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chapter 1

overture
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overture

e turbulent flows

95% of industrial applications

v’ aeronautics

v automotive

v combustion

v nuclear power

v thermic

v meteorology

v magnetohydrodynamic

v/ process engineering
v
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overture

«what is turbulence ?

we dont know ! (no mathematical theory)
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overture

e synonyms of turbulence in physics

v perturbation, agitation, exitment, instability, « dissipation , disorder, ' dispersion

incoherence, fragmentation , confusion, chaos , muddle, waste ...

e antonyms

v order composure, serenity, regularity , silence, peace ...

v/ resignation, stagnation , apathy, aphasia ...
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v' activity, animation, alert, mobility, vivacity, mixing , ardour, impetuosity, passion ...




overture

e turbulent systems

v atmosphere

v flow interacting with an object
v’ stock exchange prices

v a crowd

v" an individual

v

« tentative definitions of turbulence

v'turbulence is a manifestation of the instability that characterizes the evolution of complex
systems far from equilibrium

v'turbulence is a mechanism that regulates, on average, the behavior of systems out off
equilibrium
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overture

e due to turbulence ...

v’ energy consumption increases dramatically
v largest computers are far from being able to simulate the flow around

¥v' an airplane
v

e without turbulence ...

v no life on earth (huge winds, letal chimical elements stratified at ground level...)
v/ no combustion, no convection

v unsweetened coffee
v
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overture

- two molecular diffusion problems

10cm

coffee
sugar

X

diffusion of sugar in a coffee cup

<—T0
- T1<T0
oo

<~1m-> X

heat conduction in a room
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v invariance along x or z

e simplification : semi-infinite geometries

v boundary conditions rejected at infinity in those directions

overture

- two molecular diffusion problems (...)
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z

h=10cm

!

diffusion of sugar in a coffee cup

coffee
sugar

X

v" D = molecular diffusivity of glucose in coffee , unit: m 25~

v n ( z,t) = number of glucose molecules per volume

1

2
on_p o) o

n=f

(<101}

ot 72

v molecular diffusivity : D ~107® m2s~!

v time scale: Tp (h)~ hZ/D ~10*s = 3h M

|:> turbulence may help




overture

. two molecular diffusion problems (...)

z

<« TO Tl < TO

L=1Im
heat conduction in a room

v T (X:t) = temperature
v X =thermal diffusivity, unit : m<s

o _L T o |1 T1= 9 (x/Vxt)

ot 8x To -

v thermal diffusivity (air at 0°) : % = 10 "m?s7!

v time scale: T, (L)~ LZ/X ~10"s ~ 27 jours (1) =) turbulence may help
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overture

* turbulence
v" a challenge for fondamental science

v" a daily problem for engineers

e the course : objectives
v understanding the physical basis of turbulence in fluids

v  appraising turbulence modelling in engineering tools

e the course : two aspects

v in terms of trajectoiry : irregularity

v in term of statistics : regularity
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chapter 2

continuum mechanics : a reminder
2.1 conservation laws
2.2 mass conservation : the continuity equation
2.3 momentum : the law of dynamics
2.4 conservation of energy

chapter 3

fluid mechanics : areminder

3.1 fluids
3.2 classical fluids
3.3 newtonian fluids
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why ?

v turbulence is found in fluids, not in solids

v turbulence comes out from continuum mechanics equations, namely the Navier-Stokes
equations if matter is a newtonian fluid

v' observation shows that different fluids behaves differently in a turbulent regime

v" low order descriptions are usually required to reduce the complexity of turbulence

v' in practice, “modelling” turbulence states leads to describe turbulence as a “new state of
matter”, a sort of “new fluid” with specific constitutive laws

) turbulence teaching must rely on the strong foundation of continuum mechanics

(*) my apologize to my former students : they have saw a large part of this stuff




2.1 conservation laws s(t)

* avolume of matter

v let Q2 be any volume of fluid that we follow during its movement

v let b be any guantity (scalar, vector, ...) which characterizes volume (material)

a fluid property

v denoting d /dt the material derivative, one may write :

d
EJ.”Q(t) pbdQ =sourceterms = ”IQ(Q S, dQ

{b =density per unit mass
where

pb = density per unit volume

v apply this to momentum b=U

energy b=E C—» equations of mechanics
entropy b=5

mass b=1
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2.1 conservation laws

>
wn
—_
—
~

"

« first term : transport theorem

d
aﬂjg(t)pbdﬂ =source terms = Jjjg(t)sb do

volume (material)

v one can show that

M09 = [ 2200 + iy pbu nds
H—’ %«4

time variation inside Q(t)  flux across S(t) l *)

[y 22 d02+ ], div(pb®u) 40

= e [P0 82 = [[foy [ B2+ div(pbou) a0
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*) Jﬂgdiv bav = -US b.ndS -Green- Ostrogradski




2.1 conservation laws (...)

