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MEC 654
Polytechnique-UPMC-Caltech

Year 2014-2015

Turbulence
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chapterchapter 1212

3D vortices : an introduction3D vortices : an introduction

12.1 2D 12.1 2D / 3D / 3D flowsflows : : scalesscales andand energyenergy ((remainderremainder))

12.2  12.2  transition transition 2D 2D  3D 3D : : thethe exampleexample ofof lift lift vorticesvortices

12.3  12.3  vortex distorsionvortex distorsion

12.4  12.4  backback to lift to lift vorticesvortices

12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascadeKolmogorov cascade
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12.1  2D / 3D : 12.1  2D / 3D : scalesscales andand energyenergy ((remainderremainder))

breakdownbreakdown scalesscales ::

 energyenergy : : withoutwithout injection injection 1 2
0 2

lim 0
V

u dV 

energy is transfered towards smaller scales where it is entirely transformed into heat
(direct cascade)

•• 3D 3D decaydecay

dissipation dissipation 
rate    rate    

0l

1l1l l

energyenergy transfert ratetransfert rate 0~l 

0

0
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12.1  2D / 3D : 12.1  2D / 3D : scalesscales andand energyenergy remainderremainder ((……))

McMc Williams 1982Williams 1982

•• 2D 2D decaydecay

theythey growgrow scalesscales ::

 energyenergy : : conservedconserved (in (in thethe limitlimit   00 ))
1 2
2S

u dS

energy is transfered towards larger scales (inverse cascade)
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12.2 transition 2D 12.2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices

3e
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2e

p

p

@@willemwillem

•• lift lift vorticesvortices
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x/b =10

.

.

.

x/b = 3

2D dynamics

bb = = spanspan

xx = = donwnstreamdonwnstream
distancedistance

JacquinJacquin et et alal. 2000. 2000

Airbus A300

12.2 transition 2D 12.2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices ((……))

x/b = 0.5

vorticityvorticity xx/b =1

merger



@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
cq

u
in

Ja
cq

u
in

--
2

0
14

 
2

0
14

 --
P

o
ly

te
ch

n
iq

u
e

P
o

ly
te

ch
n

iq
u

e

12.2 transition 2D 12.2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices

@@willemwillem

•• lift lift vorticesvortices
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film : vortex encounter

12. 2 transition 2D 12. 2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices
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12. 2 transition 2D 12. 2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

12. 2 transition 2D 12. 2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices
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12. 2 transition 2D 12. 2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices
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45s

30s

15s

instabilityinstability

breakdownbreakdown

60s

Crow 1970Crow 1970

12. 2 transition 2D 12. 2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices

the start of 3D turbulence

contrail
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12. 2 transition 2D 12. 2 transition 2D  3D : 3D : thethe exampleexample ofof lift lift vorticesvortices

VIDEO0057.mp4
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12.3 vortex distorsion12.3 vortex distorsion

 Helmoltz’s equation (chapter 9)

 2
1 1

.
d

div u u rot f grad grad p rot div
dt


          



•• remainderremainder

 2D 2D flowsflows ((chapterchapter 11)11) d

dt


  

as soon as the 2D constraint is released, 
vortices tend to become 3D under the action 
of the vortex distorsion term

•• observationsobservations

.u 

.
d

u
dt


     

incompressibilty   0div u 
homogeneity

constant viscosity .const 
.const 

conservative forces f grad  

 simplifications (simplifications (chapterchapter 9)9)

vortex distorsionvortex distorsion



•• vortex distorsionvortex distorsion .
d

u
dt


   

u d  

 velocity gradient tensor décomposition

 
 

1

2

1

2

   - 

  - 

t

t

d u u

u u

    

    


deformation rate tensor 

rotation rate tensor 

 rotation has no effect

. . . .u d d       1
2

. 0     because

.
d

d
dt


    •• conclusion :conclusion :
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12.3 vortex distorsion (12.3 vortex distorsion (……))




.d
dt

d

 
 

0 0

0 0
z, ,

u x, y, ,

  
     

•• vorticityvorticity equationequation
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 an infinitesimal vortex tube immersed in a base flow corresponding to an irrotationnalirrotationnal
deformationdeformation of rate  :

•• distorsion distorsion effecteffect : : exampleexample

0 0 0  0 

. 0 0 0  0 

0 0 0  0 z

d

     
             
          

 we also neglect viscosity

(1)

x

zy

12.3 vortex distorsion (12.3 vortex distorsion (……))

 linearization : the vorticity is supposed to sufficiently weak 
so as to neglect its impact on the base flow ( )d const.

