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•• Training : Training : Caroline Muller Caroline Muller 
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Research : Hydrodynamic stability, geophysical flows
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Research engineer
Fundamental / Experimental Aerodynamics Dept (DAFE)
ONERA (French Aerospace Lab.)
Research : Turbulence, metrology, Aerodynamics

• Course : Laurent Jacquin
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Research : Turbulence, vortex dynamics, Aerodynamics
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95% 95% ofof industrialindustrial applicationsapplications

 aeronauticsaeronautics

 automotiveautomotive

 combustioncombustion

 nuclearnuclear powerpower

 thermicthermic

 meteorologymeteorology

 magnetohydrodynamicmagnetohydrodynamic

 processprocess engineeringengineering

 ……

•• turbulent turbulent flowsflows
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we dont know ! (no mathematical theory)

•• whatwhat isis turbulence ?turbulence ?
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perturbation, agitation, exitment, instability, dissipation    , disorder, dispersion , 

incoherence, fragmentation , confusion, chaos  , muddle, wastewaste ...



activity, animation, alert, mobility, vivacity,  mixing , ardour, impetuosity, passion ...

•• antonymsantonyms

order, composure, serenity, regularity , silence, peace ... 

resignation, stagnation  , apathy, aphasia …

•• synonyms of turbulencesynonyms of turbulence

mixing

in physics

dissipation

chaos

dispersion 

fragmentation

regularityorder

stagnation

overtureoverture
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•• turbulent systemsturbulent systems

 atmosphereatmosphere

 flowflow interactinginteracting withwith an an objectobject

 stock stock exchangeexchange pricesprices

 a a crowdcrowd

 an an individualindividual

 ……

turbulence turbulence isis a manifestation a manifestation ofof thethe instabilityinstability thatthat characterizescharacterizes thethe evolutionevolution ofof complexcomplex
systemssystems far far fromfrom equilibriumequilibrium

•• tentative tentative definitionsdefinitions ofof turbulenceturbulence

turbulence turbulence isis a a mechanismmechanism thatthat regulatesregulates, on , on averageaverage, , thethe behaviorbehavior ofof systemssystems out off 
equilibrium

overtureoverture

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

•• withoutwithout turbulence ...turbulence ...

 no life on earth (huge winds, letal chimical elements stratified at ground level…)

 no combustion, no convection

 unsweetened coffee

 ...

•• due to turbulence ...due to turbulence ...

 energy consumption increases dramatically

 largest computers are far from being able to simulate the flow largest computers are far from being able to simulate the flow aroundaround

 an airplanean airplane

 ……

overtureoverture
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 invariance invariance alongalong xx or or z z 

 boundaryboundary conditions conditions rejectedrejected atat infinityinfinity in in thosethose directionsdirections

x

sugar
coffee10 cm

0T

1 0T T

1m

z

diffusion of sugar in a coffee cup

z

x

heat conduction in a room

•• simplification : simplification : semisemi--infiniteinfinite geometriesgeometries

•• twotwo molecularmolecular diffusion diffusion problemsproblems
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2

2

 


 
n n

D
t z

 = number of glucose molecules per volume

 DD = = molecularmolecular diffusivitydiffusivity ofof glucose in glucose in coffeecoffee , unit : , unit : 

 ,n z t
2 1m s

x

sugar
coffee10h cm

z

diffusion of sugar in a coffee cup

6 2 110D m s  molecular diffusivity :

 timetime scalescale ::    42~ 10 3 !D h h D s h  

 n f z Dt

turbulence turbulence maymay helphelp

•• twotwo molecularmolecular diffusion diffusion problemsproblems ((……))

overtureoverture
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2

2

T T

t x

 
 

 

 = = temperaturetemperature

 = thermal = thermal diffusivitydiffusivity, unit :, unit :

 ,T x t
2 1m s

0T 1 0T T

1L m

z

x

heat conduction in a room

 1

0 1

T T
g x t

T T


 



 thermal thermal diffusivitydiffusivity (air (air atat 00°°) : ) : 
7 2 110 m s  

   72~ 10 27 !L L s jours    timetime scalescale :: turbulence turbulence maymay helphelp

•• twotwo molecularmolecular diffusion diffusion problemsproblems ((……))
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•• turbulenceturbulence

 a challenge for fondamental sciencefondamental science

 a daily problem for engineersengineers

•• thethe course : objectivescourse : objectives

 understanding the physicalphysical basisbasis of turbulence in fluids

 appraising turbulence turbulence modellingmodelling in engineering tools

 in in termsterms ofof trajectoirytrajectoiry : : irregularityirregularity

•• thethe course : course : twotwo aspectsaspects

 in in termterm ofof statisticsstatistics : : regularityregularity

overtureoverture
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chapterchapter 22
continuum mechanics : a remindercontinuum mechanics : a reminder

2.1 conservation 2.1 conservation lawslaws

2.2 2.2 massmass conservation : conservation : thethe continuitycontinuity equationequation

2.3 2.3 momentummomentum : : thethe lawlaw ofof dynamicsdynamics

2.4 conservation 2.4 conservation ofof energyenergy

fluidfluid mechanicsmechanics : a : a reminderreminder

3.1 3.1 fluidsfluids

3.2 3.2 classicalclassical fluidsfluids

3.3 3.3 newtoniannewtonian fluidsfluids

chapterchapter 33
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why ?why ?