1=
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e source term

%J:”Q(t) pbdQ =source terms =

v’ two contributions

TR

volume (material)

volumic source

surfacic source

o042 = Miayp 92+ gy 0 ()65

v' Cauchy’s principle

l flux

ex. : gravity

|

=9

Q(t)

global : acting
on all fluid particules
of Q(t)

local : restricted
to the fluid

8S
particulesthat  —_ S (t)
constitute the
interface S (t) n

* Cauchy's theorem : |y

(n)=dp.

>

= Mg S 42 = oy oo 2+ -2

(*) green - Ostrogradski

S =IIIQ(t)(pfb +div ¢y, ) dQ

2.1 conservation laws (...)

>
wn
—_
—
~
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« total

%.”J.Q(t)pb d@ :mQ

opb
t) ot

e %M div(pb®u) ]dO

do + @S(t)pbg.gds

"

volume (material)

= source terms = -[HQ(I) S, dQ

=mg(t)pfb dQ+g€j§S(t)¢b ndST Q(t)(pfb +div ¢y, )dQ

e |ocal form : volumic formulation

v true whatever Q (t)

e apply this to : mass

momentum b =U

local conservation laws

opb . .
= %"‘d'V(PbQ):be +divdy|  of mechanics

b=1

energy b=E
entropy b=S5

— this provides the local equations of continuum

mechanics, which include the equations of fluid

mechanics




2.2 mass conservation : the continuity equation
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%Jr div(pbu)=pf, +div ¢,

0 .
» mass conservation : b=1,f, =¢, =0 (nosource of mass) = 8_$ + dIV(pQ) =0

« decomposition of the divergence term :

local conservation laws of mechanics

continuity equation
(conservative form)

(non conservative form)

% +u.grad p+pdivu=0 = % +pdivu=0 continuity equation
%—/ d
material derivative : notation dif[)

e incompressible fluid flow = isovolumic flow (no volume variation along the

trajectories)

dp

continuity equation +pdivu=0

d

incompressibility =0

dt :> divg:__:__—:

annexes -
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material derivative

conservative and non conservative forms




annex - material derivative
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material derivative
— current position X(i,t)
d Lpixxny) {0
4t dt T u(x.t)
initial X ©
obot/ ob ox b position —
=——F+—.— =— 4+ Vbu.u
ot gt oOx ot ot -
t 1
Vb u
s vector (e.g.U): VU is a 2" order tensor
du ou cartesian du. ou, ou, ou; ou:
ERE R - - -

ou, éui ou; abi
=—+U—+ +
ot 0% OX, OXg
e scalar (e.g. p) : Vp isa 1storder tensor, that is a vector. We notit grad p

@:ﬁ_p cartesian dp_3p+u op _

prami e L e Vox;

annex - conservative and non conservative forms
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%b + div(p b ®g) =pf, +div ¢, conservative form

v albzba_p_‘_pa_b
ot ot ot
v div(pb®u)=pbdivu+V(pb).u

=bdiv(pu)—(b. gradp ).u+( grdd p.b+pVb )-u
0 = db/dt

b ol g B o 1p®
—> p +div(pb®u)=h[ at+d|v(pg)]+p[ 6t+Vb.g]_pdt

mass conservation

—> p% =pf, +div¢, non - conservative form




annex - conservative and non conservative form (...)

« example of a scalar (e.g. p)

% + 0 conservative

ot

dp . ap ; .
E+p d|vg=0=a {1.grad +pdivl=0  non conservative

« discritising space : 15t order forward scheme in one dimension between x and x+x

opu _ p(x+8x)u(x+8x)—p(x)u(x)

v div(pu) = p» 5 conservative
. u.gradp+pdivu:u(x)p(x+8§—p(x)+p(x)u(x+6;2—u(x)
_ p(Xx+8X)u(x+8x)—p x)u(x)_[ u(x+8x)—u(x) ][ p(x+8x)—p(x) ]
OX OX
_apu [u(x+3)-u(x) JLp(x+8%)=p(X)] o1 conservative
OX OX

residu
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2.3 momentum : the law of dynamics