(1) 0
d

d .
dt


      0z zt  



d
d .

dt


 •• vorticityvorticity equationequation (1)

 
 

0

0 0
x z, ,

u x, y, ,

   
     

0 0   

. 0 0 0  0 

0 0 0  0 

x x

z

d

       
             
          

   
   

0

0

t
x x

z z

t ~ e

t

 
  

(1)
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12.3 vortex distorsion (12.3 vortex distorsion (……))

 suppose now that the vortex tube is slightly deformed so that a small component       emergesx

deformationdeformation

x

zy

amplification

growth of
a 3D 

component

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

Meunier & Meunier & LewekeLeweke (IRPHE)(IRPHE)

merger due to a 3D instability

•• a pair a pair ofof coco--rotatingrotating vorticesvortices ((……))

emergence of 3D turbulence

12.3 vortex distorsion (12.3 vortex distorsion (……))
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 you will show (training lesson today) that in the frame moving with the system, each vortex is
subjected to stretching in a plane oriented at  45°

12.4  12.4  backback to lift to lift vorticesvortices

•• a pair a pair ofof countercounter -- rotatingrotating vorticesvortices

1 22

facing view

amplification

22

2211

Biot-Savart
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instabilityinstability

breakdownbreakdown
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Crow 1970Crow 1970

contrail

12.4  12.4  backback to lift to lift vorticesvortices ((……))

•• a pair a pair ofof countercounter -- rotatingrotating vorticesvortices
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•• a double pair a double pair ofof countercounter -- rotatingrotating vorticesvortices

 note : this 4 vortex system is not chaotic due to mirror symmetry 

2
2

0 

0 

12.4  12.4  backback to lift to lift vorticesvortices ((……))

y x

z

 explain on the blackboard : vortices introduced by outer flaps
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•• a double pair a double pair ofof countercounter -- rotatingrotating vorticesvortices ((……))

12.4  12.4  backback to lift to lift vorticesvortices ((……))

 linearlinear momentmoment
1

2 12
.x i ii

I y y y const      
1 1

2 1 2 12 2
2 11 1

2 2

2
1

i ii
c

ii

y y y yy
y y y

   
    

    



 centroidcentroid

•• centroidcentroid : : backback to to chapterchapter 11 (11 (§§11.7)11.7)

cxcentroid
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•• a double pair a double pair ofof countercounter -- rotatingrotating vorticesvortices

2
2

0 

0 

12.4  12.4  backback to lift to lift vorticesvortices ((……))
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let’s perturb the system
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•• a double pair a double pair ofof countercounter--rotatingrotating vorticesvortices ((……))

12.4  12.4  backback to lift to lift vorticesvortices ((……))

 inviscid computation

Winckelmans, 2005
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Stumpf,  2005

 Navier-Stokes computation

•• a double pair a double pair ofof countercounter--rotatingrotating vorticesvortices ((……))

12.4  12.4  backback to lift to lift vorticesvortices ((……))
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12.5  12.5  backback to to thethe Richardson Richardson –– KolmogorovKolmogorov’’s cascades cascade

inertial regime :
3D vortices ?

how are they made ?



•• scalescale breakdownbreakdown andand dissipation : dissipation : thethe rolerole ofof stretchingstretching

 1 2 3

d
d .

dt
u x, y, z

   

    

 vorticity in an irrotational deformation flow

 incompressibility 1 2 3div 0u      strechingstreching in 1 or 2 directions in 1 or 2 directions 
wherewhere ii isis positifpositif

 pseudo-dissipation rate per unit mass :       2 2 2 2
2 1 2 3t t t       
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12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascade (Kolmogorov cascade (……))

(with no indice contraction)

   
i

22 i
1 2 ilim ~ 0 e

t
t t 

   i j jmax , j 1, 2,3   (1)

1 2 3i
i i , ,

d
, i

dt


    inviscid  0     0 i

i i
tt e   (1)

(with no indice contraction)
production / destruction

•• scalescale breakdownbreakdown andand dissipation : dissipation : thethe rolerole ofof stretching (stretching (……))

 scales ?
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 let be a vortex aligned with axis Ox3

 introduce the circulation                                       (with no indice contraction ) where ai characterizes 

the vortex thickness

2
3 3 3~

S
dS a   

2
3 3a const. .const      23

3 3 0 ta t a e    3
3 3 0 tt e  

1 1
1 2 32 2

0, ,           
 

contraction streching

 exempleexemple

notanota 0iidiv u   

3a

stretching increases stretching increases vorticityvorticity, so dissipation, as the flow , so dissipation, as the flow strurcturesstrurctures become thinnerbecome thinner