 turbulence comes out from continuum mechanics equations, namely the Navier-Stokes 
equations if matter is a newtonian fluid

 observation shows that different fluids behaves differently in a turbulent regime

 turbulence is found in fluids, not in solids

 low order descriptions are usually required to reduce the complexity of turbulence

 in practice, “modelling” turbulence states leads to describe turbulence as a “new state of  
matter”, a sort of “new fluid” with specific constitutive laws

turbulence teaching must rely on the strong foundation of continuum mechanics

(*) my apologize to my former students : they have saw a large part of this stuff
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2.1 conservation 2.1 conservation lawslaws

 let b be any quantity (scalar, vector, …) which  characterizes 
a fluid property

•• a volume a volume ofof mattermatter

 let  be any volume of fluid that we follow during its movement

volume (volume (materialmaterial))

 t

 S t

  1

b u
b E
b s

b

 

 

 

momentum   

energy   

entropy   

mass 

 apply this to 

equations of mechanics

    bt t

d
b d d

dt  
      source terms 

 denoting d /dt the material derivative, one may write : 

b

b


 

 density  per  unit  mass

density  per unit  volume
where
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•• firstfirst termterm : transport : transport theoremtheorem

flux across S(t)time variation inside (t)

      t t

d b
b d div b u d

dt t 


      
 

    bt t

d
b d d

dt  
      source terms 

2.1 conservation 2.1 conservation lawslaws

 t
d

b d
dt 

     t S t
b

d bu . n dS
t


   

 

 one can show that

volume (volume (materialmaterial))

 t

 S t

(*)(*) .
S

div b dV b n dS


  - Green - Ostrogradski

    t t

b
d div b u d

t 


    

 

(*)(*)

n
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 S tn2.1 conservation 2.1 conservation lawslaws ((……))

 Cauchy’s principle

global : acting
on all fluid particules
of  t

 t

u
f g

ex. : gravity

  .b bn n  • Cauchy’s theorem :

        
.b b b b bt t S t t

d f d n dS f div d
  

            

(*) green (*) green -- OstrogradskiOstrogradski

•• source source termterm

    bt t

d
b d d

dt  
      source terms 

      b b bt t S t
d f d n dS

 
       

volumic source surfacic source
 two contributions

flux

local : restricted
to the fluid
particules that
constitute the
interface

 S t

 S t

S

n

volume (volume (materialmaterial))

 t

n

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

    t
b

div b u d
t


    

  

      
.

bt

b b b bt S t t

d

f d n dS f div d



 

  

        



  

source terms  

•• totaltotal

     
.

t t S t

d b
b d d bu n dS

dt t 


     
  

2.1 conservation 2.1 conservation lawslaws ((……))

•• local local formform : : volumicvolumic formulationformulation

 truetrue whateverwhatever  ((tt))   b b
b

div bu f div
t


     


local conservation local conservation lawslaws
ofof mechanicsmechanics

  1b
b u

b E
b s

 

 

 

mass 

momentum   

energy   

entropy   

•• applyapply thisthis to : to : 

this provides the local equations of continuum 
mechanics, which include the equations  of fluid 
mechanics

volume (volume (materialmaterial))

 t

n  S t
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•• massmass conservation :conservation : 1 0 b bb , f    (no source of mass)

0u . grad divu
t


  


material derivative : notation 

d

dt



•• decompositiondecomposition ofof thethe divergence divergence termterm ::

0

0

d
divu

dt
d

dt

   
 


continuity equation

incompressibility

1 1
0

d d
divu

dt dt

 
   
 

•• incompressible incompressible fluidfluid flowflow =  =  isovolumicisovolumic flowflow ((nono volume variation volume variation alongalong thethe
trajectoriestrajectories))

2.2 2.2 massmass conservation : conservation : thethe continuitycontinuity equationequation

0
d

divu
dt


  continuitycontinuity equationequation

(non conservative form)

  0div u
t


  


continuitycontinuity equationequation

(conservative form)

  b b
b

div bu f div
t


     


local conservation local conservation lawslaws ofof mechanicsmechanics
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annexes annexes --

materialmaterial derivativederivative

conservative conservative andand non conservative non conservative formsforms
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 x X ,tcurrentcurrent positionposition

 u x,t
Xinitialinitial

positionposition

   d
b x X ,t

dt
db

dt
b t b x

.
t t x t

   
 
   

b
b .u

t


  


u

annexannex -- materialmaterial derivativederivative

materialmaterial derivativederivative

b

•• scalarscalar (e.g. )  :

d
u . grad

dt t

 
  


•• vectorvector (e.g .   ) :u
du u

u .u
dt t


 


u isis a 2a 2nd nd orderorder tensortensor

i i i i i
j j

j j

du u u u u
u u

dt t x t x

   
   
   

 isis a 1a 1st st orderorder tensortensor, , thatthat isis a a vectorvector. . WeWe notnot itit grad 

j
j

d
u ...

dt t x

  
  
 

cartesiancartesian
coordinatescoordinates

cartesiancartesian
coordinatescoordinates

1 2 3
1 2 3

i i i iu u u u
u u u

t x x x

   
   
   
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annexannex -- conservative conservative andand non conservative non conservative formsforms

  b b
b

div b u f div
t


      


conservative form

b b
b

t t t

  
 

  
   

     
.

