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chapitre 5 chapitre 5 
understanding the cascade understanding the cascade 

5.1 5.1 thethe cascade : a local cascade : a local mechanismmechanism

5.2 5.2 energyenergy isis notnot conservedconserved

5.3 5.3 thethe smallestsmallest turbulence turbulence scalescale

5.4 turbulence : a 5.4 turbulence : a «« costlycostly »» mechanismmechanism

5.5 turbulence in Fourier 5.5 turbulence in Fourier spacespace

5.6 tentative 5.6 tentative definitionsdefinitions
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5.1 cascade : a local 5.1 cascade : a local mechanismmechanism

•• the cascade does not develop in spacethe cascade does not develop in space

 this is a local process

 all « flow structures » are nested

physical space

cascade model
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•• whatwhat doesdoes remainremain constant in constant in thethe cascade ?cascade ?

2 2 3

0
0

~ ~ ~l l l
l

l l

u u u

l u l
   


energy

lifetime

structure of scale l :

4 3Re ~l lu l l 

2 2 3 2 3
0~lu l

1 3 2 3
0~ ~l ll u l 

5.2  5.2  energyenergy isis notnot conservedconserved

•• howhow doesdoes thethe «« flowflow structurestructure’’ss »» Reynolds Reynolds evolveevolve ??

as l decreases, each « flow structures » contain less and less energy, but transfer energy
more and more rapidly

the the «« structurestructure’’ss »» Reynolds number decreases during the cascade process. When     Reynolds number decreases during the cascade process. When     , the , the 
cascade ends because viscosity succeeds in transforming kinetic cascade ends because viscosity succeeds in transforming kinetic energy into heat.energy into heat.

1 3 1 3
0~lu l

energyenergy

life timelife time

velocityvelocity

Re ~ 1l



@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
cq

u
in

Ja
cq

u
in

--
2

0
14

 
2

0
14

 --
P

o
ly

te
ch

n
iq

u
e

P
o

ly
te

ch
n

iq
u

e

•• whatwhat isis thethe smallestsmallest scalescale producedproduced by by thethe cascade cascade processprocess ??

Kolmogorov’s scale

3 4
3 40 0 0
0~ Re

l u l     

5.3 5.3 thethe smallestsmallest turbulence turbulence scalesscales

1 43

0

l
 

     

suchsuch thatthat :: ,l u 

Re 1l
u l  


3
0~lu l

  

3
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otherwiseotherwise

in a cascade, the smallest turbulent scale  is times smaller that the largest3 4
0Re
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m 8
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points ~ Re
D
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 

  

spatial mesh
for numerical 
simulations

Kolmogorov’
scale

3 4
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0

~ Re
D U D
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 

0Re 300000
U D
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12
points 210 !!N 

5.4 turbulence : a 5.4 turbulence : a «« costlycostly »» mechanismmechanism

•• thethe «« costcost »» ofof turbulenceturbulence

0 ~ 30l D cm
1

0 ~ 10U ms

5 2~ 10air m s
footballfootball
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5.5 turbulence in Fourier 5.5 turbulence in Fourier spacespace

•• cascadecascade

nono prescribedprescribed scalescale

inertialinertial regimeregime ((nonnon--viscousviscous))

independantindependant on     on     andand
0l 

 ll0

energyenergy injectioninjection

3
0 0 0~ u l

0l

raterate 0
dissipationdissipation



3
0~ ~l lu l 

energyenergy transfertransfer
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2 *ˆ ˆu u u 


   kinetickinetic energyenergy

(Parseval)

2 3 5 3
0~E 

  
   3 2

kE L T *

  2 3
0 L T 

  1L 

dimensionsdimensions

5.5 turbulence in Fourier 5.5 turbulence in Fourier spacespace ((……))

ˆ i l
l

l

u u e 
  •• Fourier Fourier spacespace

* 2ˆ ˆ lE u u u   •• energyenergy spectrumspectrum

     
0

0
1 1 1

~ ~ ~l
l l

 
    •• inertialinertial regimeregime

 0 ,E f   •• in in thethe inertialinertial regimeregime oneone must have :must have :

2 2
l

l
u u   •• physicalphysical spacespace kinetickinetic energyenergy

(*) Parseval :      2 2 2 2 1 3 2

0
u E k dk u L T E k L E k L T

                    
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thethe outsideoutside
worldworld

5.5 turbulence in Fourier 5.5 turbulence in Fourier spacespace ((……))

==•• physicalphysical spacespace

log 

log E

0
0

1
~

l
 1

~ 

- 5

3

inertialinertial regimeregime

3 40 ~ Re
l



•• Fourier Fourier spacespace

viscousviscous
regimeregime
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chapitre 6 chapitre 6 

miscellaneousmiscellaneous

6.1 turbulence 6.1 turbulence andand rheologyrheology

6.2 turbulence 6.2 turbulence andand singularitiessingularities

6.4 turbulence 6.4 turbulence andand applicationsapplications

6.3 turbulence 6.3 turbulence andand fractalfractal
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 converselyconversely : do : do thethe physicalphysical propertiesproperties ofof fluidfluid change turbulence ?change turbulence ?

