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Geophysical Fluid Dynamics



A- Introduction to GFD 
Definition of GFD, scales
Effect of rotation 
Effect of stratification

B- Coriolis force and equations in rotating frame 
Rotating frame of reference
Unimportance of centrifugal force
Equations on a sphere
Traditional approximation, the f-plane, the beta-plane

C- Homogeneous flow
Equations of motion, adimensional numbers 
Hydrostatic balance
Rapidly rotating flow, geostrophic balance
Vorticity dynamics, Rossby waves

D- Stratification effects 
Equations for the ocean, Boussinesq approximation
Equations for the atmosphere, potential temperature
Stable and unstable to convection, Brunt Vaisala frequency

Geophysical Fluid Dynamics

Recitation: Nov 26th (help on homework) + December 10th



A- intro to GFD 
 Atmospheric circulation
 Ocean circulation 
 Scales of interest



Outgoing infrared radiation
Depends on temperature

- Earth receives solar visible radiation from the sun
- Earth emits infrared radiation to space

Energy balance at the top of the atmosphere:

Incoming visible radiation

Solar forcing

What sets the atmosphere and the oceans in motion?



Vallis

Þ Radiative equilibrium temperature has steeper gradient than consistent with
outgoing longwave radiation

Þ Atmospheric and oceanic circulations transport heat poleward
In other words, radiative forcing maintains pole-equator T gradient; circulation smoothes it



Ocean

Atm
Total

Atmospheric cells 



Atmospheric circulation from satellite : visible / infrared



Atmospheric circulation redistributes energy

A Year of Weather

This visualisation, from geostationary satellites (infrared), shows an entire year of weather



atmospheric water vapor (white=humid)

6.2_micron_wv_700-300-meteosat

Ascending branch of Hadley cell

Descending branch of Hadley cell



NASA

Jet stream

Atmospheric circulation: Midlatitudes



Atmospheric circulation: Midlatitudes



Atmospheric circulation: Midlatitudes



High latitudes => Low/high pressure systems and associated fronts

Frontal systems:

Atmospheric circulation: midlatitude frontal systems



Trenberth Solomon 94
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Ocean circulation redistributes energy



Impact of land: boundaries for ocean currents, 
low heat capacity

Peixoto and Oort



Atmosphere: vertical temperature profile

=> Troposphere has vertical temperature gradient - stratified

TROPOSPHERE

surface

10 → 15 km

midlatitudes

tropics



Ocean: vertical temperature profile

100s meters: Mixed layer

~1km : Thermocline (strong T gradient)

Deep ocean
Averaged ocean depth: 4km

ÞOcean density varies with depth
Þstratified



Effect of rotation



Coriolis

Rapidly rotating fluid: Taylor columns

Flow over topography/obstacle

Example GFD: ice melting around seamounts

Rotation imparts vertical rigidity to the fluid 





No rotation => 3d turbulence Start rotation

Courtesy: Sima Doga



Rapid rotationWith rotation => Taylor columns

Courtesy: Sima Doga



Iceberg trapped in a Taylor column

Adimensional number that gives 
importance of rotation: Rossby number



Effect of stratification



Stratification

Layered motion with stratification

Pollution trapped

Flow over mountain – over or around 

waves

Stratification decouples stacked horizontal layers



Stratified fluid => horizontal 
spreading

Courtesy: Sima Doga



fire

pollution



Fr > 1 => unblocked flow, 
passes over topography

Fr <1 => blocked flow, can 
not go above, flows around

Orographic lift can lead to 
waves downstream 
Þ can be visible with 

condensation/cloud 
formation

Downwind waves behind 
Amsterdam island 
(Indian Ocean)

stable unstable

Adimensional number that gives importance of stratification: Froude number



Ocean vs atmosphere

Differences: 

Atm: water vapor, phase change, 
latent heat



Ocean vs atmosphere

Differences: 

Ocean: 

obstacles / continents
 => gyres

salinity



B-CORIOLIS



Coriolis

Centrifugal (outward) + Coriolis (deviation to the left here) 

Table turns clockwise. 
Yellow person will throw the ball to the green person in front. 
Who receives it?  



The table will turn clockwise. 
How will the water jet behave ?

Coriolis



Experience with parabolic bottom to compensate the centrifugal force. 

Coriolis

Table rotation     Fixed frame            Rotating frame
counterclockwise



Unimportance of centrifugal force

How the flattening of the Earth (very exaggerated in this schematic) has flattened 
the Earth to reach a balance between gravity and centrifugal forces, leading to a 
net gravity force perpendicular to the surface.