. . . .

div b u b div u b u

b div u b grad u grad b b u

     

      

       

0

.

db dt

b b db
div b u b div u b u

t t t dt


  

         
  

 





b b
db

f div
dt

     non - conservative form

mass conservation
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annexannex -- conservative conservative andand non conservative non conservative formform ((……))

• example of a scalar (e.g. )

  0div u
t


  



0 0
d

divu u . grad divu
dt t

 
     



conservative

non conservative

• discritising space : 1st order forward scheme in one dimension between x and x+x

         x x u x x x u xu
div u

x x

     
  

 

           

                  

          

x x x u x x u x
u . grad divu u x x

x x
x x u x x x u x u x x u x x x x

x x
u x x u x x x xu

x x

      
  

 
            

 
 

      
 

 
residu

conservative

non conservative




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•• momentummomentum :: b u

 surfacicsurfacic source : a constraintsource : a constraint

•• CauchyCauchy’’s formulation : a s formulation : a principleprinciple andand a a theroemtheroem

 volumicvolumic source : a force source : a force densitydensity uf f  f g (gravity)e.g.e.g. ::

thethe lawlaw ofof dynamicsdynamics
(non conservative form)

du
f div

dt
    

2.3 2.3 momentum : the law of dynamicsmomentum : the law of dynamics

strain vector 

      
. .u uS t S t S t

n dS n dS n dS        
Cauchy’s 
principle

Cauchy’s 
theorem

u  

Cauchy’s 
strain tensor

  b b
b

div bu f div
t


     


local conservation local conservation lawslaws ofof mechanicsmechanics

a  2a  2ndnd orderorder tensortensor : : thethe CauchyCauchy’’s s strainstrain tensortensor
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.n pn .n      

1p  

identityidentity tensortensor

1 

1 0 0

0 1 0

0 0 1

 
 
 
  

pressurepressure

.n p n    

n

pn

.n

frictionfriction

 dynamicsdynamics : pressure : pressure andand viscousviscous stressstress 0u 

 staticstatic :  Pascal:  Pascal’’s s lawlaw 0u 

1p    

viscousviscous stress stress tensortensor

 strainstrain vectorvector :: .n  
strainstrain tensortensor

•• CauchyCauchy’’s s strainstrain tensortensor : pressure : pressure andand viscousviscous stressstress

2.3 2.3 momentum : the law of dynamics (momentum : the law of dynamics (……))

•• constitutive constitutive lawlaw ofof mattermatter ::  u   

the constitutive law defines the fluid matter

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

(non conservative form)
du

f div
dt

    •• thethe lawlaw ofof dynamicsdynamics

1p    

•• pressure pressure andand viscousviscous stress stress decompositiondecomposition : : 

 1
du

f div p
dt

      

 1 1 1div p grad p . p div grad p  •• otherother formform : : use use thethe identityidentity

du
f grad p div

dt
     

•• choice of the fluid = choice of the constitutive law choice of the fluid = choice of the constitutive law  u   

thisthis willwill bebe donedone latterlatter

2.3 2.3 momentum : the law of dynamics (momentum : the law of dynamics (……))
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2.4  conservation 2.4  conservation ofof energyenergy

why ?why ?

 turbulence appears spontaneously in a continuum when the latter is strongly distorted, 
namely when mechanical energy is large

grasping turbulence requires understanding its role in the energy balance of continuum
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•• energyenergy hashas twotwo originsorigins : : mechanicalmechanical andand thermalthermalb E

Ef f .u r   volumicvolumic sources :sources :

f
mechanical  power due to 

the volumic force   

volumic source of heat (e.g. radiation)

 surfacicsurfacic sources :sources :

( )S theat flux across  

.t
E u q   

( )S t
mechanical power due to
 the contact force on 

 tdE
f .u r div .u q

dt
       energyenergy conservation conservation lawlaw

(non conservative form)

2.4  conservation 2.4  conservation ofof energyenergy

important physics hidden in this equation

  b b
b

div bu f div
t


     


local conservation local conservation lawslaws ofof mechanicsmechanics
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kE e e •• energyenergy hashas twotwo components :components :

•• kinetickinetic energyenergy : : it is a mechanical energy, so use momentum equation

 .                            u
du

f div
dt

    

•• thermal thermal energyenergy : : 

21

2ke u

kinetic energy

 . .tde
r div u u div div q

dt
       (3)(3)

internal work 
of the contact forces

. .kde
f u u div

dt
    

work of 
the volumic

force

work of the 
contact forces

 tdE
f .u r div .u q

dt
      

(1) (1) –– (2)(2)

(2)(2)

(1)(1)

2.4 conservation 2.4 conservation ofof energyenergy ((……))

internal energy

 v,e c T ( ideal gaz)
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. .kde
f u u div

dt
    •• kinetickinetic energyenergy

•• internalinternal energyenergy

not a conservation law form
(a             is lacking)

kediv 

 . . :t tdiv u u div u    •• use use thethe tensorialtensorial identityidentity

 . .tde
r div u u div div q

dt
      

conservation law forms

this volumic term is what sets the exchanges between kinetic and internal energy

2.4 2.4 thethe conservation conservation ofof energyenergy ((……))

kinetic energy

internal energy :
de

r u div q
dt

     

kef ke

ef e

 . : .t tkde
f u u div u

dt
       

•• internalinternal worksworks :: :t u 
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•• internalinternal worksworks :t u  : exchanges kinetic energy  heat

 : 1 :t tu p u      

1p    •• pressure pressure -- viscousviscous stress stress decompositiondecomposition : : 

: 0t u   •• introducingintroducing thethe dissipation dissipation functionfunction ::

2.4 2.4 thethe conservation conservation ofof energyenergy ((……))

this is a key quantity for our 
topic : turbulence is 
something that increases 
considerably dissipation

work of the 
pressure

work of 
viscosity

:tp div u u    
reversiblereversible irreversibleirreversible

kinetickinetic
energyenergy

21

2ke u e

internalinternal
energyenergy

p div u

:t u   de
r p divu div q

dt
     

cef ce

ef e
   . .tkde

f u p divu div p u u
dt

         