@ + div(pbg) = pfy, +div ¢, | local conservation laws of mechanics

emomentum: b=u

v volumic source : a force density fg :i eg.: i :g (gravity)

v surfacic source : a constraint (])u =0 <= a 2" order tensor : the Cauchy’s strain tensor

» Cauchy’s formulation : a principle and a theroem

strain vector ¢

fPu (a5 =h, bu-nds=f o.nds

Cauchy’s Cauchy’s Cauchy’s
principle theorem strain tensor
du . .
—> |p——=pf +divs| thelaw of dynamics
dt — | (non conservative form)
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2.3 momentum : the law of dynamics (...)

e Cauchy’s strain tensor : pressure and viscous stress
strain tensor

$ ¥ strain vector : g:’_g\.g

¢ v static (U=0): Pascal's law

H (u=0) 100 R
: o=g.n=-pn = o=-pl 1= 010 P
< - t - = = |bo1 2

% pressure identity tensor 4

o]

2 v dynamics (g # 0) : pressure and viscous stress

3

; g=on=-pn+tn = g=-plez

Fi friction viscous stress tensor

E

3

3 e« constitutive law of matter : T= I(Vg)

g = =

2

8 C—> the constitutive law defines the fluid matter

®

2.3 momentum : the law of dynamics (...)

du .
« the law of dynamics pd—; =pf +divg| (non conservative form)
e pressure and viscous stress decomposition :
du i
c=-pl+z — PEZPDO“V( -pl+r1)

« other form : use the identity div ( pl) =grad p 1+p div{ =grad p

du_

f —grad p+div
g P orad Rrave

= [P

* choice of the fluid = choice of the constitutive law 1= g(Vg)

t—> this will be done latter
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2.4 conservation of energy

why ?

v turbulence appears spontaneously in a continuum when the latter is strongly distorted,
namely when mechanical energy is large

> grasping turbulence requires understanding its role in the energy balance of continuum
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2.4 conservation of energy

@ + div(pbg) = pfy, +div ¢, | local conservation laws of mechanics

«energy b=E has two origins : mechanical and thermal

volumic source of heat (e.g. radiation)
f_)‘ﬁ
v volumic sources : fe = i u+r/p
%{_J
mechanical power due to
the volumic force f

heat flux across S(t)
t
v surfacic sources : bg="0c.Uu-q

mechanical power due to
the contact force on S(t)

— pd_E: pf.u+r +div( 's.u— q ) energy conservation law
dt - = = — 7| (non conservative form)
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C—> important physics hidden in this equation




2.4 conservation of energy (...)

 thermal energy :
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dE

Pt

=pf.u+r+div(‘c.u-q)

’kinetic energy‘

’internal energy ‘

- energy has two components :

du .
u.( pd—;zpierIVc:s )

-0

E=¢ +e

1)

N -

ek=

* kinetic energy : it is a mechanical energy, So use momentum equation

=

work of

the volumic contact forces

force

Y
work of the

u® e=c,T (idealgaz)

()

p%=r+div( 's.u)-u.dive —div g

®)

internal work
of the contact forces

2.4 the conservation of energy (...)

« kinetic energy

e internal energy

e internal works :
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kinetic energy

internal energy

dek_
T

1=

pf.u+udivg

de .
— =r +div
Pt (

t

g.u)-u.dive —div g

e use the tensorial identity

t

not a conservation law form

(— (a div d)ek is lacking)

conservation law forms

div ( g.g):g.dngthg:Vg
pfe, e,
dek_’ TR \
PW—PI-!O“V( o.u)
pfe (J_)A:
de ——
P " €2 VO dv g
‘'c:Vu

——> this volumic term is what sets the exchanges between kinetic and internal energy




2.4 the conservation of energy (...)
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e internal works tg :VU : exchanges kinetic energy <> heat

* pressure - viscous stress decomposition: oc=-pl+z

work of the  work of
pressure  viscosity

— 'o:Vu=(-pl+'t):Vu =—pdivu + t:Vu

i reversible ’ irreversible ‘

this is a key quantity for our
topic : turbulence is
something that increases
considerably dissipation

e introducing the dissipation function : |e = t; :Vu>0

pfec ¢ec
—_—
p % ot u+( - pdivuse )+div( —pu+iz.u)

1 2%
& = Eg
pfe internal

L kinetic
p%zr—( — pdivu+e )—div q eneray energy
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chapitre 3

fluid mechanics : a reminder

3.1 fluids
3.2 classical fluids

3.3 newtonian fluids




3.1 fluids
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« afluid is an energetically disorganized state of matter

pure matter

legend : II potential energy (E )
kinetic energy ( E . )

VvV (r)
intermolecular
potential (E p )
(Ep)<<(E¢) 1 (Ep)>>(E¢) (E¢)
(Epy =0 gas <— condensated matter —>

Source : L. Jacquin, Mécanique des fluides - Tome 1, Ed. Polytechnique 2014

3.2 classical fluids
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e aclassical (or simple) fluid has two properties
v its is homogeneous and isotropic

% A i

homogeneous non homogeneous homogeneous
isotropic isotropic non isotropic

v its is newtonian (it flows « newtonianly »)

+«what does it mean to be newtonian ?