Cartesian frame of reference



Traditional approximation: only consider the component of Earth rotation 
along local vertical f = 2 Ω sin(y) (due to small vertical/horizontal aspect ratio 
of geophysical flows)
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On the f-plane : f = f0

On the β-plane : f = f0 + βy



C-HOMOGENEOUS ROTATING FLOW



A Year of Weather 2015

Rossby number 
Coriolis matters for large-scale motion (U/(fL)<<1)
e.g. mid latitude low/high pressure ; tropical cyclones…



Rossby number 
TROPICAL CYCLONE: northern hemisphere  Southern hemisphere



Cyclonic rotation around low pressure
Anticyclonic rotation around high pressure

Cyclonic : which rotates in the same direction as the Earth

Þ counter clockwise in the northern hemisphere
Þ clockwise in the southern hemisphere



Remarque :  
Pourquoi cyclone = sens inverse des aiguilles d’une 
montre dans l’hemisphere nord VERSUS sens des 
aiguilles d’une montre dans l’hemisphere sud?  

Cyclonic : which rotates in the same direction as the Earth

Þ counter clockwise in the northern hemisphere
Þ clockwise in the southern hemisphere

Cyclonic rotation around low pressure
Anticyclonic rotation around high pressure



Sink/bathtub vortex

Rossby number: Urban legends 



Rossby number: Urban legends 
Sink/bathtub vortex



Courtesy : Octave Tessiot

Remark on cloud formation: upward motion and cooling
Þ condensation of water vapor into liquid/ice

Hydrostatic balance: 
Excellent approximation for large-scale motion (H/L)2 << 1

Not for aspect ration ~ 1 (e.g. clouds where vertical acceleration important)



Full equations for frictionless homogeneous fluid
with dynamic pressure p 
(= departure from hydrostatic pressure:                  )

𝐷𝑢
𝐷𝑡 − 𝑓𝑣 = −

1
𝜌0
𝜕𝑝
𝜕𝑥

𝐷𝑣
𝐷𝑡

+ 𝑓𝑢 = −
1
𝜌0
𝜕𝑝
𝜕𝑦

0 = −
1
𝜌0
𝜕𝑝
𝜕𝑧

ptot	=	p0	+	p,	 with
𝜕𝑝0
𝜕𝑧 =	−	ρ0	g

𝜕𝑢
𝜕𝑥 +

𝜕𝑣
𝜕𝑦 +

𝜕𝑤
𝜕𝑧 = 0



(Will see in recitation): Rapidly rotating fliud 
Þ Geostrophic wind (ó balance between Coriolis and pressure gradient)
Þ Cyclonic around low pressure

Wind speed and geopotential height
(high geopotential height anomaly ó high pressure)

August

Coriolis force
Pressure force

Low pressure LP => cyclonic

LP

Northern hemisphere=>Coriolis to the right of velocity 

HP

High pressure HP=>anticyclonic



Some properties: - geostrophic wind flows parallel to iso-lines of geopotential height 
  - stronger when contours closer (∥ 𝑢$ ∥	∝	∥ ∇𝑝 ∥)
  - non divergent on the f-plane

August

December

(Will see in recitation): Rapidly rotating fliud 
Þ Geostrophic wind (ó balance between Coriolis and pressure gradient)



Vorticity dynamics – Rossby waves

Phase vs group velocity



Recall : circulation: Midlatitudes



Time height average => mode 3

ÞStationary wave pattern barotropic



Vorticity dynamics – Rossby waves

 



D-STRATIFICATION

OCEAN
D.1 Boussinesq approximation
D.2 Energy equation and equation of state for the ocean
D.3 Static stability

ATMOSPHERE
D.4 Ideal gas law and energy equation for atmosphere
D.5 Static stability



=> 4 equations for 5 unknowns. Completed with equation of state 
and energy equation



Þ  

=> Boussinesq: ρ replaced by ρ0 except in front of gravity
Still 4 (simplified) equations for 5 unknown





=> Our Boussinesq system of equations is complete 



D.3 Static stability

z

V, ρparcelz

z+h



z
ρ(z)

ρp 

Þ ρp >ρ

ρp 

Þ ρp = ρ

ρp 

Þ ρp < ρ

UNSTABLESTABLE NEUTRAL

ρ(z)
ρ(z)

Ν2 called stratification frequency, or Brunt-Väisälä frequency

Ocean: Boussinesq case



D-STRATIFICATION

OCEAN
D.1 Boussinesq approximation
D.2 Energy equation and equation of state for the ocean
D.3 Static stability

ATMOSPHERE
D.4 Ideal gas law and energy equation for atmosphere
D.5 Static stability



RELAX BOUSSINESQ APPROXIMATION 

=> Need additional equations as before (4 equations, 5 
unknowns)







Þ  

Still need one more equation: 







Atmospheric thermodynamics: instability
Dry convection

T decreases with height. 
But p as well. 