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

chapitre 3chapitre 3

fluidfluid mechanicsmechanics : a : a reminderreminder

3.1 3.1 fluidsfluids

3.2 3.2 classicalclassical fluidsfluids

3.3 3.3 newtoniannewtonian fluidsfluids
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3.1 3.1 fluidsfluids

•• a fluid is an energetically disorganized state of matter      a fluid is an energetically disorganized state of matter      

legend :
potential energy

kinetic energy

 pE

 cE

condensatedcondensated mattermattergasgas

pure matter

0  pE

ideal gasgas

 V r

 

 
p

c

E

E

liquidliquid

fluidfluid

   p cE E 1    p cE E

solidsolid

intermolecular
potential

Source : L. Jacquin, Mécanique des fluides - Tome 1, Ed. Polytechnique 2014
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3.2 3.2 classicalclassical fluidsfluids

•• a a classicalclassical (or simple) (or simple) fluidfluid hashas twotwo propertiesproperties

homogeneoushomogeneous
isotropicisotropic

non homogeneousnon homogeneous
isotropicisotropic

homogeneoushomogeneous
non isotropicnon isotropic

 its is homogeneous and isotropic

 its is newtonian (it flows « newtonianly »)

•• whatwhat doesdoes itit meanmean to to bebe newtoniannewtonian ??
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•• in the modern languagein the modern language

in a moving fluid, the stress is proportional to the velocity gradient

z

h

•• the the newtonnewton’’ss law for the case of a simple shearlaw for the case of a simple shear

. du
e

dz
    

stress (Pa = N.m-2)

NewtonNewton’’s laws law

shear viscosity (Pa.s)

3.3 3.3 newtoniannewtonian fluidfluid

“The resistance which arises from the lack of slipperiness of the parts of the liquid, other things 

being equal, is proportional to the velocity with which the parts of the liquid are separated from one 

another”

•• newtonnewton’’ss lawlaw (1687)(1687)

   l t
e t

h


deformation :

 l t





deformation rate (s-1) :
.. l

e
h


 u h du

h dz
 

 u h
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dz
  

•• NewtonNewton’’s s lawlaw for for the case of a simple shear (the case of a simple shear (……))

newtoniannewtonian constitutive relation = linearity between     and constitutive relation = linearity between     and 

•• general : general : one can show that the most general linear form reads one can show that the most general linear form reads 

   1

3
1 2 1div u d div u     

shearshear viscosityviscositybulkbulk viscosityviscosity

u

shearshear viscosityviscosity

•• note : note : the the rotationnalrotationnal part of         ,                              , is absent becapart of         ,                              , is absent because solid body rotation use solid body rotation 
produces no stress   produces no stress   

u  1

2
tu u   

3.3 3.3 newtoniannewtonian fluidfluid ((……))

 1

2
td u u    is thethe rate rate ofof strainstrain tensortensor ((symmetricsymmetric part part ofof ))u

 div u trace d
wherewhere



@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
cq

u
in

Ja
cq

u
in

--
2

0
14

 
2

0
14

 --
P

o
ly

te
ch

n
iq

u
e

P
o

ly
te

ch
n

iq
u

e

   1

3
1 2 1div u d div u     

shearshear viscosityviscositybulkbulk viscosityviscosity

• velocity gradient tensor : u   i
ij

j

u
u

x


 


has 9 components

 1

2
td u u   • rate of strain tensor :    1

2

ji
ij j i

uu
d

x x


 

 
has 6 componentshas 6 components

• velocity divergence  :     i

i

u
div u trace u trace d

x


   


is a scalar.is a scalar.

• identity tensor : 1 has 3 componentshas 3 components  1 ijij
 

annexannex -- propertiesproperties ofof thethe newtoniannewtonian constitutive constitutive lawlaw

and     are symmetric (no effect ifand     are symmetric (no effect if ii is changed by is changed by jj and viceand vice--versa)  so thatversa)  so that

is symmetric. This results from the is symmetric. This results from the homogeneous and isotropic homogeneous and isotropic microscopic properties of microscopic properties of 

a a newtoniannewtonian fluidfluid

• symmetry : d 1

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annexes annexes -- propertiesproperties ofof thethe newtoniannewtonian constitutive constitutive lawlaw ((……))

bulkbulk viscosityviscosity (active in violent changes (active in violent changes ofof volume)volume)

stokes hypothesis (plugged in every software product)stokes hypothesis (plugged in every software product)
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annexannex -- propertiesproperties ofof thethe newtoniannewtonian constitutive constitutive lawlaw ((……))

•• bulkbulk viscosityviscosity ::



evaluatesevaluates departuredeparture fromfrom thermodynamic equilibrium

     1
3

1 2 1p div u d div u       

 isis usuallyusually veryvery smallsmall (               for a gaz) (               for a gaz) 

mechanical pressure P

pressure

P p

  1
compression div u  

total strain :

 thethe fluidfluid isis out of equilibrium whenwhen

 a condition on a condition on timetime scalesscales : compare                                             : compare                                             withwith

equilibriumcompression microscopic

compression microscopic

  
   out of equilibrium

microscopic 910 s

bulkbulk viscosityviscosity may be considered as neglectable, except in very rapid changes of volume 
(hypersonic flows, combustion, detonations…)