12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascade (Kolmogorov cascade (……))

3a
vorticité    3 3 0 tt e  

 3 3
20 ta a escales



 this is the « engine » of the Richardson-Kolmogorov cascade 

 stretching is the non-viscous process which reduces the scales and increases dissipation

 the inertial regime of the Richardson-Kolmogorov cascade can be seen as a process of 
stretching of small eddies by larger ones

 how does this process stop ?
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•• scalescale breakdownbreakdown andand dissipation : dissipation : thethe rolerole ofof stretching (stretching (……))

0l

1l1l l

 the smallest vortices scale as  :                        (Kolmogorov scale)  1 43
0   

how are they made ?

12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascade (Kolmogorov cascade (……))

•• thethe rolerole ofof viscosityviscosity : : thethe BurgerBurger’’s s scalescale

 1 2 3

d
d .

dt
u x, y, z

   

    

two conflicting mechanisms

~   equilibrium

 i i i0      
stretching spreading

 search for a steady solution :

the Burger’s scale characterizes the size of eddies where viscous
diffusion and stretching are in equilibrium

i Bia     

Burger’s scale

what is the Burger’s scale in the 3D cascade ?@
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12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascade (Kolmogorov cascade (……))

 time scales
2
i~ a spreading

1
i~ 

 stretching

B



cascade = stretching cascade = stretching ofof smallsmall
scalesscales by by largerlarger scalesscales

stretching ratei

 Burger’s scale i Bia     

22 : ~d d   dissipation
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 1 43
B       

~ 

the burger’s scale of turbulence is the kolmogorov scale

REM -

0Re 300000
U D

 


0 ~ 30l D cm

1
0 ~10U ms

5 2~10air m s

(football)(football)

3 4
3 4

0

~ Re
D U D

  
 

 

8 m  

•• thethe rolerole ofof viscosityviscosity : : thethe BurgerBurger’’s s scalescale ((……))

12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascade (Kolmogorov cascade (……))

  

 1
2

0,0, ,

, ,

r t

u r u z

  



   

 vortex in an axysimmetric deformation

x

y

z

tornado

drain vortex
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•• a a modelmodel for  a dissipative structurefor  a dissipative structure

B    solution = solution = gaussiangaussian vortex vortex ofof thicknessthickness

12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascade (Kolmogorov cascade (……))

: : thethe Burger vortexBurger vortex

training course



« large » Reynolds« small » Reynolds

iso-vorticity

  1 
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 the end of the cascade : tornadoes ? the end of the cascade : tornadoes ? 

12.5  12.5  backback to to thethe Richardson Richardson -- Kolmogorov cascade (Kolmogorov cascade (……))

 2D flow dynamics at high Reynolds numbers are chaotic dynamics and result in a growth of the 

energetic scales, namely an inverse energy cascade compared to that of 3D flows 

 mechanisms that control this process are : chaotic convection, filamentation and vortex merging

 in the infinite Reynolds number limit, 2D flow energy is a constant

 3D flows are dominated by stretching which reduces and fragments eddies and which imposes a  

direct energy cascade (towards smaller scales)

 through this direct cascade, 3D flow energy is always dissipated in the infinite Reynolds number 

limit.

 Most of the dissipation occurs at the Burgers scale which balances stretching and viscous 

diffusion

12.6  vortex 12.6  vortex dynamicsdynamics andand turbulence : turbulence : summarysummary
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ONERAONERA--DAFE DAFE transonictransonic windwind tunnel S8Chtunnel S8Ch

cavity

M = 0,6 - 0,78 h = 100mm

12.7  vortex 12.7  vortex dynamicsdynamics andand turbulence : an turbulence : an exampleexample
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Forestier et Forestier et alal., 2002 ., 2002 
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LarchevLarchevèèqueque et et alal., 2002 ., 2002 

12.7  vortex 12.7  vortex dynamicsdynamics andand turbulence : an turbulence : an exampleexample

Film_structures_compresse.AVI
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12.7  vortex 12.7  vortex dynamicsdynamics andand turbulence : an turbulence : an exampleexample
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