6.1 turbulence 6.1 turbulence andand rheologyrheology

 but it does not change, in any way, the physical properties of fluid

•• observationobservation

•• questionquestion

•• answeranswer

 yesyes

•• backback to to chapterchapter 44

 thethe case case ofof a pipea pipe
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chapitre 4 chapitre 4 

turbulence : a turbulence : a paradoxparadox

4.1 dissipation4.1 dissipation

4.3 a 4.3 a paradoxparadox

4.5 4.5 thethe RichardsonRichardson--KolmogovKolmogov cascadecascade

4.2 dissipation : 4.2 dissipation : thethe case case ofof a a spheresphere

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipea pipe

back to 
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4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipea pipe

we skipped this case last Monday
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•• pipepipe 1 2S A A   V 1A 2A

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipea pipe

 

1
0 .  -  

2 .

 

k

k

T
e VS

e k

V

n dS
V

p
e u d u

   

    
 



- power of surfacic efforts

- mean dissipation rate per unit mass

=     

 
1 2 1 2 1 2

1 1 1 1
  .  . 2 .  .

TT T
V kA A A A A A

p u ndS e u n dS d u n dS
V V V  

     
  

 supposing the velocity field statistically homogenous in the direction parallel to the pipe axis

statistical homogeneity along the pipe axis

1
 .

k

T
V e n ds

V 
  

1 2

1
.

k

T
eA A

n ds
V 

 


no slip

1 2

1 1
  .

T
V A A

p u n dS
V 

  
 energy of the pressure force is transformed into heat
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 the mean surfacic pressures
11

1
 
T

A
p p dS

A
   22

1
,  

T

A
p p dS

A
  

1 2

1 1
  .

T
V A A

p u n dS
V 

  


•• approximation : approximation : introducingintroducing

V 1A 2A

L

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

 the mean bulk velocity
1 21 2

1 1
.  . .

T T T
b A A

U u n dS u n dS const
A A

   

  T
V bV p p U A       mean pressure power

mean pressure power per unit mass
T

V b
p p

U
L

 
 

V A L 
1 2A A A

V A L

  
  

pressure
gradient

bulk
velocity

pp
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p

•• conclusionconclusion    3 2Re, ,
T T

V b
h L

V U D
D D

    
injected

viscosity, power
roughness

•• experimentsexperiments provideprovide ::  /lim Re, ,
T

L D
h L

D D 

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

L

2D Rp

 
 

2
Re, ,

T

T
b

p p h L

D DU

 
 


Re

T
bU D




pipe friction coefficient

h

D

Reynolds roughness

  T
V bV p p U A      

, , , , ,
T

bp p U D L h       
 
•• dimensionaldimensional analysisanalysis

h

roughness

L

D

pipe aspect 
ratio

(*)

(*) a relationship involving 7 parameters and 3 fondamental dimensions (length L, time T, weight M) implies a 
relation between (7-3)=4 independant non-dimensional parameters (see the Vaschy-Buckingham «  » theorem)
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•• experimentsexperiments on pipeson pipes

•• whichwhich shows shows againagain thatthat : : 

at large Reynolds numbers, the power absorbed by viscous friction becomes independ on 
viscosity !!

•• soso wewe observe observe thatthat : :       3 2
Relim .

T
V b

L D
V const h R U D


   

injected  power

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

  Relim .
T

L D

const h R


 

110

2510

2210

210
6105104103210

0Re
U D




7%h R 
1.6%
0.8%
0.2%

1 Re

. . NikuradseNikuradse, J. , J. StromungsgesetzeStromungsgesetze in in rauhenrauhen rohrenrohren. . ForschForsch. . ArbArb. . IngIng. . WesWes. 36, 1933. 36, 1933

/lim
T

L D 
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T


110

2510

2210

210
6105104103210

0Re
U D




7%h R 
1.6%
0.8%
0.2%

1 Re

Re = 20 000Re = 5 000

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

Re = 2 000

 a concensus
for the critical
Reynolds 
above which a 
pipe flow
becomes
turbulent is : 