   1

3
1 2 1div u d div u     

shearshear viscosityviscositybulkbulk viscosityviscosity

microscopic

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

annexannex -- propertiesproperties ofof thethe newtoniannewtonian constitutive constitutive lawlaw ((……))

 Stokes’ (equilibrium) hypothesis : 0   2
1 2

3
div u d


    

•• approximation : Stokes approximation : Stokes hypothesishypothesis
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   1

3
1 2 1div u d div u     

shearshear viscosityviscositybulkbulk viscosityviscosity

•• approximation : approximation : incompressibilityincompressibility

0

0

d
divu

dt
d

dt

   
 


 continuity

 incompressibility

0divu 

 2 td u u       

2 d  

3.4 3.4 flowflow ofof a a newtoniannewtonian incompressible incompressible andand homogeneoushomogeneous
fluidfluid withwith constant constant viscosityviscosity an an nono externalexternal force :force :
momentummomentum

 ji
ij

j i

uu

x x


   

 
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 2 td u u       

1 3

1 3

0 0

0 0 0

0 0 0

0 0 0

0 0

0 0 0

t

du dx

u

u du dx

 
    
 
 
 
    
 
 

meaning meaning 

1
1 3

3

1
3 1

3

t

du
u e e

dx

du
u e e

dx

  

   


 velocityvelocity gradientgradient

1 3
1

1 32

0 0

0 0

0 0 0

du dx

d du dx

 
   
 
 

 rate rate ofof deformationdeformation

 1 1
2 2

,td u u       1 1 1
1 3 3 12 2 3

t du
d u u e e e e

dx
        meaning meaning 

 viscousviscous stress stress tensortensor  1
1 3 3 1

3
2

du
d e e e e

dx
       

3.4 3.4 flowflow ofof a a newtoniannewtonian incompressible incompressible andand homogeneoushomogeneous
fluidfluid withwith constant constant viscosityviscosity an an nono externalexternal force :force :
momentummomentum



 1 3u x

11,e x

33,e x

•• training : training : applyapply thisthis to a constant to a constant shearshear

 1 3 1i iu u x  velocityvelocity
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 1
1 3 3 1 3

3
. .

du
n e e e e e

dx
      

 viscousviscous stress stress vectorvector ::

 applyapply thethe rulerule : :   .

jk

jki j k ie e e e



  


 thisthis givesgives ::      1 1
1 3 3 3 1 3 1

3 3
1 0

. .
du du

e e e e e e e
dx dx

      

3.4 3.4 flowflow ofof a a newtoniannewtonian incompressible incompressible andand homogeneoushomogeneous
fluidfluid withwith constant constant viscosityviscosity an an nono externalexternal force :force :
momentummomentum



 1 3u x

11,e x

33,e x 3n e

1
1

3

du
e

dx
 

 1
1 3 3 1

3
2

du
d e e e e

dx
       
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3.4 3.4 flowflow ofof a a newtoniannewtonian incompressible incompressible andand homogeneoushomogeneous
fluidfluid withwith constant constant viscosityviscosity an an nono externalexternal force :force :
momentummomentum

 1
du

div p
dt

    •• momentummomentum

•• incompressibilityincompressibility :: 0div u 

•• newtoniannewtonian :: 2 d  

•• constant constant viscosityviscosity : : const. 

•• homogeneoushomogeneous fluidfluid :: const. 

 1 1
2

du
grad p div d

dt
   

 

tensorialtensorial
IdentitiesIdentities

 t

div u u

div u grad divu

   
  

u grad divu   u 

1du
grad p u

dt
   







du p
grad u

dt
   



kinematic
viscosity

 2 tdiv div d div u u       
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: 2 :t u d u     •• dissipation dissipation functionfunction ::

•• newtoniannewtonian withwith constant constant viscosityviscosity : : 2t d , const.     

kde
p divu

dt
   .tdiv p u u     •• kinetickinetic energyenergy ::

1 2
2ke u

 other form : use decomposition    1 1

2 2
t tu u u u u d          

3.4 3.4 flowflow ofof a a newtoniannewtonian incompressible incompressible andand homogeneoushomogeneous
fluidfluid withwith constant constant viscosityviscosity an an nono externalexternal force :force :
energyenergy

2 : 2 : 2 :d u d d d        2 :d d 

 2 .  

2 :      

kde
div p u d u

dt
d d

     

   - dissipation  rate per unit mass





see annex

antisymmetric symmetric
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annexannex –– demonstrationdemonstration

• : 0d 
=

   = :

il

jk

i k
i j k l

j l

u u
e e e e

x x





 
 

 




ji

j

uu

x xi



 

     1 1

4 4
: : : : : :t t t t t td u u u u u u u u u u u u                  

   : :i k
i j k l

j l

u u
u u e e e e

x x

 
    

 


       : : = :

jk

il

jt t i k i k i
j i l k j i l k

j l j l j i

uu u u u u
u u e e e e e e e e

x x x x x x





    
       

     





: :t ti i

j j

u u
u u u u

x x

 
     

 
 wewe alsoalso findfind thatthat : : 
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 

 

2

2

2 :  .     

