
Characterization

of tracer cascade

induced by geostr ophic eddies
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Instantaneous Lagrangian diagnostics (today)
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T/S compensation, "Spice" distribution (Saturday)
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I Evolution of tracer gradient in simple flo ws� Basic Mechanisms

II Dynamics of tracer gradient� Alignment with specific orientations

which depend on
� �� and

� � �����
III Numerical sim ulations� Statistical validation of alignement properties� Cascade in physical space: Palinstr ophy production



Tracer Cascade toward small spatial scales:	 The tracer field results from the stirring by the mesoscale eddies	 Production of small scales 
 strong horizontal gradients	 Intense gradients � strong mixing
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� Horizontal gradients of different tracer fields at same locations

in physical space

result from the flow topology� Different strengths of ��� �������

result of past history of tracer fields
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From Tuck (1989)



Characterization

of tracer cascade

in physical space

Objectives :� Dynamics of tracer gradients� Localize� barriers to mixing� regions of filaments production

Appr oach :� use information from fields of �� and � ������
dynamics of tracer gradient� Mesoscale eddies  quasigeostrophic turbulence
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Neglect diffusion
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Lagrangian reference frame
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I Simple flo ws

Pure strain field
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" Alignment of tracer gradient with compressional axis of strain

tensor" Strong growth of tracer gradient norm



Pure vor ticity field
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Results of Okubo and Weiss

passive tracer :

8 98 : ; <8 = 98 : ; > ? = @A(BDC = 9
eigenvalues : E FHGJILK

Okubo (1970) and Weiss (1981) := 9 M = 9ON PRQTSVU E F GJILK :XWF ; U
strain rate

W K > U
vorticity

W K
Y F Z < ( strain rate dominates): exponential growthY F [ < ( vorticity dominates): rotation of gradients

Assumption :Y ? = @A\B C varies slowly along Lagrangian trajectories



Finite size axisymmetric vor tex

q

q

Outside axisymmetric vortex,

vorticity ] ^ _ and strain rate ` a^ _
Rotation of gradient and linear growth of tracer gradient normb ^ `dcfe ]gc ^ `dc h _ i exponential growth

Okubo-W eiss criterion fails

because the rotation of strain tensor axis
j k lmj n

has not been taken into account





II Dynamics of tracer gradient
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Where does
o p vwo r come into play?



Equation for the orientation of tracer gradient

´¶µ ·µ ¸ ¹ º » ¼ ½�¾À¿ÂÁ ´ Á · Ã ÄHÅ�Å
Relative angle between Æ Ç
and the strain rate tensor axis È É Ê Ë�Ì Í

Nondimensional

Lagrangian Time Î É ¸Ï Ð ËÒÑ�ÓÔÍÖÕ×Ñ�Ó

Ø ÙØ Ú Û Ü Ý Þàß á

â É
ã Ê ä Ñ

Ð É ”effective rotation”

strain rate

µ Äµ ¸ related to µ Æ åæµ ¸



Strain-dominated regions

ç�è ç é ê
ë ìë í î ï ð ñ²òfó ô
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Assumption : þ is slowly varying

ÿ Two fixed points
ì�� � � �����	��

� þ

– stable orientation
ì�� �

growth of ��� ���
– unstable orientation

ì�� �
decay of ��� ���ÿ Alignment of tracer gradient with the stable orientation of

ì �
ÿ Exponential growth of gradients norm

Lapeyre, Klein and Hua, 1999, Physics of Fluids



“Eff ective rotation”-dominated regions

��� � � � � ��  ! " # $&%(' )
" ! *,+ - � .0/1� 23

4 non uniform rotation of gradient ( 576598 is variable)4 the gradient spends most of its time near the direction with minimal

rotation rate (
� :��;/1� 2<: = >

)4 The most probable orientation of this direction is ? such that

? = @�ACBEDF@HG IKJLNM + OQPSR J	TVUXW O L
Y<Y[Z - YJ = R � O 3]\_^ Y� 2 3 \_^ `
stirring time scale

Klein, Hua and Lapeyre, 2000, Physica D



Summar y of Dynamics of

tracer gradient

a b c,d e[f gih1f jkl b m f n k]o_prqf j
s tvuwt;x y : strain rate dominates

– Alignment with the orientation z o ( u )

– Exponential growth of t|{ }�t for tvu~t;� y
– Linear growth of t|{ }�t for tvu~tH� y

s tvuwt;� y : effective rotation dominates

– non uniform rotation

– statistical alignment with the orientation � ( u and � )

– weak growth or decay

s u and � depend on { �� and �7� �����
– saddle point : u � � and � � �
– axisymmetric vortex : tvu~tH� y and � � �
– strong rotation : t�u~t;� � y
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Both r and s are independent of the reference frame



III Numerical Simulations ( �������;� )

vortictiy �

� � ��� ���7�[�C����
  green: strain dominates  blue and red: effective rotation dominates

red ¡ � blue ¡ �[¢ £i¤[¢ ¥  yellow ¡ ¦ � ¦ � �



Active tracer (vorticity § ) and passive tracer ( ¨ ) rapidly show the same

orientations in their gradients at specific locations of the flow

Lapeyre, Hua and Klein, Physics of Fluids, 2000.