Density = ρ(T,p). 
How determine stability? The parcel method

z

Raise parcel adiabatically. Comes back to initial position?



Atmospheric thermodynamics: instability

d(internal energy)  = Q (heat added) – W (work done by parcel)

cv dT =  - p d(1/ρ)    

Since p = ρ R T,          cv dT = - p d(R T / p) = - R dT + R T dp / p 

Since cv + R = cp,       cp dT / T  =  R dp / p 

Þ d ln T - R / cp d ln p = d ln (T / pR/cp)  = 0  

Þ T / pR/cp = constant  

Adiabatic displacement

1st law thermodynamics:

Potential temperature θ = T (p0 / p)R/cp conserved under adiabatic
displacements :

Hence θ = T (p0 / p)R/cp potential temperature is conserved under adiabatic displacement

Dry convection



Atmospheric thermodynamics: instability
When is an atmosphere unstable to dry convection? 
When potential temperature θ = T (p0 / p)R/cp decreases with height ! 

The parcel method: 

Small vertical displacement of a fluid parcel adiabatic (=> θ = constant). 
During movement, pressure of parcel = pressure of environment. 

z θ(z)

θp

θp< θ
Þ ρp > ρ

θp

θp= θ
Þ ρp = ρ

θp

θp> θ
Þ ρp < ρ

UNSTABLESTABLE NEUTRAL

θ(z)
θ(z)



Atmospheric thermodynamics: instability

[Renno and Williams, 1995]

Convective adjustment time scales is very fast (minutes for dry convection) compared to 
destabilizing factors (surface warming, atmospheric radiative cooling…)

=> The observed state is very close to convective neutrality
Dry convective boundary layer over daytime desert

But above a thin boundary layer, not true anymore that θ = constant. Why?…

<1km



Atmospheric thermodynamics: instability

[Renno and Williams, 1995]

Convective adjustment time scales is very fast (minutes for dry convection) compared to 
destabilizing factors (surface warming, atmospheric radiative cooling…)

=> The observed state is very close to convective neutrality
Dry convective boundary layer over daytime desert

But above a thin boundary layer, not true anymore that θ = constant. Why?…

<1km

Most atmospheric convection involves phase change of water
Significant latent heat with phase changes of water = Moist Convection 



Courtesy : Octave Tessiot

Remark on cloud formation: upward motion and cooling
Þ condensation of water vapor into liquid/ice



Courtesy : Octave Tessiot

Remark on cloud formation: upward motion and cooling
Þ condensation of water vapor into liquid/ice



Atmospheric thermodynamics: instability

es(T)

es depends only on temperature

es increases roughly exponentially with T

Warm air can hold more water vapor than
cold air

Clausius Clapeyron



Atmospheric thermodynamics: instability

d(internal energy)  = Q (latent heat) – W (work done by parcel)

cv dT = - Lv dqs - p d(1/ρ)    

Þ d ln T - R / cp d ln p = d ln (T / pR/cp) =  – Lv / (cp T) dqs

Þ T / pR/cp e Lv qs / (cp T) ~ constant  

1st law thermodynamics if air saturated (qv=qs) :

Equivalent potential temperature θe = T (p0 / p)R/cp e Lv qv / (cp T) is conserved
under adiabatic displacements :

Hence
θe = T (p0 / p)R/cp e Lv qv / (cp T) equivalent potential temperature is conserved

Air saturated => qv=qs
Air unsaturated => qv conserved

Note: 

When is an atmosphere unstable to moist convection ?



Atmospheric thermodynamics: instability

pressure

Moist adiabat θe= cstt

Dry adiabat θ = cstt

LFC level of free convection
(= LCL lifted condensation 
level for simplicity)

Skew T diagram (isoT slanted), atmospheric T in red

EL equilibrium
level

CAPE: convective available potential energy

TpT

When is an atmosphere unstable to moist convection ?



Atmospheric thermodynamics: instability

EL equilibrium
level

LFC level of free 
convection

CAPE: convective available potential energy

Parcel = yellow dot
Moist convection 



Atmospheric thermodynamics: instability

Evaporative driven cold pools

If enough atmospheric instability present, cumulus clouds are capable of producing serious
storms!!!

Strong updrafts develop in the cumulus cloud => mature, deep cumulonimbus cloud.
Associated with heavy rain, lightning and thunder.



Thank you for your attention!

Caroline Muller
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