3.3 newtonian fluid

e newton’s law (1687)

“The resistance which arises from the lack of slipperiness of the parts of the liquid, other things

another”
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deformation :
I(t)
ty=—~
e(t)=1
deformation rate (s1) :
i _u(h)_a
“h  h dz

being equal, is proportional to the velocity with which the parts of the liquid are separated from one

«in the modern language
in a moving fluid, the stress is proportional to the velocity gradient

« the newton’s law for the case of a simple shear

stress (Pa = N.m?)
2 U q
| , u
1 u (h) =" e n d_
h Z
! Newton’s law
e shear viscosity 1 (Pa.s)

3.3 newtonian fluid (...)

* Newton's law for the case of a simple shear (...)

_, du
ldz

< newtonian constitutive relation = linearity between T and VU

shear viscosity

« general : one can show that the most general linear form reads

bulk viscosity  shear viscosity
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:%( Vu+ th ) is the rate of strain tensor (symmetric part of V U)

d
nere { div u =trace{d}

* note : the rotationnal part of V U , Q_f( Vu—tVu ) , Is absent because solid body rotation
produces no stress




annex - properties of the newtonian constitutive law
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. 1 ..
=xd 1+2 d->d 1
r=xdivul+2n [d-_div(u)l]

bulk viscosity shear viscosity

« velocity gradient tensor : VU has 9 components (Vg)ij :§
i
ou;  Ouj
. i . d=%(vu+'Vu ) has 6 components (d) = f( i 0
rate of strain tensor : 0 2( u _) p (:)” 2( x )

« identity tensor : 1 has 3 components (;)ij =

. ou:
- velocity divergence : divu=trace{Vu}=trace{d} = o [sascalar
i

e symmetry : d and lare symmetric (no effect if i is changed by j and vice-versa) so that
T is symmetric. This results from the homogeneous and isotropic microscopic properties of
a newtonian fluid

annexes - properties of the newtonian constitutive law (...)
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bulk viscosity (active in violent changes of volume)

stokes hypothesis (plugged in every software product)




annex - properties of the newtonian constitutive law (...)
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. 1 ..
=xd 1+2 d->d 1
r=xdivul+2n [d-_div(u)l]

bulk viscosity ~ shear viscosity

* bulk viscosity : evaluates departure from thermodynamic equilibrium

preisLEJre
v totalstrain:  o=(-p+xdivu )1+2n [Q—

div(w)1 ]

Wl

mechanical pressure P

v the fluid is out of equilibrium when P p
v acondition on time scales : compare Tcompression = (div g)_l with  Tmicroscopic

Tcompression >~ Tmicroscopic ~ equilibrium
Tcompression = Tmicroscopic out of equilibrium
v Tmicroscopic is usually very small (~ 10‘9 s foragaz)

t—> bulk viscosity may be considered as neglectable, except in very rapid changes of volume
(hypersonic flows, combustion, detonations...)

annex - properties of the newtonian constitutive law (...)
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e approximation : Stokes hypothesis

2 .
v’ Stokes’ (equilibrium) hypothesis : k=0 =) | 1= _?ﬂ div(u)1+2nd




3.4 flow of a newtonian incompressible and homogeneous
fluid with constant viscosity an no external force :
momentum

t=xdivul+2n [d- div(u)l]
t=xdivul+2n [ d L

bulk viscosity shear viscosity
e approximation : incompressibility

v continuity % +pdivu=0

—p divu=0 = |z=2nd

d
v incompressibility d_[t) =0

= [t=2nd=n(Vu+'Vu)
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3.4 flow of a newtonian incompressible and homogeneous
fluid with constant viscosity an no external force :

du
v viscous stress tensor [t=2nd=n d_x;(gl ®es+e3®¢)

momentum
2 |r=2nd=n(Vu+'vu) \ 7
i% e training : apply this to a constant shear e %
g =171 e
5 ¥ velocity Uj =Uy(X3)8j; —t
_2 v velocity gradient 0 0 du/dxg
% Vg=%§1®§3 Vi [0 0 0 J
g X
% d3 meaning 00 0
5 tV!=d—ul§3®§1 0 00
g X3 'Vu=|du/dxg 0 0
E v rate of deformation ; 0 00 0 0 duy/dxg
3 i 1
2 d=>(vu+'vu)=1TU(e @e;+e;®e) meaning  d=_|du/dxg O 0
g = 2 2 dxg 0 0 0
2
g
®




