponents.Suchan understandindnasbeenachievedin passve scalar
andmagnetidieldsthroughthe statisticalconserationlaws. We considerthe notion of statistical
integralsof motionto be of centralimportancefor fluid turbulenceandgenerakenoughto applyto
othersystemsn non-equilibriumstatisticalphysics.Indeed hon-dimensionallgcalingcorrelation
functionsappearingn suchsystemshouldgenerallybedominatedoy termsthatsolve dynamical
equationsn the absenceof forcing (zero modes). As we explainedthroughoutthe review, for

passvely adwectedfields, suchtermsdescribeconseration laws thatarerelatedto the geometry
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eitherof the configurationof particles(for the scalar)or of the particle-plus-fieldconfigurations
(for the magneticfield). It is a majoropenproblemto identify the appropriateconfigurationgor
active andnonlocalcases.New particle-trackingmethods(La Portaet al., 2001) openpromis-
ing experimentalpossibilitiesin this direction. An investigationof geometricaktatisticsof fluid
turbulenceby combinedanalytical,experimentalandnumericalmethodsaimedat identifying the

underlyingconserationlaws is a challengefor futureresearch.
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FIGURES

FIG. 1. An illustrationof the breakdavn of the Lagrangiarflow in spatiallynon-smootfflows: infinitesi-
mally closeparticlesreachafinite separationn afinite time. The consequences the cloudobseredin the
figure. The particlesevolve in afixedrealizationof the velocity field andin the absencef any molecular

noise.

FIG. 2. Theimplosionof Lagrangiartrajectoriesn astronglycompressiblélow. Particlesthatareinitially
releaseduniformly acrossa sizablespanof the intenal are compressednd tendto producea singular

densityfield.

FIG. 3. An exampleof Lagrangiartrajectoriesof threeparticles. The probability densityof the positions
R, conditionalto ther’s, is describedby the PDF p(r,s;R,t|v) (in afixedrealizationof the velocity). Its

averageover the statisticsof the velocity field givesthe Greenfunctions?(r; Rt —s).

FIG. 4. Thecontourlinesof athreeparticlezeromodeasafunctionof the shapeof thetriangledefinedby

the particles.

FIG. 5. Thefourth-orderanomalousxponent2{, — {4 of the scalarfield vstheroughnesparameteg, of
the velocity field in the Kraichnanmodel. The circlesandthe starsreferto the three-dimensionandthe
two-dimensionatasesrespectiely. Thedashedinesaretheperturbatie predictionsfor small& and2—¢&

in 3d.

FIG. 6. A typical snapshotf ascalarfield transportedy aturbulentflow.

FIG. 7. ThePDF's?(A0) of thescalarincrementd\, 6 = 6(r) — 6(0) for threevaluesof r insidetheinertial
rangeof scalesmultiplied by thefactorr—%=. The obsered collapseof the curvesimpliesthe saturatiorof

the scalingexponentsf the scalarstructurefunctions.
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FIG. 8. Geometricconstructiorof theHopf-Coleinviscid solutionof the1D Burgersequation.Theinverted
parabolaC — %(r —r")? is movedupwardsuntil thefirst contactpointwith the profile of theinitial potential
o(r',0). The correspondindneightC givesthe potential@(r,t) attimet. Shockscorrespondo positionsr

wherethereareseveral contactpointsr’, asfor thefirst parabolaon theleft.
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APPENDIX A: REGULARIZATION OF STOCHASTIC INTEGRALS

For the &-correlatedstrain, the equation(12) becomesa stochastidifferentialequation. Let
uspresenhereafew elementaryfactsaboutsuchequationdor thatsimplecase.Thedifferential

equation(12) is equivalentto theintegral equation
t
R(t) = R(0) + / (s dsR(s), (A1)
0

whereR = Ry». Theright handside involves a stochastidntegral whosedistinctive featureis

that o(t) dt is of order (dt)Y/?, asindicatedby therelation < (fé aij(s) ds) 2> Ot. Suchintegrals
requiresecond-ordemanipulation®f differentialsand,in generalarenotunambiguouslylefined
without the choiceof a definingconvention. The mostpopulararethe It6, the Stratoneich and
the anti-Itd ones.Physically differentchoicesreflectfiner detailsof the straincorrelationswiped
out in the white-noisescalinglimit, like the presenceor the absencef time-reversibility of the
velocity distribution. TheItd, Straton@ich andanti-1td versionsof the stochastiantegralin (A1)

aregivenby thelimits over partitionsof thetime interval of differentRiemannsums:

(im'5 Fo(s)dsR(ts).
t N tn
/ o(s)dsR(s) = { lim zt:flo(s) ds 3[R(ty) + R(tns1)]. (A2)
0 tnn+1

lim s [ o(s)dsR(tn+1),
\ n tg
respectrely, where0 =tp < t; < --- < ty =t. It is notdifficult to comparethe differentchoices.
For example the differencebetweerthe secondandthefirst oneis

iim S (tylo(s) dS)ZR(tn)

n

2im S "/ o(9)dslRty) ~Rit)] -

CR(s) ds, (A3)