Re 2000
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 exempleexemple

 domestic hydraulic network pipe

 a concensus for the critical Reynolds above which a pipe 

flow becomes turbulent is : 

Re 2000

 turbulent regime :  

Re 2000
U D

 


3 6
1

2
210 10

20 .
10

U cm s






 

4.4 dissipation : 4.4 dissipation : thethe case case ofof a pipe (a pipe (……))

D  10-2 mdiameter
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

110

2510

2210

210

3510

6105104103210

Re

7%k l R 
1.6%
0.8%
0.2%

64 Re

. . NikuradseNikuradse, J. , J. StromungsgesetzeStromungsgesetze in in rauhenrauhen rohrenrohren. . ForschForsch. . ArbArb. . IngIng. . WesWes. 36, 1933. 36, 1933
. . VirkVirk, , PhDPhD 19661966

• polyethylene oxyd in 
solution

• dissipation may decrease
by 80%

• this should result from an
increase in the viscocity

6.1 turbulence 6.1 turbulence andand rheologyrheology

• the fluid is non newtonian,
its structure being
anisotropic

• an elongation viscosity
appears that can be more 
than a thousand times
larger than the shear
viscosity 

• Note : this suggests that
laminar-turbulent
transition (still around
Re=2000)  and turbulence 
are two different problems

450
100

ppm5
20
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 one of the word’s longest pipe (800 miles)

 non-newtonien fluid application : Drag Reduction Agent (DRA) 

 liquid gaz doped with DRA : long polymeric hydrocarbon chain 

 mass flow is increased from 1.44 to 2.136 millions of barels / day !!

6.1 turbulence 6.1 turbulence andand rheologyrheology ((……))

•• exemple : pipelineexemple : pipeline

Trans-Alaska Pipeline System (TAPS)

www.alyeska-pipe.com

 mecanism : 

polymer sheared by turbulencesteady polymer
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6.2 turbulence 6.2 turbulence andand singularitiessingularities

•• dissipation dissipation functionfunction  , : 0tx t u   �

•• incompressible incompressible andand homogeneoushomogeneous newtoniannewtonian fluidfluid withwith constant constant viscosityviscosity

 , 2 :x t d d �

   2
, .x t u div u u    �•• otherother formform (chap.3, §3.4)

 21
. .

V S
u dV u u n dS

V
      

=0=0
on convenientlyon conveniently

chosen boundarychosen boundary
(e.g. ideal flow)(e.g. ideal flow)

 1
,V V

x t dV
V

   � �

•• averagingaveraging in a volumein a volume

turbulence : a turbulence : a «« gradient gradient factoryfactory »»

gradients

1 pseudo-dissipation
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V

0U

•• spheresphere  u t

6.2 turbulence 6.2 turbulence andand singularitiessingularities ((……))

  3 2
0Re

lim .VV const U D    

21 1 1T

V V
T V T

u dV dt
T V T

        �•• dissipationdissipation

   2

0
1 1

lim .V

V T

u dt d const
V T     •• singularitiessingularities



u developsdevelops singularitiessingularities

 u t

0
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•• exampleexample :: KochKoch’’s s flakeflake

10 l

01 ll 

 numbernumber ofof sidessides ::  3 4
n

nN  

6.3 turbulence 6.3 turbulence andand fractalfractal

 nnL  43 total total lengthlength ::

 afterafter nn iterationsiterations ::

 nn Llim ifif
4

1


41 0 4.  0 45. 

•• fractal : a fractal : a continuouscontinuous nonnon--differentiabledifferentiable objectobject

31

3

1


10 l 01 ll  0
3

3 ll 

......

JimenezJimenez 20002000

0
2

2 ll 

an infinite line
covering a finite
surface
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examplesexamples

fluxfluxobjectobject

•• lunglung + + bloodstreambloodstream

•• foliagefoliage

•• lightninglightning

•• roadsroads

•• OO22  CCOO22

•• CCOO22  OO22

•• electronselectrons
•• goodsgoods

increaseincrease thethe exchangeexchange surface for a surface for a givengiven volumevolume

•• momentummomentum•• turbulence in turbulence in fluidsfluids

6.3 turbulence 6.3 turbulence andand fractal (fractal (……))

•• fractals in naturefractals in nature
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6.3 turbulence 6.3 turbulence andand fractal (fractal (……))