3.4 flow of a newtonian incompressible and homogeneous
fluid with constant viscosity an no external force :

momentum n=¢;
€3, X3 U (x3) I z
dUl f /
r:2nd=n—(§l®g3+g3®gl)
= = dX3
gl'xl «—
v’ viscous stress vector : -
du
T=1.n=—L(g ®ey+e3®¢ ).
= dX3

v apply the rule : (& Qe )&k =& 3 ik

(—
6]k
du du
v this gives : Iz—l[(g1®§3).§3+(§3®g1).g3]=—1g1 — I:%gl
dX3 — — dX3 dX3

1
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3.4 flow of a newtonian incompressible and homogeneous
fluid with constant viscosity an no external force :

momentum
du .
e momentum pd_t_:dlv( _pl+£)
e incompressibility : divu=0
du 1 1.
newtonian: t=2nd = d—;z—;grad E+Edlv( 2nd )

« constant viscosity : n=const. = divt=2ndivd =ndiv(Vu+'Vu)

tensorial divVu=Au
Identities —

=nAu+ngrad divl =nAu
div'Vu = grad ( divu ) nAu+ngrad g =nAy

du

= ——=—£grad p+vAU v=1  kinematic
dt p -

p viscosity

du
« homogeneous fluid : p =const. — d—{:—grad £+VAQ

P
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3.4 flow of a newtonian incompressible and homogeneous
fluid with constant viscosity an no external force :

energy
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L 1
* kinetic energy €y =§g2 :

e newtonian with constant viscosity : {

« dissipation function :

v other form : use decomposition

=

1 1
Vu=3(Vu+'vu )+ (Vu-'Vu)=d+Q

| antisymmetric | symmetric |
v
e=2nd:Vu=2nd:d+2n Q«d =2nd:d
- T se%gex T

dek .

—S=div( —pu+2nd.u )—e
Pt (-pu+2nd.u)
e=2n g: g - dissipation rate per unit mass

annex — demonstration
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[fe)

:gzi(Vg—th ):(Vg+th

vivu:tvu=( u

OU;j
8 ®¢ )i

OX i - 8X|

v we also find that : VU: tvu

_k§|

i ou
an an

3j|
ou; Oug ou; U
g ) =——X(e®e: )i(e g )=+
_I) 6Xj I(—I —j)(—k -I) axj i
Sjk
Il
ou; 0 ok o
®e, J)=—t—K (e ®e ):(g®e )=—i—L
Sk ) aXJ axl (—J 1 ) (—l Sk ) 6XJ axl
3il
='vu:vu




3.4 flow of a newtonian incompressible and homogeneous
fluid with constant viscosity an no external force :

energy (...)

« dissipation function : alternative forms
velocity gradients flux

e=2nd:d =n||2+n div(Vu.u) @

e=2nd:d :n@2+n div(2Vu.u) @)
« kinetic energy vorticity Yo
de

K _ i Y
—~=div( ——u+vgrad e )-¢

2 o .
See annex g =V |@| - pseudo dissipation rate per unit mass
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de .
—k:dlv( —Bg—vc_O/\g )—€2
2 = dt p
seeannex | | g, = v(_@z - pseudo dissipation rate per unit mass

see annex

we will use this latter on

annex - demonstration

+ dissipation function €(x,t)=2nd :d - formulation (1)

o 5
g P U
1 ou ou; 6'k
KRl |
v 2d.d Ly au oupdup o, :(%)ﬁ%%
el G a o o) Ty T

Qw6 ok, 8 au
= X ) +ax-(ujax- ) “iex (ax- )
‘Vg‘z div(Vu.u) divu=0

= le(xt)=2nd :g:n|Vg|2 +ndiv(Vu.u)
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ijdiji




annex - demonstration (...)
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* kinetic energy