2 :  2 .         

d d u div u u

d d div u u

      

     





flux

(1)

(2)

flux



�

see annex

•• kinetickinetic energyenergy

3.4 3.4 flowflow ofof a a newtoniannewtonian incompressible incompressible andand homogeneoushomogeneous
fluidfluid withwith constant constant viscosityviscosity an an nono externalexternal force :force :
energyenergy ((……))

velocityvelocity gradientsgradients

vorticityvorticity

  1

2
1

k
k

de p
div u grad e

dt

u

       
    - pseudo dissipation rate per unit mass 

(1)

see annex

  2

2
2

kde p
div u u

dt
        
    - pseudo dissipation rate per unit mass      

(2)

see annex

we will use this latter on
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annexannex -- demonstrationdemonstration

• dissipation function - formulation (1) 

   2
, 2 : .x t d d u div u u      �

   2 : 2 :ij kli j k ld d d e e d e e      2 : 2 2

il

ij kl ij kl il jk ij jii j k l

jk

d d e e e e d d d d



     







 1

2

ji
ij

j i

uu
d

x x


 

 

  1

2
2 j ji i

ij ji
j i i j

u uu u
d d

x x x x

  
  

   





 2 ji i

j j i

uu u

x x x

 
 

  


   

 

 2

2 0.

i i i
j j

j i j j i

u u u
u u

x x x x x

div udiv u uu

   
  

    


 

 , 2 :x t d d �
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• kinetic energy

annexannex -- demonstrationdemonstration ((……))



     

     1 12 2
2 2

. .t t t
k k jki j k iij ij

jt
j j ki i iij i i

u u u e e u e u u e

u
u u e u e u e grad u grad e

x x

      

      
 

     2

2

. .tk

d

de p
div u u u u u div u u

dt



          




  2.tkde p
div u u u u

dt
      





  2k
k

de p
div u grad e u

dt
     


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annexannex -- demonstrationdemonstration ((……))

(*) identity : ijk ipq ip jq iq jp       

  

 

       

(*)
2

2 2

q qk k
ijk ipq ijk ipq

j p j p

q jk k k k
jp kq jq kp

j p j j j k

j j ji i i
i i

jj j i j j i i

u uu u

x x x x

u uu u u u

x x x x x x

u u uu u u
u u

xx x x x x x x

  
      

   
    

      
     

      
    

      



 2
.u div u u   

   k
ijki

j

u

x


  


 - vorticity 



 2 2
.u div u u    

• dissipation function - formulation 2  , 2 :x t d d �
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•• kinetickinetic energyenergy

annexannex -- demonstrationdemonstration ((……))

 

 

2

2 2

.

.

tkde p
div u u u u

dt

u div u u

        
    



    2.tkde p
div u u u u

dt
       



  22 .kde p
div u u

dt
     



  2kde p
div u u

dt
    



 identityidentity 1
2

. A A   see annex
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 checkcheck thatthat withwith , , 

annexannex -- demonstrationdemonstration ((……))

 identityidentity
1
2

. A A  

     1

2

ji
li j l

j i

uu
. A e e . A e

x x


   

 

   1 1

2 2

j ji i
l jl ji i

j i j i

u uu u
A e A e

x x x x

  
    

   

 j i
ikj k j j

i j

u u
A A

x x

 
   

 



 1 1

2 2 k j k jA A e e       1 1

2 2k j ikj k ji k j i i

ikj

e . e e A e A e    




1 1 3 2 2 3

2 2 1 3 3 1

3 3 2 1 1 2

x u u x u x

rot u x u u x u x

x u u x u x

           
                     

              

123 312 231 1     

132 213 321 1       andand
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chapitre 4 chapitre 4 

turbulence : a turbulence : a paradoxparadox

4.1 dissipation4.1 dissipation

4.3 a 4.3 a paradoxparadox

4.5 4.5 thethe RichardsonRichardson--KolmogovKolmogov cascadecascade

4.2 dissipation : 4.2 dissipation : thethe case case ofof a a spheresphere

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipea pipe
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4.1 dissipation4.1 dissipation

•• question : question : howhow muchmuch energyenergy dissipateddissipated in a in a givengiven fluidfluid volume volume VV ??

L

V

0U
•• a a spheresphere D

need a convenient definition for this quantity 

•• a rough pipea rough pipe 2D Rp

L

V roughness

h
p
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         1
. , lim . , .

T T
Tx t x t dt x

T 

   1
. lim .

T
T dt

T 

   1
. .V V

dV
V

   

   . .
T T

V V    

4.1 dissipation (4.1 dissipation (……))

 one observes that turbulent flows are « statistically steady » :

 commutation :

•• dissipation rate dissipation rate perper unit unit massmass  ,
2 : 0

x t
d d   


�

�

 spatial spatial averageaverage in in V ::

 timetime averageaverage ::

•• meanmean valuevalue

•• notenote

• newtonian
• incompressible

    - kinematic  viscosity

T
V V    

meanmean dissipation ratedissipation rate
perper unit massunit mass
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 measuringmeasuring , , namelynamely 9 gradients9 gradients

•• cancan wewe measuremeasure thisthis quantityquantity ??

4.1 dissipation (4.1 dissipation (……))

 ,u x t

•• thisthis meansmeans ::

 1 2 3i ju x ,i, j , ,  

 everywhereeverywhere in volume in volume VV

 timetime integrationintegration

2 :
T T

V V Vd d       � meanmean dissipation rate dissipation rate perper unit massunit mass

this has never
been done
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 k k
k

de e
div e u

dt t


 


•• identityidentity

4.1 dissipation (4.1 dissipation (……))

 2 .kde p
div u d u

dt
     


•• kinetickinetic energyenergy

•• suppose suppose thethe flowflow isis statisticallystatistically steadysteady : : timetime andand volumicvolumic averagingaveraging givegive

•• thethe case case ofof a a flowflow ofof a a newtoniannewtonian incompressible incompressible andand homogeneoushomogeneous fluidfluid withwith
constant constant viscosityviscosity withoutwithout externalexternal forceforce

   2 .   

k

k
k

e

e p
div e u d u

t


      

 




 

1
0 .  -  

2 .