O—r—~ NIk

whereCy, = Cijje (sumover j) andthelastequalityis aconsequencef theCentralLimit Theorem
thyt 2
that suppressethe fluctuationsin lim Z( J a(s) ds) . Similarly, the differencebetweenthe
n o\ t,
anti-1td andthe I1td procedureas twice the latter expression.In otherwords,the Straton@ich and

anti-1to versionsof (12) areequialent,respectrely, to theltd stochastiequations
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(A4)

[o(t)dt + Cdt]R,

{ [o(t)dt + 2Cdt]R.
Giventhestochasti@quation(12) with afixedcorvention,its solutioncanbeobtainedby iteration
from (A1) andhastheform (13) with W(t) givenby (16) andtheintegralsinterpretedvith thesame
corvention.Notethatthevalueof <}o(s) dsfso(s’) ds’> depend®nthechoiceof thecornvention:
it vanishegor theltd oneandis equzglto Ct fo(r)theStratontvich andtwicethatfor theanti-1td ones.
The corventionsare clearly relatedto the time-reversibility of the finite-correlatedstrain before
the white-noisescalinglimit is taken. For example, time-reversible strainshave even 2-point
correlationfunctionsandproducethe Straton@ich valuefor theabove integralsin thewhite-noise
scalinglimit. Most of thesestochasticsubtletiesmay be forgottenfor the incompressiblestrain
whereC = 0 asfollows from (30) so that the differencebetweendifferentconventionsfor (12)
disappears.

We shalloftenhaveto considefunctionsof solutionsof stochastiaifferentialequationsoone
shouldbe awarethatthe latter behae undersuchoperationin a somavhatpeculiarway. For the
Itd corvention,this is the contentof the so-calleditd formulawhich resultsfrom straightforvard

second-ordemanipulation®f the stochastidifferentialsandtakesin the caseof (12) the form:
df(R) = (o(t)dtR) .0f(R) + GjeRIR OO (R dt. (A5)

Note the extra second-ordeterm absentin the normalrulesof differential calculus. The latter
are,however, preseredin the Straton@ich corvention. Notethatthelatterdifferencemayappear
evenfor theincompressibletrain.
More generalstochasticequationamay be treatedsimilarly. For example,(5) for Kraichnan
.- . - - - 0 . . . t
velocitiesmayberewritten asanintegral equationinvolving thestochastiéntegral [ v(R(s),s) ds.
0

Thelatteris definedas

thy1

imy [ %[V(R(tn),s)+v(R(tn+1),s)] ds (A6)

in the Stratonwich corvention, with the lastt,.1 (tn) replacedby t, (th+1) in the (anti-)Itd one.

Thedifferences
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|m125fﬁ“ R(tn), &) O)V(R(tn),s) ds ds = +0;D (O)t, (A7)

n th

wheretheleft handsidewasreplacedy its meanby virtue of the CentralLimit Theorem.Thelast
termvanishesf thevelocity 2-pointfunctionis isotropicandparity invariant. Hencethe choiceof
the corventionis unimportantereevenfor thecompressibleelocities.

It may seembizarrethatthe choiceof corventionin compressiblevelocitiesdoesnot matter
for individual trajectoriesbut it doesfor the equation(12) which describeghe evolution of small
trajectorydifferenceslt is not difficult to explain this discrepang (Horvai, 2000). The stochastic

equationfor Ry2 = Rleads(in theabsencef noise)to theintegral equation
+/w §) +Ra(3),S) — V(Ra(S),5)] ds. (A8)

Thedifferencebetweerthe Stratonmch andtheItd conventionsfor thelatterintegral is

7 “m ztnflt?l{[v (tn) + Ra(tn),S) — V(Re(tn),S)] - O} V(R(tn) + Ra(tn), s)

Sim S T W(Re). ) 0) MRt + Rt~ V(Re(t) 9] s

/mul )—Dp%0d3+/mp”) 0;D'(R(s))] ds = 0, (A9)
0

wherethe two first lines that canceleachotherare due to the time dependencef R and Ry,

respectrely. If we replaceR by €R then,whene — 0, theright handsideof (A8) is replacedby

theright handsideof (Al) if we usethe Itd corventionfor the stochastidntegrals. The similar
limiting procedureappliedto the (vanishing)difference(A9) doesnot reproducethe difference
betweenthe valuesof the integral (A1) for differentcorventions. The latter correspondso the
limit of thefirst line of (A9) only anddoesnot reproducethe limit of thetermof (A9) dueto the
R>-dependencelheapproximation12) is thenvalid only within the [td convention.

As for the PDF (43), it may be viewed asa (generalizedjunction of thetrajectoryR(t). The
adwectionequation(45) resultsthenfrom the equationfor R(t) by applyingthe standardulesof
differentialcalculuswhich hold whenthe Stratoneich conventionis used.Theltd rulesproduce
the equivalentltd form of the equationwith anadditionalsecondorderterm containingthe eddy

diffusiongeneratoDo[2.
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