2112
dey . p t 2 :
v T:dIV[—;g+V(Vg+ Vu ).u ]-v|vu|” —vdiv(Vu.u)
— OIi:div( —£g+vth.g)—v|Vg|2
p

dt

v 'Vuu=[('vu )ij & ®e; J.uy e =uy( tvu )ij &id jk
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ou;
t J o (1,2 12
=uj( "Vu )ij & :“j@_xigi :6_x,( 24 )&; = grad ( 24 )=grad e
dey . p 2
— —S=div(-—u+vgrade )-v|Vu|
dt p —
annex - demonstration (...)
« dissipation function ¢(x,t)=2nd :d - formulation 2
OUy .
axia au _L) ou, ou
2 Uy g Uy “Hq
L‘ ( ijk 6Xj )( ipq 8Xp ) ijk“ipq axj 8xp
ou ou.
:(Sjp8kq_6jq6kp)%7q:%%_%7j
OXj OX,  OXj OXj  OXj OX
ou. ou; Ou; ou. 0 ou; o , 0u;
(S-S (PP (0 D ey (2
OX; OX; OX; OX; OX; OX; 0% AOX;

=\Vg\2—div(Vg.g)

= | of’ =|Vy]* —div(Vu.u)

(*) identity : Ejjk€ipg = 6ip6jq _Siq61p




annex - demonstration (...)

« kinetic energy
dey

=div ( —£g+v 'Vu.u )—v|Vg|2
v dt P
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s = di_dlv[ —£g+v( tvu Vu)g]—v|m|2
g dt p
z dey p 2
5 — =div( ——u-2nQ.u )-
: g V(- u-:2u)-vlol
é v identity g.AZ%L_O/\A see annex
;
¢ = di=div( —Bg—no_)Ag)—v|o_)|2
: dt p
g
®

annex - demonstration (...)

v identity Q-A=%9AA

oA 2 Mg o) (Ag)

=" 2tox; ox O M =l
1 aui 6uj 1 aui 6uj
= —L-——1Agd; =] =——— | Ag
Z[an 6xi ]Ai_l J 2 6XJ 5Xi ] )=
1 1
v %QAAZ%(DKAJ'(QK /\gJ) =§(Dk[§i.(§k /\Qj)]AjQi:ESikj@k Algl
| S ——
Eikj

uj o

v check that g ;o A; =( ——
R (Eixi 6X]

)Aj with €23 =€312 =€231 51

/0% U dUg /%y — Uy /OXg
€132 = €213 = €321 = -1 and ®=rotu= 8/6x2 Al Uy = 8u1/6x3 —5U3/6X1
dfoxg ) \ug duy [Oxq — Ouy /%y
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chapitre 4

turbulence : a paradox

4.1 dissipation
4.2 dissipation : the case of a sphere
4.3 a paradox

4.4 dissipation : the case of a pipe

4.5 the Richardson-Kolmogov cascade

4.1 dissipation
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,V
4
Up
e @
< L >
V\ roughness

. o S 7 _ A h
N

« question : how much energy dissipated in a given fluid volume V ?

C—> need a convenient definition for this quantity




4.1 dissipation (...)
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« dissipation rate per unit mass g:M: 2vd:d>0

V= n/p - kinematic viscosity

¢ newtonian

p

« incompressible

* mean value

v spatial average in V : (( ) )>V EVEH
1

v  time average :

* note

f,()av
) =lim o2 ()

=

ey =(¢&)y

mean dissipation rate
per unit mass

v one observes that turbulent flows are « statistically steady » :

(I0t) =limp 2] ()(x)dt=() (x)

v/ commutation :
—T

(v =)

4.1 dissipation (...)
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ey E<8>VT =2v<d:d

T

>V

e can we measure this quantity ?

¢ this means :

mean dissipation rate per unit mass

v measuring Vg(z,t), namely 9 gradients (5Ui/8X- iy =1,2,3)

v time integration

v everywhere in volume V

=

this has never
been done




4.1 dissipation (...)
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« the case of a flow of a newtonian incompressible and homogeneous fluid with
constant viscosity without external force

« kinetic energy di=div( —£g+2vd.g )—¢
dt p =
* identity dﬂzaijtdiv(ek u)
dt ot
= %‘_dlv[ —(£+ek Ju+2vd.u ]-¢
0 a

* suppose the flow is statistically steady : time and volumic averaging give

0=VljngT.gds-sv

:> ¢ek :—( £+ek )g+ 2vd.u  -power of surfacic efforts
o =

€y -mean dissipation rate per unit mass

4.2 dissipation : the case of a sphere
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oz\%ﬂS@T.gds-a\,