 

k

k

T
e VS

e k

V

n dS
V

p
e u d u

   

    
 



- power of surfacic efforts

- mean dissipation rate per unit mass

=     
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4.2 dissipation : 4.2 dissipation : thethe case case ofof a a spheresphere

 supposing wide enough for having and (ideal fluid) on .p const 2 kd e  

•• spheresphere

V

S  





1 1
 . .

k k

T T
V e en dS n dS

V V
      

1
  .

T
V ke u n dS

V
   

flux of kinetic energy
balance on the control 
surface 

 

1
0 .  -  

2 .

 

k

k

T
e VS

e k

V

n dS
V

p
e u d u

   

    
 



- power of surfacic efforts

- mean dissipation rate per unit mass

=     

no slip

notnot accurateaccurate
whenwhen  isis largelarge
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 dissipation rate = dissipation rate = powerpower perper unit unit massmass :: V


 
force velocity

mass

  0lim
T

V VV U    for large for large enoughenough VV, , thethe force force isis thethe meanmean drag :drag :

 introducingintroducing thethe drag coefficient  :drag coefficient  :
1 2 2

02

T T
C U D  

V

L

0U
D

•• a a «« tricktrick »» : use : use thethe dragdrag

drag drag  2 :
T T

V V Vd d       �

4.2 dissipation : 4.2 dissipation : thethe case case ofof a a spheresphere ((……))

  1 3 2
02

lim
T

V VV C U D     

 values values ofof are availableare available
T

C
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•• meanmean dissipation rate dissipation rate perper unit volume unit volume ofof a a spheresphere

 0, , ,
T

U D   �•• dimensionaldimensional analysisanalysis

  1 3 2
02

lim
T

V VV C U D     

•• conclusionconclusion     3 2
0lim Re

T
V VV C U D    

injectedviscosity
power

4.2 dissipation : 4.2 dissipation : thethe case case ofof a a spheresphere ((……))

•• experiments provide  Re
T

C

 0
2 2
0

Re
T

T U D
C

U D


 






drag coefficientdrag coefficient ReynoldsReynolds

V

L

0U
D
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 Relim Re .
T

C const 

  3 2
Re 1 0lim lim .V VV const U D      

injected  power

•• soso wewe observe observe thatthat : : 

•• whichwhich meansmeans : : atat large Reynolds large Reynolds numbersnumbers, , powerpower absorbedabsorbed by by viscousviscous friction friction doesdoes notnot
longer longer dependdepend on on viscosityviscosity !!!!

4.2 dissipation : 4.2 dissipation : thethe case case ofof a a spheresphere ((……))

0Re
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
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1
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

•• experimentsexperiments on on spheresspheres

@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
c

q
u

in
Ja

cq
u

in
--

2
0

14
 

2
0

14
 --

P
o

ly
te

ch
n

iq
u

e
P

o
ly

te
ch

n
iq

u
e

4.3 a 4.3 a paradoxparadox

at large Reynolds numbers, power absorbed by viscous friction no longer depends on 
viscosity !!

•• so we make the paradoxal following observation :

•• lets have a look on such flows
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4.3 a 4.3 a paradoxparadox ((……))

Re = 20 000 Re = 300 000

Re = 200Re = 20
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4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipea pipe

we skip this case today
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4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipea pipe

 

0

.

1
.  -  

2

 

k

k

T
e VS

e k

V

n dS

p
u

V

e d u

   

    
 



- power of surfacic efforts

- mean dissipation rate per unit mass

=     

•• pipepipe 1 2S A A   V 1A 2A

 
1 2 1 2 1 2

1 1 1 1
  .  . 2 .  .

TT T
V kA A A A A A

p u ndS e u n dS d u n dS
V V V  

     
  

 supposing the velocity field statistically homogenous in the direction parallel to the pipe axis

statistical homogeneity along the pipe axis

1
 .

k

T
V e n ds

V 
  

1 2

1
.

k

T
eA A

n ds
V 

 


no slip

1 2

1 1
  .

T
V A A

p u n dS
V 

  
 energy of the pressure force is transformed into heat
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 the mean surfacic pressures
11

1
 
T

A
p p dS

A
   22

1
,  

T

A
p p dS

A
  

1 2

1 1
  .

T
V A A

p u n dS
V 

  


•• approximation : approximation : introducingintroducing

V 1A 2A

L

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

 the mean bulk velocity
1 21 2

1 1
.  . .

T T T
b A A

U u n dS u n dS const
A A

   

  T
V bV p p U A       mean pressure power

mean pressure power per unit mass
T

V b
p p

U
L

 
 

V A L 
1 2A A A

V A L

  
  

pressure
gradient

bulk
velocity

pp
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•• conclusionconclusion    3 2Re,
T T

V b
h

V U D
D

    
injected

viscosity, power
roughness

•• experimentsexperiments provideprovide  Re,
T h

D


4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

L

2D Rp

 
 

2
Re,

T

T
b

p p h

DU

 
 


Re

T
bU D




pipe friction coefficient

h

D

Reynolds roughness

  T
V bV p p U A      

  , , , , ,
T

bp p U D L h       
 
•• dimensionaldimensional analysisanalysis

h

roughness
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•• experimentsexperiments on pipeson pipes

•• whichwhich shows shows againagain thatthat : : 

at large Reynolds numbers, the power absorbed by viscous friction becomes independ on 
viscosity !!