(a) vor ticity gradient

(c) tracer gradient
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Alignment in strain-dominated regions

Joint PDF of © ª «­¬H® and ¯ ° ±�²&³X´~µ´·¶¸¹ ©¹ º » ¼ ½ ¾&¿ÁÀ Â
Â Ã ÂÅÄ Æ predicted dynamical alignment



Alignment in “eff ective rotation”-dominated regions

Joint PDF of Ç and È
É Ê ËÍÌ�ÎiÏKË7Ð ÑKÒÓÕÔ Ñ×Ö Ø Ù­ÚÜÛ Ý Ñ	Þ Ô�Ôàß áSÔ

â ã É predicted dynamical alignment



Alignment dans strain-dominated regions

for Okubo-W eiss prediction ( ä7åä9æ ç è )

Joint PDF of é ê ë­ìHí and îïì1ð
No alignment occurs for Okubo-Weiss criterion



Distribution of strain-dominated and effective-rotation dominated

regions for a uniform elliptic vortex (positive)

r < -1

r < -1

|r| < 1|r| < 1
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r > 1
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Palinstr ophy production

ñ Gradient enhancement of vorticity ò , ó9ô(õ ö ÷�øÕùi÷ûúö�ü (palinstrophy

production) is such that its domain-averaged value measures the

strength of the cascade of enstrophy ( ýþò ý|ÿ ) to ever smaller scales.ñ Spatial patterns of palinstrophy production/destruction are

quadrupoles for non-uniform elliptic vortex (Kimura and Herring,

2001, JFM)

elliptic streamfunction� �������	��
 � ��
�� ÿ�� � � ÿ � �
differentiable function
�� ó ô 
 
 � ��
 � � ��� ��� ÿ ��� ÿ ��
�� � � , � functional of

�
.

–

 
 � , ó9ô 
 �

no palinstrophy production for circular patterns

–
�

,
�

axes separate ó ô � �
and ó ô � �

: quadrupole patternñ ó ô �
 � �
�� unsteady solutions, e.g. Lamb-Batchelor dipoleñ Non-uniform elliptic vortex is very unstable compared to Kirchhoff

vortex
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Palinstrophy production � � (colored) and contours of vorticity



Free-decay turbulence with random initial elliptic vortex conditions

Generically seen that regions of strong palinstrophy production

( !#" $ %'& : purple-blue) correspond to spiral filamentary extrusions from

regions of near elliptically organized vortices.



Estimation of palinstr ophy production() **,+ -/. 01- ) 2 3 . 0'465 . 0() *87*�+ 7 -/. 09- ) 2 . 0 4;: . 0
the expression of

5
and

:
in the strain coordinates become :5=<?>A@CBEDGF H I J KL M NN 3 M OP Q : <R>A@6BED�F H I )J KL M 3 S TT MVU S OP

In terms of the gradient norm W :(X 7 **�+ W ) 2 3 I Y[Z]\ ^(X 7 * 7*�+ 7 W ) 2 I )'_ M 3 ` acb Y _ ^ 3 d e�e
with

`
and

d
defined by :` 2 T ) U S ) _ Y�Zf\ d Q acb Y d e#2 S` Q T` gh ^ 2 i j�k J

an alignment of t
.

q with eigenvectors of
5h ^ 2 d

alignment of
.

q with eigenvectors of
:

.
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Palinstr ophy productionl m n[o]p q r m n�ofptsvuxw�yzyc{'n	|'}=r m ~�l |�� when � | ��� ~ (1)l m n[o]p q r l m n�ofp�s���}�r l m �� when � | ��� ~ (2)
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(a) vorticity t=0, 0.3
                        

(b) palenstrophy production
                        

(c) analytical prediction of palenstrophy production
                        



.

Summar y

Dynamics of tracer gradients as a function of flo w topology� mechanism 1 : � Competition between strain rate and effective

rotation � � � � ������ ��� mechanism 2 : � Variation of stirring time scale ( ����� )� � ���� ����� preferred orientations for tracer gradient that depend on� �� local properties of velocity field and� �  ¡� � acceleration gradient tensor: long-range influence of

mesoscale eddies in physical space( Hua and Klein, 1998);� both
� �� and

� �  ¡� � are entirely diagnostic for Quasi-Geostrophic

dynamics (Hua, McWilliams & Klein, 1998)¢
better identification in physical space of tracer cascade toward small

spatial scales

Applications� Identification of stable/unstable manifolds, critical points, and

extrusions of tracer filaments using a Lagrangian finite time method

(B.Legras’s talk)� Application to an analytical approach of the predictability problem

through the identification of the regions of strongest growth of

potential vorticity gradients.
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