¢ek = —( E—i— ek ) U+2vd.U  -power of surfacic efforts
o =

€y -mean dissipation rate per unit mass

I \%

e sphere S=SuY
S

™~
1 —T 1 —T
= v = : ._d5+\7ﬁ>8¢ek .nds
no slip

v  supposing S wide enough for having p ~ const.and |2vg|<< e (idealfluid)on S

1 [ flux of kinetic energy not accurate
— |ey =-— v(ﬂ)g eeu .ndS lSJSIr?;Cc:gn the control  \\hen Sis large




4.2 dissipation : the case of a sphere (...)
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eca«trick » : use the drag

Ug

—

°f

drag D

S

€ L

v dissipation rate = power per unit mass :

T T

gy =<g>y =2v<d:d

>V

- force x velocity
oy =——————

mass

v for large enough V, the force is the mean drag : limy o0 (pVgV ) ~ j_DTUO

—T =T
v introducing the drag coefficient : Cp =D /%pU&D2

—

. —T 1
limy ., (pVey ) ~Cp XEPUSDZ

T .
v values of Cp are available

4.2 dissipation : the case of a sphere (...)
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* mean dissipation rate per unit volume of a sphere

Ug

—

°f

Vv

€ L

« dimensional analysis 2_)T =F(Up,D,p,n) =)

S
>

. T 1 2
limy _,., (pVey ) =Cp prUSD
poH— UgD
~—=Cp (Re=P=0
UgD n
drag coefficient ~ Reynolds

e conclusion

%/_/ % - —
viscosity injected
power

. ——T
limy o (PVey )=Cp ( Re )xpUGD?

. . —T
« experiments provide Cp

(Re)




4.2 dissipation : the case of a sphere (...)
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e experiments on spheres

103
102
10t ) —T
Cp ;] S limge_s Cp  (Re) ~const.
100 - \
Re
101 \/-
UnD

10-2 1 1 1 1 ] Re — p 0

10 101 101 103 105 107 n

*so we observe that :  [limgg.o1 limy ., (pVey ) = const.x pUS’D2
—_—
injected power

*which means : at large Reynolds numbers, power absorbed by viscous friction does not
longer depend on viscosity !!

4.3 a paradox
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* so we make the paradoxal following observation :

at large Reynolds numbers, power absorbed by viscous friction no longer depends on
viscosity !!

« |lets have a look on such flows




4.3 a paradox (...)
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Re =20 000 Re =300 000

103

102

10t
C D

4.4 dissipation : the case of a pipe
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we skip this case today




4.4 dissipation : the case of a pipe
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1 —T
0=ij5¢ek ndS -gy
¢‘3k :_( £+ek )g+ ZVQ.Q - power of surfacic efforts
P =

€y -mean dissipationrate per unit mass

* pipe S=XUAUA A ; Vv z\: |A2

no slip

statistical homogeneity along the pipe axis

1 1—rT
= & =— ” —pu .ndS energy of the pressure force is transformed into heat

4.4 dissipation : the case of a pipe (...)
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v

< L

pTA vz | AP ——VJIAWAZEM .nds

e approximation : introducing

- _ 1 —T
v the mean surfacic pressures  p™* :i”ﬁ p TdS v P :T”Az p dS
2

v the mean bulk velocity Up' = %J‘IAl U .nds= ALHA U .nds = const.
2 2

A=RA=A = |ey ~ QU_bT mean pressure power per unit mass
V =AxL

pres's_ure bulk
gradient velocity

—> |pVey z( pT—p” )><U_bT x A| mean pressure power




4.4 dissipation : the case of a pipe (...)
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A

« dimensional analysis ( pT—p” ): g(U_bT ,D, L, h,p,nj

A 4

A
D=2R
A2

+ —

=

p(Tp )

P -p =T h
— F -2 (Re—

pipe friction coefficient

Re

—T
_pUp D
n

Reynolds

« conclusion [pVey ~ XT( Re,ﬁ )xp( U_bT )3 D?
D _

—_——
viscosity,
roughness

injected

power

=T

. . h
« experiments provide A ( Re’B )

¥
................... h
?
roughness
h
D
roughness

4.4 dissipation : the case of a pipe (...
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« experiments on pipes

h/R ~ 7%
1.6%
0.8%
0.2%

limge_., &' (Re,h/R)
=const.(h/R)

pUOD
n

Re =

*so we observe that :

«which shows again that :

Nykuradse (1932)

limgess1 (pVey ) = const.( h/R )xp( U_bT )3 D?
%,—/

injected power

at large Reynolds numbers, the power absorbed by viscous friction becomes independ on

viscosity !!