•• soso wewe observe observe thatthat : :      3 2
Re 1lim .

T
V bV const h R U D    

injected  power

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

 
 

Relim Re,

.

T
h R

const h R

 



T


110

2510

2210

210
6105104103210

0Re
U D




7%h R 
1.6%
0.8%
0.2%

1 Re

Nykuradse (1932)
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6105104103210

0Re
U D




7%h R 
1.6%
0.8%
0.2%

1 Re

Re = 20 000Re = 5 000

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

Re = 2 000

 a concensus
for the critical
Reynolds 
above which a 
pipe flow
becomes
turbulent is : 

Re 2000
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 exempleexemple

 domestic hydraulic network pipe

 a concensus for the critical Reynolds above which a pipe 

flow becomes turbulent is : 

Re 2000

 turbulent regime :  

Re 2000
U D

 


3 6
1

2
210 10

20 .
10

U cm s






 

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

D  10-2 mdiameter
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at large Reynolds numbers, power absorbed by viscous friction no longer depends on 
viscosity

•• so we make the paradoso we make the paradoxixical following observation :cal following observation :

•• we conclude that :we conclude that :

in a turbulent in a turbulent flowflow, , viscousviscous dissipation dissipation resultsresults fromfrom a a nonnon--viscousviscous processprocess !!!!

•• we also observe thatwe also observe that

for for sufficiantlysufficiantly large Reynolds large Reynolds numbersnumbers, , flowsflows are are «« turbulentturbulent »»

•• a clever phenomenological scheme is needed to overcomea clever phenomenological scheme is needed to overcome
this paradoxthis paradox

thethe modelmodel ofof energyenergy cascade by cascade by RichardsonRichardson--KolmogorovKolmogorov

4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascadecascade
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4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascadecascade

in a turbulent regime flow breaks down in movments scales that allow the flow to adjust its
dissipation to the mean power involved

•• the basic principle : a cascade of energythe basic principle : a cascade of energy

•• a four point reasoninga four point reasoning

turbulence turbulence isis reducedreduced to a set to a set ofof nestednested ““flowflow stucturesstuctures““ whosewhose characteristiccharacteristic sizesize l andand

characteristiccharacteristic velocityvelocity ul resultresult fromfrom a a dynamicdynamic processprocess leadingleading to a successive rupture to a successive rupture ofof thethe

““flowflow structures" structures" intointo ““flowflow structuresstructures”” ofof decreasingdecreasing scalesscales

1 1 --

1l
l

……0l

0 ~l D

viscosityviscosity cannotcannot
actact therethere

soso thatthat viscosityviscosity
cancan actact

smallersmaller scalesscales
are madeare made
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4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascade (cascade (……))

injection injection ofof energyenergy

raterate
3

0 0 0~ u l

kinetic energy is injected to smaller « flow structures » from the largests ones where

external forces act. The rate of this initial energy transfer is where

denotes the « life time » of the largest fluide structures. Putting                       , one gets

2 2 --  0 0,l u
2

0 0 0~ u 
0

0 0 0~ l u

3
0 0 0~ u l

0 0 0~ l u

1l
l

……0l

0 ~l D
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kinetic energy is dissipated at the same rate by « flow structures » of sufficiently small scales for 

viscous friction to be effective. By definition such scale, denoted must fulfill

(Reynolds number of order 1). This is the so called viscous regime where kinetic energy is

transformed into heat.

3 3 --

 ,l u  1u l   

1l
l

……0l
0 ~l D

4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascade (cascade (……))

Re ~ 1l u  

viscousviscous regimeregime

dissipationdissipation

rate
3

0 0 0~ u l
injection injection ofof energyenergy

raterate
3

0 0 0~ u l



@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
cq

u
in

Ja
cq

u
in

--
2

0
14

 
2

0
14

 --
P

o
ly

te
ch

n
iq

u
e

P
o

ly
te

ch
n

iq
u

e

4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascade (cascade (……))

1l
l

……0l
0 ~l D

energyenergy transfertransfer

raterate
3

0~ ~l lu l 

for                        , which defines the so-called inertial regime, energy transfer is self-similar, 

meaning identical for all scalles l , and it is local, meaning that energy of a given structure is

entirely transfered to the smaller structures it makes during its life time. This is a purely inertial

process where viscosité plays no role. Energy transfer rate at scales l is . 

It is constant and equal to      , whatever l. Turbulence dynamics in the inertial regime only

depends on l and .       

4 4 --
0l l l  

2 3~ ~l l l lu u l 

0
0

dissipationdissipation

rate
3

0 0 0~ u l
injection injection ofof energyenergy

raterate
3

0 0 0~ u l
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dissipation dissipation 
rate    rate    

0l

1l1l l

energyenergy transfert ratetransfert rate 3
0~ ~l lu l 

0

0

4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascade (cascade (……))

•• the cascade process self adaptsthe cascade process self adapts
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……

4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascade (cascade (……))

•• the cascade process self adapts (the cascade process self adapts (……))

0 0~u U0

dissipation dissipation 

Re ~ 1
l u 


0

??

ReRe >> 1>> 1
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2

1

0

-1

-2 0-1 71 2 43 5 6

ReRe = 20 000= 20 000

4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascade (cascade (……))

•• the cascade process self adapts (the cascade process self adapts (……))

 Log C

 ReLog
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4.5 4.5 RichardsonRichardson--KolmogorovKolmogorov cascade (cascade (……))

•• the cascade process self adapts (the cascade process self adapts (……))
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