•• a turbulent jet : a fractal a turbulent jet : a fractal objectobject ??
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 interfaceinterface fluidfluid / / fluidfluid

scalescale invarianceinvariance
JimenezJimenez 20002000

6.3 turbulence 6.3 turbulence andand fractal (fractal (……))

•• fractal fractal isis self self similarsimilar
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scale invariance

a self similar fonction  u (l) satisfies a power scaling law (see annex)  

6.3 turbulence 6.3 turbulence andand fractal (fractal (……))

•• fractal, self fractal, self similaritysimilarity andand scalescale invariance invariance 

self similarity

a fonction  u (l) of a variable l is said to be self similar if, for any real number  the ratio 
between u (l) and u ( l) does not depend on l 

  ~ pu l l
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     ,u l A l u l  

 , 0A l
l


 


 supposing :

 putting :

annexannex –– self self similaritysimilarity andand scalescale invariance : invariance : demonstrationdemonstration

  
    

   
 

 

   
 
   

  

2

1

1
, 0

u l u l u l du l

l u l u l l dlu l
du l du l

A l
u l d l u l dl

   
 

 


   
 

 
 

 ln lnd u l d u l

d l dl


 



   ln ln ln

ln lnln

p

p

d l d l d

d l d ld l

  
 

ln
1

ln

d l

d l
 

 
 

ln
1

ln

d u l

d u l




 check that ,                      is a solution :p    ~ pu l l
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scale invariance

a self similar fonction  u (l) satisfies a power scaling law (see annex)  

6.3 turbulence 6.3 turbulence andand fractal (fractal (……))

•• fractal, self fractal, self similaritysimilarity andand scalescale invariance invariance 

self similarity

a fonction  u (l) of a variable l is said to be self similar if, for any real number  the ratio 
between u (l) and u ( l) does not depend on l 

  ~ pu l l

 we found that the energy cascade is characterized by a power law : 

so this is a self similar process, which means « identical wathever the scale »

•• thethe RichardsonRichardson--KolmogorovKolmogorov cascadecascade

  1

3
~ ,pu l l p 

 finally, note that the self-similarity of a physical process is conceivable only in a bounded

domain of the variables considered. In the cascade, this concerns the inertial regime, which

comprises scales much smaller than the outer scales determined by the turbulence generating

process and much larger than the smallest scales where viscosity smoothes the variables and

resetablishes their analytical character
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inertial regimeviscous regime 

log(Re)
2 3 4 5 6 7 8 90-1

100

10

1

0.1

0.01

-2 1

aeromodelism

wind
turbines

transport
• aeronautics
• ground transportation
• maritime

Micro Electronical
Mechanical Systems

(MEMS)

birds

insects

micro-organisms

atmosphere

oceans

aérosols

6.4 turbulence 6.4 turbulence andand applicationsapplications

speed
(m/s)

2mm

Source: A..H. Epstein, MIT
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log(Re)

insects

2 3 4 5 61

U
(m/s)

micro-organisms

birds

sphere

Re=20

6.4 turbulence 6.4 turbulence andand applications (applications (……))

a « death » region :
the fluid remains sticked to the 
body steadily. There is no 
possibility to exploit a reaction to a 
momentum variation of the fluid. 
So, one cannot move and live in 
this Reynolds number range.
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vortices

log(Re)

insects

2 3 4 5 61

U
(m/s)

birds

Re=200

sphere

micro-
organisms

6.4 turbulence 6.4 turbulence andand applications (applications (……))

some fluid momentum
is ejected. The body 
reacts and can move. 
Insects live here. This 
is not yet a turbulent 
regime.
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vortices
and turbulence

log(Re)

insects

2 3 4 5 61

U
(m/s)

birds

Re=20 000

sphere

micro-
organisms

6.4 turbulence 6.4 turbulence andand applications (applications (……))



@
 M

a
s

te
r 

M
E

C
65

4
 

@
 M

a
s

te
r 

M
E

C
65

4
 --

T
u

rb
u

le
n

ce
 

T
u

rb
u

le
n

ce
 --

L
au

re
n

t 
L

au
re

n
t 

Ja
cq

u
in

Ja
cq

u
in

--
2

0
14

 
2

0
14

 --
P

o
ly

te
ch

n
iq

u
e

P
o

ly
te

ch
n

iq
u

e

log(Re)

insects
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birds

?
micro-

organisms

6.4 turbulence 6.4 turbulence andand applications (applications (……))
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8 liters/100km

3 liters/100km/passanger

6.4 turbulence 6.4 turbulence andand applications (applications (……))
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6.5 turbulence 6.5 turbulence andand artart

https://www.youtube.com/watch?v=PMerSm2ToFY