4.4 dissipation : the case of a pipe (...)
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h/R~7%
%g‘;ﬁ; v/ a concensus
0.2% for the critical
@ e Reynolds
V,//ﬂ above which a
- pipe flow
A becomes
turbulent is :
A
Re ~ 2000
10_2 = T LI N W) T T 1o T T Trinmi Re:M
n
Re =5000 Re =20 000

4.4 dissipation : the case of a pipe (...)
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v’ a concensus for the critical Reynolds above which a pipe
flow becomes turbulent is :

Re = 2000

» exemple

v domestic hydraulic network pipe

diameter D ~ 102 m

v turbulent regime :

3 -6
Uub > 2000 ﬁ> U > M: 20 (;m_s_1

Re =
v 1072




4.5 Richardson-Kolmogorov cascade
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* so we make the paradoxical following observation :

viscosity

at large Reynolds numbers, power absorbed by viscous friction no longer depends on

*we also observe that

| for sufficiantly large Reynolds numbers, flows are « turbulent »

«we conclude that :

| in a turbulent flow, viscous dissipation results from a non-viscous process !!

< a clever phenomenological scheme is needed to overcome
this paradox

the model of energy cascade by Richardson-Kolmogorov

4.5 Richardson-Kolmogorov cascade
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 the basic principle : a cascade of energy

dissipation to the mean power involved

in a turbulent regime flow breaks down in movments scales that allow the flow to adjust its

< afour point reasoning

1- turbulence is reduced to a set of nested “flow stuctures* whose characteristic size | and
characteristic velocity u, result from a dynamic process leading to a successive rupture of the

“flow structures" into “flow structures” of decreasing scales

\ S -
1 \
\ p ~ =
A ~_ - 2
viscosity cannot smaller scales
act there |:> are made |:>

[E e
foidele
AL AL
GO0Ey)

so that viscosity
can act




4.5 Richardson-Kolmogorov cascade (...)
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2 - kinetic energy is injected to smaller « flow structures » from the largests ones (Io,uo)where
external forces act. The rate of this initial energy transferis gy ~ ug/to where 1y ~ ly/ug

Tp denotes the « life time » of the largest fluide structures. Putting t, ~ |0/U0 , one gets

3
€p Uo/lo
|0~D
-7~
\
v
\\_’/

injection of egergy
rate €9 ~Uuy/lg

LAY
B

4.5 Richardson-Kolmogorov cascade (...)
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3 - kinetic energy is dissipated at the same rate by « flow structures » of sufficiently small scales for

viscous friction to be effective. By definition such scale, denoted (Iv,u

) must fulfill u,l, /v ~1

(Reynolds number of order 1). This is the so called viscous regime where kinetic energy is

transformed into heat.

~ -

injection of egergy
rate €9 ~Uy/lg

viscous regime
Re=1lu,/v~1

dissipation
rate 80~U8 Iy




4.5 Richardson-Kolmogorov cascade (...)
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4- for I, <<l <<ly , which defines the so-called inertial regime, energy transfer is self-similar,

meaning identical for all scalles |, and it is local, meaning that energy of a given structure is

entirely transfered to the smaller structures it makes during its life time. This is a purely inertial

. L , 2 3
process where viscosité plays no role. Energy transfer rate at scales | is & ~ U, /rl ~ Uy /I

It is constant and equal to &g, whatever |. Turbulence dynamics in the inertial regime only

depends on l and €.

\ 7 Y S - / e ~
\ |
\ J AN ’O ~
\ " 7/ - -
injection of energy energy transfer
rate €9 ~Uuy/lg rate € ~U|3/| ~ &

dissipation
rate 80~U8 Iy

4.5 Richardson-Kolmogorov cascade (...

N
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e the cascade process self adapts

€0
0 energy transfert rate €, ~u|3/l ~ g
g

C@\ s
OO
&G

! ol

. &

N

dissipation
rate g




4.5 Richardson-Kolmogorov cascade (...)
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« the cascade process self adapts (...)

o | | | up ~Uo ¢

4.5 Richardson-Kolmogorov cascade (...)
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e the cascade process self adapts (...)

2 |

1 Re

20 000

7

Log (Re)




4.5 Richardson-Kolmogorov cascade (...)
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< the cascade process self adapts (...)

Log(Cp)

2

1

0

Re =200 000

4.5 Richardson-Kolmogorov cascade (...)
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e the cascade process self adapts (...)

Log(Cp)

2

1

0

-1

Re = 300 000

N Log (Re)




